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Today’s plan and announcements 2

▪ Hour 1: stochastic optimal control and reinforcement learning introduction 

▪ Hour 2: policy gradient approach to reinforcement learning 

▪ Exercise hour this week 
• Problem set 4 

• You can also ask questions on Problem set 3 and the python homework

& Problem Set 3



Where we are 3

▪ Machine learning topics we look at  

▪ Supervised learning 

▪ Reinforcement learning 

▪ Unsupervised learning

(xi
, yi)



Dynamical systems review problem 4

Consider the inverted pendulum model in state-space form  

▪ Discretize the dynamics. 

▪ Derive the equilibria of the system. 

Recall: a state  is an equilibrium of the discrete-time dynamical system  if  

. Contrast to continuous time: . 

▪ Assume there is additive uncertainty affecting the position and velocity of the pendulum, 

, respectively. Derive the stochastic dynamical system model 

of the system:  

··θ(t) = mg sin(θ(t))

s ∈ ℝn st+1 = f(st)
se = f(se) (implies st = se ∀t) ·s(t) = f(se) = 0n×1

w1 ∈ %(0,σ1), w2 ∈ %(0,σ2)
st+1 ∼ P( ⋅ |st)

mass

&

waving F
S &

angular angular
- I



Dynamical systems review problem solution 5

Discretization S s
= 0

, S = 0
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Dynamical systems review problem solution 6

Equilibria 
Let Se = /Sye . Sel be the equ, , brim .
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Dynamical systems review problem solution 7

Discrete-time stochastic dynamics 
S

uncerten ty/nose
S
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Stochastic optimal control: dynamic programming 8

 

▪ Principle of optimality: tail of an optimal policy is optimal for the tail subproblem 

▪ Define a cost-to-go function  

▪ Then, the optimal cost-to-go and optimal control policy is computed by a backward recursion 

starting from the final time .  

▪ Theory extends to infinite horizon, 

J(s0) = min ([
K−1

∑
t=0

c(st, at) + cK(sK)], st+1 ∼ P( ⋅ |st, at)

Vt(s) = ([
K−1

∑
k=t

c(sk, ak)] + cK(sK)

VK(s) = cK(s)

expectation (average
&

O ,
i : S - A
K

N

objectives : El[(( S49+ )]
+ =c



Solving the stochastic optimal control problem 9

▪ Dynamic programming 

• Can be used to tractably solve the problem for few special cases (small dimensions, linear 
dynamics and quadratic costs) 

• For more general cases, need for approximation approaches 

▪ Reinforcement learning: an approximation approach for dynamic programming  

• It can be model-free, useful if model is complex or high dimensional 

• Provable theory for few special cases  

• Requires a very large number of samples 

& background theory for



Reinforcement Learning

10



11Recent advances of reinforcement learning

2018
OpenAI Five

Training five 
artificial 
intelligence 
agents to play 
the Dota 2 [6].

2017
AlphaGo/  
AlphaZero

AI achieving grand 
master level in 
chess, go, and 
shogi [4,5].

ChatGPT
A language model 
trained to generate 
human-like responses 
to text input [10].

2022
AlphaTensor
Discovering faster 
matrix multiplication 
algorithms [9].

2016
Energy saving

DeepMind AI 
reduces 
Google data 
centre cooling 
bill by 40% [3].

2013
Atari
Deep Q-learning for 
Atari games [1].

Rubik’s Cube

2019
Alpha Star
AI achieving grand 
master level in 
StarCraft II game [7]. 

Solving Rubik's Cube 
with a human-like robot 
hand [8].

to date
,

impressive success

but
mainly in

non. safely critical systems



12

Potential 
Applications

Teaching robot to walk [11]

Control of power grids [12].

Action 

Next state  
and reward 

st+1



13Markov decision process

A Markov decision process (MDP) is specified by a tuple  where…
▪ : set of possible states (state space)
▪ : set of possible actions (action space)
▪ : probabilistic transition law (transition kernel), a probability measure over the next state

Finite state space, probability mass:  

Continuous state space, probability density:  

▪ : initial state distribution, a probability measure over the state space (similarly, a probability mass or 
density function depending on the state space)

(S, A, P, ρ)
S
A
P( ⋅ |s, a)

P(s′ |s, a) ≥ 0, ∑
s′ ∈S

P(s′ |s, a) = 1,∀a ∈ A, s ∈ S

P(s′ |s, a) ≥ 0, ∫S
P(s′ |s, a)ds = 1,∀a ∈ A, s ∈ S

ρ



14Markov property

▪ Future depends on the present, not how we got to the present 

 

▪ State and action at each time are sufficient to determine probabilistic evolution of the system (similar to 

dynamical systems in state-space form)

▪ Implies a Markov decision process is equivalent to a discrete-time stochastic dynamical system (under 

mild conditions on the noise affecting the discrete-time system 

P(st+1 |st, st−1, . . . , s0, at, at−1, . . . . , a0) = P(st+1 |st, at)



15Example: Stochastic grid world
Time evolution
▪ Start in 
▪ At each time 

• take action 
• state transitions probabilistically:

s0 ∼ ρ
t

at ∈ A

st+1 ∼ P( ⋅ |st, at)

Motivation: perhaps in the robot dynamics, such as the 
unicycle model, there is some noise (imperfect 
modeling, disturbances affecting the system)

= 44 , 6 ,2 , 4) P
with some probability - you

15 states
, achers : <1 , b , + , 4) land in the intendedgnd point ,

and with

>
end upE neighborg9

gual , where
# of

Stock ask a neighborg guals



Control problem 16

Same as a stochastic optimal control, but in reinforcement learning, we use “Reward” instead of cost, 

namely, rather than minimizing a cost, we maximize a reward

Reward and discount factor

▪ Reward function 
▪ Discount rate 

Objective function (we can also formulate finite horizon problems similar to stochastic control)

The goal is to find a policy  maximizing

r : S × A → ℝ
γ ∈ (0,1)

π : S → A

J(π) := ( [
∞

∑
t=0

γtr(st, at) |s0 ∼ ρ, at = π(st), st+1 ∼ P( ⋅ |st, at)]

, to ensure cost over infinite henzon is summable
.



Reinforcement learning vs. stochastic control 17

▪ Same dynamics and objective (maximizing a function  is equivalent to minimizing 

) 

▪ Stochastic control: assumes known model. Focuses on proving existence of optimal 
policy, characterizing the optimal policy, and computation of the optimal policy 

▪ Reinforcement learning: assumes unknown model. Uses simulator or real-system data to

f(x)
−f(x)

J(π) := ( [
∞

∑
t=0

γtr(st, at) |s0 ∼ ρ, at = π(st), st+1 ∼ P( ⋅ |st, at)]&
I
control policy : map

from state to
acten

compute the ophmal policy .



18Reinforcement learning approaches

Taxonomy of reinforcement learning approaches [14].



Policy gradient approach 
to reinforcement learning

19



20Class of policies to optimize over
▪ Search over all functions  is hopeless (too many functions)

• except for specific problem classes such as linear dynamics and quadratic costs

▪ Policy Optimization:  parameterize the policy as , where  

                                              

▪ Above is a finite dimensional optimization

π : S → A

πθ(s) θ ∈ Rd

max
θ

J(πθ) := ( [
∞

∑
t=0

γtr(st, at) |s0 ∼ ρ, at = πθ( ⋅ |st)]
St
-



21Stochastic policy parametrization 
▪ In reinforcement learning, we often search for stochastic policies

• ensures gradients are well-defined (we will see this later)
• ensures sufficient exploration (since we assume we don’t have a model)
• Gridworld example: at each grid point, choose a direction with some probability

▪ The policy outputs a distribution over actions
• Finite action space: probability mass function over actions

• Continuous action space: probability density function over actions

π(a |s) ≥ 0,∀a ∈ A, ∑
a∈A

π(a |s) = 1, ∀s ∈ S

π(a |s) ≥ 0,∀a ∈ A, ∫A
π(a |s)da = 1, ∀s ∈ S



22

▪ Direct policy parametrization, needs finite state and action spaces

    

▪ Softmax parameterization: needs finite state and action

▪ Neural softmax parameterization, , finite action set  

▪ Gaussian policy parameterization, , general state and action set
            

πθ(a |s) = θs,a, θ ∈ ℝ|S|×|A|, θs,a ≥ 0 and ∑
a∈A

θs,a = 1

πθ(a |s) =
exp (θs,a)

∑a′ ∈A exp (θs,a′ )
, θ ∈ ℝ|S|×|A|

θ ∈ ℝd A

πθ(a |s) =
exp (fθ (s, a))

∑a′ ∈A exp (fθ (s, a′ ))
, where fθ (s, a)  represents a neural network

θ ∈ ℝd

πθ(a |s) ∼ %(μθ(s), Σθ(s))

Examples of policy parameterization 
(continued) 

, example : grid world
,
Vs ES .

,
observe it (alsi, 0 , [it (als)= 1

O acA
O



23Policy gradient approach
A finite dimensional optimization problem

                                                 

▪ Parameterize the policy as 

▪ Using gradient ascent method to find best policy 

Pseudo-code for policy gradient method

max
θ

J(πθ) := ( [
∞

∑
t=0

γtr(st, at) |s0 ∼ ρ, at ∼ πθ( ⋅ |st)]
πθ(a |s)

π*

B

&
I

&

↑ &

A141 I I



Policy gradient approach 24

1. How do we compute the gradients of the objective function?  

2. Does it converge to the optimal policy?

max
θ

J(πθ) := ( [
∞

∑
t=0

γtr(st, at) |s0 ∼ ρ, at ∼ πθ( ⋅ |st)]

- g(0)
O

functon is non- convex



Deriving the gradient 25

▪ Truncate the trajectory to finite horizon  

▪ Compute the gradient with respect to the 
parameters using the policy gradient 
theorem -> we will go through this 

▪ Make a limiting argument for the horizon 
approaching infinite (we don’t go through 
this step)

J(πθ) := ( [
∞

∑
t=0

γtr(st, at) |s0 ∼ ρ, at ∼ πθ( ⋅ |st)]

JH(πθ) := ( [
H

∑
t=0

γtr(st, at) |s0 ∼ ρ, at ∼ πθ( ⋅ |st)]

J(πθ) ≈ JH(πθ)



Policy gradient theorem 26

▪ To prove the above, we will 
• Use Markovian property to derive probability of a trajectory 

• Use an identity for gradient of expectation 

• Do some algebra

∇θJH(πθ) = (τH∼pθ [(
H

∑
t=0

γtr(st, at)) × (
H

∑
t=0

∇θlog πθ(at |st))]
~

discount factor VE (0 , 1) CIR

D
it is a constant

&

↳
trajectory of the system [ ,

with probably
Po



Probability of a trajectory 27

▪ Trajectory over a finite horizon:  

Fact 1: probability of the trajectory: . 

▪ Proof: 

τH = (s0, a0, s1, a1, …, sH, aH, sH+1)
pθ (τH) := ρ (s0)

H

∏
t=0

πθ (at |st) P (st+1 |st, at)

by incluchen -k = a i (a
,
/so]

O

&
Observe

: p(s ,, 00 , So) = P(s , 1901 So) P(901Sa) = P(silansPlake(s)
↑ ↑

Inclucka step .

Baye's rule Bayei rule again
k- 1

Suppose
↑ ( + 1 =

e(s)ππq(a + 1st) P(S ++/s + 19+1 - We want to show
O k- 1

t = 0

K

P(t) =

e(s)Ti g(a + (s)P(s ++(S +
1
+
)O

K
t = c



Probability of a trajectory 27

▪ Trajectory over a finite horizon:  

Fact 1: probability of the trajectory: . 

▪ Proof: 

τH = (s0, a0, s1, a1, …, sH, aH, sH+1)
pθ (τH) := ρ (s0)

H

∏
t=0

πθ (at |st) P (st+1 |st, at)

for inclucten step :

P(T) = p(s , a ,, 51 , 91 ...., Sx ,d , S
+ ]

O k + 1

= P(Sk
+ 1

I ak.Sk'akSk + ' ... So,)P(aSi/S
↓ by

Markan property

= Pl5
,1915) Pla , 519 ....... So, as

- P(Si
+,
lasa)p(9)Skii9) P(519 ...., Sosad



Probability of a trajectory 27

▪ Trajectory over a finite horizon:  

Fact 1: probability of the trajectory: . 

▪ Proof: 

τH = (s0, a0, s1, a1, …, sH, aH, sH+1)
pθ (τH) := ρ (s0)

H

∏
t=0

πθ (at |st) P (st+1 |st, at)
inclucten step , continued

= P/Sp15)i(9 , 1S]P(Se191: Sad
O

since for K-1 the statement holds -

- K
⑤
=> P(Sp+(ay , Si) p(a , (s)p(s+ (S+ 9

+ - ,)π(a(s)2)
t =c

K

= e(s) T ITg(a+ 1st) P(S+ +
115 + 197)

,
as desired -

+ = c



28Expected reward of a trajectory 
▪ Reward from trajectory  

▪ Expected reward: 

▪ We need to compute 

τH = (s0, a0, s1, a1, …, sH, aH, sH+1)
R (τH) :=

H

∑
t=0

γtr(st, at)

JH(πθ) := ( [
H

∑
t=0

γtr(st, at) |s0 = s, π] = (τH∼pθ [R(τH)]

∇θJH(πθ) = ∇θ(τH∼pθ
[R(τH)]



Deriving the policy gradient 29

Fact 2:  

▪ Example:  

∇θ pθ(τ) = ∇θ pθ(τ) pθ

pθ
= ∇θlog pθ(τ)pθ(τ)

for any funchen
(t)

(t) (% ky + (x1 = my&
f(x)

& Implication
-

v E [R(y] 0(2R(T
,)P(TH)]

⑦ T + Pa O TH
O

=

2r(T)PqTH)
[I

= E(r(T ,) GlogP(TH) Pg(TH)
Tit

= E(R(TH) @glogp(T))
Po



Deriving the policy gradient 29

Fact 2:  

▪ Example:  

∇θ pθ(τ) = ∇θ pθ(τ) pθ

pθ
= ∇θlog pθ(τ)pθ(τ)

Suppose we have two actens a 1 , 92

p(a,) = 0 =D P(a) = 1 - 0

& (0) = E(r(a)) = 0R(a)) + (1 -0)R(az)

& F(0) = R(Q1) - R(a) · Furthermore ,
-

* log ig(9,) = 01g0 =

O

·a log &(a) = log(1
- 0) = b ·

We can

Verify. 805101 =

E [R(a)Vlogio(a)) = 0 R(q) + (1 -d)R(a))Fo = R(a))-R()
anO



Deriving the policy gradient 30

▪ Need to compute 

▪ Using Fact 1 and Fact 2 
∇θJH(πθ) = ∇θ(τH∼pθ

[R(τH)]



31Estimating gradient from samples
▪ Sample N trajectories by interacting with the system or simulator
                                     

▪ Empirical estimate of 

(si
0, ai

0, si
1, ai

1, …, si
H, ai

H), i = {1,…, N}

∇θJ(πθ)

∇θJ(πθ) ≈ ∇θJH(πθ)

= (τH∼pθ [(
H

∑
t=0

γtr(st, at)) × (
H

∑
t=0

∇θlog πθ(at |st))]
≈ 1

N

N

∑
i=1 (

H

∑
t=0

γtr(si
t , ai

t)) (
H

∑
t=0

∇θlog πθ(ai
t |si

t))



Policy gradient with gradient estimator 32

▪ Convergence under certain conditions on the Markov decision process and/or policy 
parameterization 

▪ In practice, requires very large number of samples for good gradient estimation and 
convergence  

▪ If you have a model of the system, model-based are better -> optimization, 
(approximate) dynamic programming, model predictive control



Summary 33

▪ Reinforcement learning 
• A model-free approach to stochastic optimal control 
• Policy gradient: an approach to do reinforcement learning 

▪ Your tasks this week 
• Go through Problem set 3 
• Start working on python homework  
•


