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Today’s plan and announcements 2

▪ Hour 1:  
• Recurrent neural networks training 

• Probability review 

▪ Hour 2: Naive Bayes classification 

▪ Announcements  
• Problem set 4 

• You can also ask questions on Problem set 3 and the python homework

Problem set S
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Recurrent neural network for time-series prediction 3

Goal: given , predict  

▪ Step 1: encode the input data  is an encoding of the signal  

▪ Step 2: fix the state dimension and the activation functions . 

, hidden state of the recurrent neural network 

, output of the recurrent neural network 

▪ Step 3: train the parameters   by minimizing a loss.   

▪ Step 4: given input , predict the next signal value .

{xτ}t
τ=0 xt+1 .

aτ = c(xτ), yτ = c(xτ+1), where c( . )
gs, go

st+1 = gs(Wssst + Wsaat + bs)
̂yt = go(Wosst + bo)

θ = {Wss, Wsa, Wos, bs, bo} L(θ) = 1
t

t

∑
τ=1

l(yτ, ̂yτ)

at = xt ̂yt ≈ xt+1
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Training challenges 4

▪ Training approach: gradient descent on the loss:  

▪ The loss function is generally non-convex in : we don’t expect to find a global optimum 

▪ Training RNNs suffers from gradient vanishing/exploding. Let’s see through a simple example 

• Same issues observed for more complex examples - the growth/decay dependent on eigenvalues of  

▪ Consider a simple linear RNN (scalar discrete-time linear dynamical system) 

,    

 .  

▪ Let , with 

θk+1 = θk − α∇θL(θk)

θ

Wss

st+1 = wst + at, w ∈ ℝ
̂yt = st

LT(θ) = 1
T

T

∑
t=1

1
2 (yt − ̂yt)2 θ = w .
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Simple example - back propagation 5

Define . Observe that  affects the loss through  term (local) and also through , for . 

Now,  satisfies the following backward recursion 

 

,    for  

Now, we apply the chain rule .  

Observe that by recursion we get  

▪ for  the gradient terms above vanish and for  they explode as  increases.

δt = ∂L
∂st

st (yt − ̂yt)2 (yτ − ̂yτ)2 τ > t

δt

δT = yT − ̂yT

δt = (yt − st) + wδt+1 t = 0,1,…, T − 1

∂L
∂w

=
T−1

∑
t=0

δt+1
∂st+1
∂w

=
T−1

∑
t=0

δt+1st

δt = (yt − st) + w(yt+1 − st+1) + w2(yt+2 − st+2) + ⋯ + wT−t(yT − sT) .
|w | < 1 |w | > 1 t − k
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Recurrent neural network conclusions 6

▪ Powerful and early models for time-series/sequence prediction 

• Language models, forecasting 

▪ Back propoagation generally suffers from gradient vanishing/exploding as the time horizon 
increases -> this has led to engineering hacks of the same mathematical idea (dynamical 
system prediction) that are more successful in trying and inference 

• Long Short-Term Memory (LSTM) 

• Transformers: backbone of large language models such as ChatGPT 

▪ Summary: learn the math fundamentals. You can then apply it to understand increasingly 
complex problems and come up with new approaches.  



7Logistic regression Linear regression 

Clustering 

Neural networks Convolutional neural 
networks 

Naive Bayes

Decision-trees  Dimensionality reduction 

KNN 

AI & sustainability

Introduction 

Reinforcement learning ·



Approaches we look at in this course 8

▪ Supervised learning:  
• Regression 
• Classification 
• Time-series prediction 

▪ Reinforcement learning 
• Policy gradient  

▪ Unsupervised learning  
• Dimensionality reduction 
• Clustering

feature
- ->

labels
- - N

34x' , y' i = 1

yi Ir :
linear regression ,

neural network
,

yiz [1 ,
2
, ..., Kh : Rogisha regression ,

neural networks , CNW

· recument neural network
- N

data : 1/si ,
a

i
& R(reward()

0 : H+ 1 O : It i = 1

:

leaving ophmal control policy usy data

| xihi =



Naive Bayes Classifier
classificaten approach 4xyil

↑

y ' = (1 , 2, ..., k)

C supervised leavy



Supervised learning - probabilistic classifier 10

▪ Data 

▪ Goal: 

▪ Example: multinomial logistic regression 

Recall probabilistic interpretation of logistic regression

We will now discuss another approach to probabilistic classification

(xi , ji) ,
xi Ra , yiz(( , 2 , ..., k)

a probabilishc classiber gives probability of class of
a data point xtest

= probability on 41 , 2 , ..., k)

2c
2

P(y = c(x) =

(yz) 1 za
= w[x + ba ,

ce4bz. ... k
↑

Se z; = wj
+
x + bj ,; =(1, z, ..., k

j = c



Probability review
Probability, random variable

▪ Event: outcome of a random trial, example: rolling a die

▪ Probability of an event

▪ Random variable

: how likely an

event will happen.
2X : how likely the dice shows

a "Crow"

assign a C o· X lie red/bluecrow
real value to each event DDD



Probability review

▪ Random variable example

▪ Note: In this course we use probability notation informally:  denotes probability 
of event , and ,  denotes distribution of a random variable, in 
discrete and continuous spaces, respectively.  

P(A)
A P(X = x) f(x)

see the notes here: https://
www.cs.ubc.ca/~schmidtm/

Courses/Notes/
probability.pdf

P(x = 6)

X = 41 , 2 , ..., 63
all

P(X = x) = t ( fair dice)
1 - P(X = b)

= P(X + b)
2 P(X = x) = 1

,

x X all
P(Xax) = 7

T

In continuous
space /fixidy

Xall



Probability review
Joint probability, independence

▪ Joint probability of two events

▪ Independence of two events

probability of
P /A 1B) both A & B

happeny
↑ (odd" 1 5) = 0,

P("even" (G) = P(X = d) = 4
45) C (2 ,

4
, 6)

A and B are independent :

↑ (A 1 B) = P(A)P(B) · Similiarly , two random variables

*, Y are independent ,

if Vac
, y they can take

, P(X= n , Y=y) = P(X= n)P(y =y)



Probability review
conditional distribution

▪ Conditional distribution

▪ Conditional independence

▪ Product rule

M

· probability dismbuten & is defined as

↑ (AIBIFB)
assung P(B)

+ 0 ·

P(B)
P(X = 5) "even' = 3

· two events Al
, Az are conditionally independent

givers event B if P (A , 1Az(B) = P(A , (B)P(Az(B)

comes from definiten of conditonal dismbutan

P(AnB) = P(A(B)P(B) = P(B(A)P(A)



Probability review
Bayes rule

▪ Recall product rule

▪ Bayes rule

↑ (A (B) = P(AIB)p(B) = P(BIA)P(A)

↑ (BIA) => AB)P(B) ,
wherever P/A) + O

P(A)
more generally

P(BIA1Az ...., Adl = PAz.... Ad B) P(B)

P(A, A21 - . Ad)



Probability to label with  knowing  c x

P(y = c |x) = P(x |y = c)P(y = c)
P(x)

Probability to observe this  knowing the label  x c

Probability to label with class c

Probability of the x 

 is called the prior probability

Describes the probability to encounter the data labeled 
P(y)

y

Bayes rule for classification
(xi , yi\ * yi = 41 , 2 , .., k)

i = 1

&
clas C

of the classes



P(y = c |x) = P(x |y = c)P(y = c)
P(x)

Bayes rule for classification

I compute for each class <[11 , 2 .... Kh ,
the following

&

S

M

2 take y = argmax
p(y = c(x)

(t (1 , 2 , .., k)

example y +18 , 13

P(y = (x) +
x(y = 0) P(y = 0) ,

versus P(7 : 11x)
: ( = 1)

P(y)

P(X)

as
both probabilita above have the same denominater , we just

compare the numerators. But How do we use clate to compute numerators ?



Spam detection example
Bag of words to encode text to features

List all words encountered in the set of texts you have (say  words) 

Use a Boolean feature for the presence (1) or absence (0) of each word, , with  

In spam email detection, data: emails, labelled as: spam, or no-spam 

Suppose your emails contain “Dear”, “Friend”, “Lunch”, “Money”.  

Our bag of word in this simple model has 4 words only

d
x ∈ ℝd xi ∈ {0,1}



Spam detection example
Features and label

&
; i : email iEIR ,

email=I"
email N



Spam detection example
Use of Base’s rule for spam detection

Dataset D = 2xi , gih N
,

Need to compute P (X 1 y ispam") P (y = "spam")

↑ (x 1 y = "nonan:) P (y = "non-spam")
-

-class
P/y = "spam" -

# spam emails in D O
&

N
↑ (y = "non-spam") -

#
nonspam email D-

say x [i] - H our do
N

we compute

P(x(y = 1) , p(x(y = 0) ?

p ((i) , 2 : 1) , p((,) · 3 : %



Naive Bayes assumption
Conditional independence of different features given the label

d

P(X(y) = T P(Xj(y) ,
Xt Rt

, y + (1 , 2,..., 4)
j = 1

P(( : ) , y = 1) = P(X ,
= 1(y = 1)p(xz + 0(z = 1)4(xy )(y- 74/x-+2)

Now,

↑ / Xi + 11y
= Spam")-#spamemaStay words jla

↑ (x; = +/y = "spam") = spam emails not corking word;
, j =, ..., d

# spam emails



Naive Bayes classifier
·

i P(x ; /y = "s))p(y : "Spam")P( y = "Span" (x) = i = 1

x)- no need to compute
Since this term is the

for any
classification yel,2, ..., 4)

same for all classes

P(y = c(x) >

P (yy=xp(y =2)
=
p(x; (y = c)p(y =2)

I P(x) j P(X)

from from Naira
Bayes rule Bayes assumpton

Lastly , we estimated P (y = c) and P(X; /y = c),from our trang data.



Naive Bayes classifier for spam detection
Example with worked out numbers

https://www.youtube.com/watch?v=O2L2Uv9pdDA



Activity
▪ Watch: https://www.youtube.com/watch?v=O2L2Uv9pdDA

• This takes 15 minutes
▪ After watching the video, answer the following questions

1. How are the features defined differently than the binary scores we defined earlier? 
2. How would you evaluate the accuracy of the classifier? 
3. Are there any hyper parameters to tune for this classifier? 
4. Is there any other approach you could imagine using for this classification? 

▪ Next class: discuss your answers with your two nearest neighbours
▪ Pick one person to represent your answers to class



Naive Bayes Classifier
Continuous-valued features



Bayes rule
Continuous-valued features 

P(y = c |x) =
fx|y=c(x)P(y = c)

fx(x)
 Probability density function: probability distribution for a continuous random variablefx|y=c(x)

Note:  is not the probability of random variable taking value This probability is 
generally zero for any , namely, for continuous random variables. 

fx|y=c(x) x .
x ∈ ℝd

what changed
(x= c)p(y =c

p(X)

b

P (a)x b) : ) f (x)dx , -R

x(y = c

a

d d

↑ (x = S) = ) f (n)dXx + R
,
SGIR

I

SX1y = c



Naive Bayes assumption
Continuous features 

P(y = c |x) =
fx|y=c(x)P(y = c)

fx(x)

assumpten
Naive

d

↓-,j)P(y = c

f x(x)

Naire Baye's assumption : conclined on class c , the features in

different dimension have independent castbahen

f (1) : concliteral density of X-IRI , given
class c

X(y = c



Gaussian Naive Bayes
Assumes that the probability density function for each feature follows a gaussian distribution
f ( j ) :

consliteral density of feature ; given class a has
X; /C

a Gaussian distbuten

f(x ; ) = N(u , 0.)
X

;
/ y

is siz

y
mean

Variance

use training datee to estimate Mj . 2 , j , a



Gaussian Naive Bayes

Estimating the conditional Gaussian distribution for each feature using sample data

Dataset (xi ,yilN

↓

Recall : Mj , a
- - E X

;

I

S

IIc it I
C

I : indices of date
C

that have label class 2 .

example X
,

weight class :

Y
2 height fault

, no fault
Y
3 with I

12

U

I , I
1S average weight of faulty objects

M2
, 1

is average height of factly object .



Gaussian Naive Bayes

P(y = c |x) =
fx|y=c(x)P(y = c)

fx(x)

Classifier prediction

Note:  in statistics is also referred to as likelihood function, when considered as a function 
of class , given a fixed . 

fx|y=c(x)
c x

these are now

Gaussian with

- mean & variance

d &
eshmated from date

jiy
*5) 4 (y =c

fy(x)

test

Suppose we get new x

test
, you

want to predict y E (1 , 2 , ..., k)) :

test 2

You compare the numeralers above for each class a
- xxMj, 2)

d test
test

T f (x ! (P(y = c) ,

f(xj) = ye 2252
I X

; /y = a r ji = 1
X
; ly = c 2π

j , c



Gaussian Naive Bayes

P(y = c |x) =
fx1|y=c(x1)fx2|y=c(x2)…fxd|y=c(xd)P(y = c)

fx(x)

Naive Bayes assumption and final classifier



Naive Bayes
Summary

▪ Probabilistic classifier
• Features can be finite- or continuous-valued

▪ Uses Bayes rule and empirical probabilities computed based on data

▪ Assumes different features are independent given the class label
• In practice hard to verify the assumption but works well on certain problems



Summary 33

▪ Recurrent neural network for time-series prediction 
• Back propagation for computing gradients 
• Gradient vanishing/exploding -> motivates other approaches (LSTM, transformers) 

▪ Back to classification 
• Naive Bayes probabilistic classifier 
• Conditional probability distribution and Naive Bases assumption 

▪ Your tasks this week 
• Problem set 5 
• Work on python homework and exercises


