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=Pl Today’s plan and announcements

= Hour 1: stochastic optimal control and reinforcement learning introduction

= Hour 2: policy gradient approach to reinforcement learning

s EXxercise hour this week

. Problemset4 Z Problem SeT 3

 You can also ask questions on Problem set 3 and the python homework



=Pi-L

Where we are

= Machine learning topics we look at

= Supervised learning { Y', \6‘ i
= Reinforcement learning

= Unsupervised learning



=Pk Dynamical systems review problem

nerSS
. 4
Consider the inverted pendulum model in state-space form 8(¢) = mg sin(6(¢)) ol
= Discretize the dynamics. / S

e

Recall: a state s € R" is an equilibrium of the discrete-time dynamical system s,, | = f(s,) if

= Derive the equilibria of the system.

s, = f(s,) (implies s, = s, V). Contrast to continuous time: $(¢) = f(s,) = 0, ;.

\ o v N L,\ v
CA NC,H LYOL Cr
= Assume there is additive uncertainty affecting the position and velocity of the pendulum,

wy € N (0,07), w, € A(0,0,), respectively. Derive the stochastic dynamical system model

of the system: s, | ~ P( - |s,)



*- Dynamical systems review problem solution

Discretization / S, ~© S ;S = 6
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=" Dynamical systems review problem solution

Equilibria
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=PFL

Dynamical systems review problem solution

Discrete-time stochastic dynamics / U“CQV*U“B / NO
SI/K—(-\ B S‘/IC T g S2/‘C T (/Q\
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=Pl sStochastic optimal control: dynamic programming
e xPe ctzc o ( oL\/@m\%z \

J(sg) = mlnoz c(spa) + (sl Sy~ PC-|spa) , 1V Q > A

ld

= Principle of optimality: tail of an optimal policy is optimal for the tail subproblem

Define a cost-to-go function V(s) = E| Z c(Sy, )] + cp(sg)

= [hen, the optimal cost-to-go and optimal control policy is computed by a backward recursion

starting from the final time V(s) = cx(s).

6
= Theory extends to infinite horizon,o E\)e c\mns ¢ : B 2 C( gklo‘k_\l



=Pl golving the stochastic optimal control problem

= Dynamic programming

« Can be used to tractably solve the problem for few special cases (small dimensions, linear
dynamics and quadratic costs)

- For more general cases, need for approximation approaches

\\} b cccleggr ounel e vy fer

= Reinforcement learning: an approximation approach for dynamic programming

- |t can be model-free, useful if model is complex or high dimensional
» Provable theory for few special cases

» Requires a very large number of samples



=Pi-L

Reinforcement Learning
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=Pi-L
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Atari | 2016
Deep Q-learning for :
Atari games [1]. Energy saving : 2017
: DeepMind Al AIphaGo/ 201 8
. reduces : 5 _
. Google data E AlphaZero E OpenAl Five
. centre cooling . Al achieving grand  : Training five Alpha Star
: billby 40% [3]; . master level in . artificial o ’ | 2022
( > chess, go, and intelligence Al act:hlelvmg? gran E AlohaT
l O clo y . shogi [4,5]. . agents to play masterieverin : phalensor
: . the Dota 2 [6]. StarCratt Il game [7]. . Discovering faster
: ; o . matrix multiplication
I "\ e N @ : Rubik’s Cube algorithms [9].
P Ve SO CCe Q¢ : Solving Rubik's Cube :
: with a human-like robot . ChatGPT
( : ) hand [8]. :
(O L - Alanguage model
+ WA G l A\ . trained to generate
. human-like responses

to text input [10].

non . Su‘%ﬁ_\ , Q,/.\WQCL,“ g?fs)ﬁmq
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=Pi-L

Potential
Applications

Action

Next state s, 4
and reward
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=Pi-L

Markov decision process

A Markov decision process (MDP) is specified by a tuple (S, A, P, p) where...

= J: set of possible states (state space)

= A: set of possible actions (action space)

« P(-|s,a): probabilistic transition law (transition kernel), a probability measure over the next state

Finite state space, probability mass: P(s’|s,a) > 0, Z P(s'|s,a) =1,Vae A,s €S

s'es
Continuous state space, probability density: P(s’|s,a) > O, J P(s'|s,a)ds = 1,Vae A,s € S
S

= . initial state distribution, a probability measure over the state space (similarly, a probability mass or
density function depending on the state space)

13



=Pi-L

Markov property
= Future depends on the present, not how we got to the present
PSS 815380y Ay_ts- - 50g) = P(s,1|5,a,)

» State and action at each time are sufficient to determine probabilistic evolution of the system (similar to

dynamical systems in state-space form)

= |Implies a Markov decision process is equivalent to a discrete-time stochastic dynamical system (under

mild conditions on the noise affecting the discrete-time system

14
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=F*L Example: Stochastic grid world

Time evolution Motivation: perhaps in the robot dynamics, such as the
« Startinsy ~ p unicycle model, there is some noise (imperfect
« Ateachtime!? modeling, disturbances affecting the system)
. take actiona, € A :{T,\,—»,ﬁ—% (—p
- state transitions probabillistically: th some RS \‘\:}/, fou
S~ P(-|s,a “
1 ( ‘ [ t) 1\ L R kOLV\A ([~ ‘H/\Q lf\\ﬂt’\a\g c‘ Ky\a\ Po:/\"‘ /
1€ sttes, aclhong { rer /K% : T .
- __ , r S and  with P
\ I
- ‘ S\
S > A Jour Cr\c\ UP
A _ l ¢, n o ne
\ < ) \ KB%E&:}
S, B, e re
_ / ¥ | N ¢ # o’?x
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=Pi-L
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Control problem

Same as a stochastic optimal control, but in reinforcement learning, we use “Reward” instead of cost,

namely, rather than minimizing a cost, we maximize a reward

Reward and discount factor

« Reward functionr: $ XA - R
« Discountratey € (0,1) = & e nguve Cost  owver ME,NL honzon 1S summcble.

Objective function (we can also formulate finite horizon problems similar to stochastic control)

The goal is to find a policy 7 : S — A maximizing

J(7) :

o0
- Z y'r(spa) sy~ p,a, = a(s,), 4 ~ P(- |5 ay)
=0




=Pi-L
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Reinforcement learning vs. stochastic control

= Same dynamics and objective (maximizing a function f(x) is equivalent to minimizing

—f(x))

00
— ytr(st, a;) ‘ S0 ~ P-H = ﬂ(St) Sip1 ™ P( . ‘Sta Clt)
=0

J(7) :

/ (“OV\)YC‘) Po[n:(j - Mo 5::;1&‘9 N

= Stochastic control: assumes known model. Focuses on proving existence of optimal
policy, characterizing the optimal policy, and computation of the optimal policy

= Reinforcement learning: assumes unknown model. Uses simulator or real-system data to

CCN\PMLf 'H’\Q OP‘/\W\MD PO(\EG '



=F*L " Reinforcement learning approaches

. 2
RL Algorithms
& Y
'
(i ( 0\ & 1 D\
Model-Free RL Model-Based RL
& , 7, & , ,

) L
‘ 3 I 3

(@ 2) & ) G D @ 2)
Policy Optimization Q-Learning Learn the Model Given the Model
& / \ i o i & 4
Policy Gradient - \ > DQN —> World Models 4{ AlphaZero ]
J/ —) DDPG ( . J - I
AT e \ > G5l L I2A
. J —) TD3 ( L. / 5
(G ) 8 ) 4 N @
PPO < r ) »  QR-DQN > MBMF
\ J —) SAC ( . J \ J
TRPO S > HER . MBVE

\_ J L J \ J

Taxonomy of reinforcement learning approaches [14].



=Pi-L

Policy gradient approach
to reinforcement learning

19



=Pi-L
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Class of policies to optimize over

= Search over all functions 7 : § — A is hopeless (too many functions)
» except for specific problem classes such as linear dynamics and quadratic costs

» Policy Optimization: parameterize the policy as 7,(ss), where 0 € R¢

0 t S )C
max J(zy) = E | D 7'r(s, @)1 ~ p, = my( =)
=0

= Above is a finite dimensional optimization



=PFL  Stochastic policy parametrization

= |n reinforcement learning, we often search for stochastic policies
» ensures gradients are well-defined (we will see this later)
» ensures sufficient exploration (since we assume we don’t have a model)
» Gridworld example: at each grid point, choose a direction with some probability

= The policy outputs a distribution over actions
» Finite action space: probability mass function over actions

nals)>0Ya€A, ) n(als)=1,Vs€S

aceA

- Continuous action space: probability density function over actions

n(als) > 0,Va € A, J n(al|s)yda=1,Vs €S
A

21



=L Examples of policy parameterization

(continued)

= Direct policy parametrization, needs finite state and action spaces , € * O\M\)\e :

0 RSXALG  >0and ) 0,,=1,¥Yse S .

acA

71'(9(61 ‘ S) — QS

,a’

= Softmax parameterization: needs finite state and action

exp (0.,
mo(als) = p( ) ,0 & RISIXIAl obsevre T (als) 20O /

6
za’eA CXP (es,a’)
= Neural softmax parameterization, 6 & [Rd, finite action set A
exp ( 1o (s, a))
> s XD (fo(s,a))

= Gaussian policy parameterization, 6 & IRd, general state and action set

mg(als) ~ N (pg(s), Zg(s))

mo(als) = , where f, (s, a) represents a neural network

22
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Policy gradient approach

A finite dimensional optimization problem

m@ax J(my) == Z y'r(s,a)| sy~ p,a, ~ my - |s,)
=0

« Parameterize the policy as my(a | 5)
= Using gradient ascent method to find best policy 7*

Pseudo-code for policy gradient method

K < number of training iterations, € initialized randomly, o < step size

for:=1,2,..., K do
Calculate the gradient VgJ( 7r9)
0= 9 1 aVQJ(ﬂ'g_)

X
end for



=Pl Policy gradient approach

1. How do we compute the gradients of the objective function? Yé aé ©)

2. Does it converge to the optimal policy? Bunclon s non. Conyeixs

mgax J(my) == Z y'r(s,a)| sy~ p,a, ~ my - |s,)
=0

K < number of training iterations, € initialized randomly, o < step size
for 2 =1,2,..., K do

Calculate the gradient VyJ ()

0+ 60+ OngJ(ﬂ'g)

end for

24



=Pi-L

= Truncate the trajectory to finite horizon

= Compute the gradient with respect to the
parameters using the policy gradient
theorem -> we will go through this

= Make a limiting argument for the horizon
approaching infinite (we don’t go through
this step)

Deriving the gradient

J(my) =

Jy(my) 1=

25

— lz }/tr(st’ Clt) ‘ So ~ P, a; ~ 72'6’( ' ‘St)]
=0

J(1y) =~ Jy(my)

H
— lz 7tr(Sta Clt) ‘ S0 ~ P, a; ~ 71'9( ' ‘Sz)]
=0
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Policy gradient theqrer[lﬁj( Pder Y C Co) e IR
c\\S Co C o1 | <
/)

. ” A \q Cx C cn "ZQ ‘
VQJH(ﬂH) =E, ., [( Z@(St, Clt) X ( Z VelOg ﬂ@(at | SQ)] S ’V\‘
—~ =0 =0
L_; %voxa* e e 3 ot Hhe QB’SIM T, wh ?{D\m\)'\‘\j

(—

= [o prove the above, we will p S .
- Use Markovian property to derive probability of a trajectory
 Use an identity for gradient of expectation

- Do some algebra
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=PFL

Probability of a trajectory

= [rajectory over a finite horizon: 7 = (SO, Ao, S15 A1y o+ oy S Ay Sy +1)

Fact 1: probability of the trajectory: p, TH =p SO H]TQ at\st St I K at).

= Proof: k‘a ~clue ben , K =0 T\G_(qolgo\
~—N\

Ohsevve ? (s., &t o fgq,> = P( S\ \O\O(SQB’\)CO\OIQ031§-P(g‘\qg,&b?(qo\%}c(%\

(neluclen sk g ‘ (%“‘a’* rsle Buge s sk o

F(T \ ZGCG-.»\\" (o\t\g\PCS_\_.& \§+f +\ U\)Q wu,‘\~v)uslr\0u¢



=PFL

Probability of a trajectory

= [rajectory over a finite horizon: 7 = (SO, Ao, S15 A1y o+ oy S Ay Sy +1)
Fact 1: probability of the trajectory: p, TH =p SO H Ty at | St St I K at).

= Proof: 'eox w\c\uc\rt/\ SBC?

> (T Y= e (seragsuauy S Qe (S
| y = © e Re e S )

G € 4
_ >, oo
B P ( g\c-\-\ \ O\\Q’S\C , O\\4—\/ g\C“\/ | Sg‘qg\ l CQ\/_IS‘C/ at-’-\
J bj Mcavicey PVDPQVM
e amery o s s = st
+

= P (S\:.\.(\ D\&cr SE\P (Ogt \ gtfcp\-. [ ,SQ/C(D\ P CS(C/Qt-\/"" /SS/QD>
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=PFL

Probability of a trajectory

= [rajectory over a finite horizon: 7 = (SO, Ao, S15 A1y o+ oy S Ay Sy +1)

Fact 1: probability of the trajectory: p, TH =p SO H]TQ at\st St I K at).

s Proof: (Y\C‘UC\/E/V'\ S"QP ) CD(\)’)V\(/\!LC»

P ( gy—_ﬂ \ Q\\C‘g(C\ (\\G ( D‘\C\ g(\ \D <SC A
for K-l the g\m]remef\% holelg
= P sl @erse) ™ Cayle,) (12 Cslsa, (w— (= (s £65)

t=O

I 4 gcI ac\

/

—

= 6(39\ f\\ (—\_Q(’D‘—t's"‘) P( S-Ffl\gt /C(‘l:),OS C‘leglf‘c\'



=FFL Expected reward of a trajectory

« Reward from trajectory 75 = (SO, ag, S1, A1y - -5 Sp, Ay SH+1)
H
. [
R (74) := ), 7'r(s.a)
=0

= EXxpected reward:

H
Jy(my) (= [ [Z y'r(s,a)|sy = s, 71'] =E; -, [R(TH)]
=0

« We need to compute V,Jy(my) = V4 -THNPQ[R(TH)]




=PFL

Fact2: V,py(7) = V,p)(1)—2 = V log p,(t)p,(7)

Deriving the policy gradient tor amg Pomclen =

_V,CCA

Po(t) . '
Poce) x\O% (x\ =
A
| Rl ¢ Z R (T H_\? CTh))|
A 0 t.
=2 R(T) VP CT )
T 5 & 7

- = (Rt @ Iy £, )) B LT

\(’V

= = ( K (Tt YV )OZSP C\\Q\

P

&

‘ﬁCY\
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=PFL
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Deriving the policy gradient

P
Fact2: V,p, (1) = V, p@(’c)p—e = Vylog py(1)py(7)
0

= Example:  Soppose  we have twe ackenc a, a, ,

& ca,) = & — Pla,) = I=&

) (o) = E E RCOU—X ~ © R(x) + ((—6)R(a,)

Vé g [ g§ - R CC(\) _\\Q(C(Z_\ . FUV‘I’L\\cI’N\ QY /

o = \ 86 =
é‘ a CO(\ N Da

& &
= O — - —\ . w caen
Ve | °F) ‘(‘@QQD O@l ) (VW —6) o e
UE/“@ij / v95 (9\ = \
Eqmwﬁ [R(q\vg\mj TeCa) = & Rla \e— + (1~0) R(a,) = = R(a)-Ra)




=Pk Deriving the policy gradient

= Need to compute v, J.(z) =V, = o [R(T)]

= Using Fact 1 and Fact 2

30



=Pk Estimating gradient from samples

= Sample N trajectories by interacting with the system or simulator

(Sé, aé, S{,a{, e SIi{, afq), i =1{1,...,N}
« Empirical estimate of V ,J(7,)

|
|
5
S
1
7 N\
I M=
?N
)
-
N
N
N
X
N\
I M=
<
Cbh_‘
o
oQ
S
D
N
c
N
N
—
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=F7L  Policy gradient with gradient estimator

K < number of training iterations, 6 initialized randomly, o < step size
for 2 =1,2,..., K do

Calculate the gradient VyJ(my)

0+ 0+ CYVQJ(TFQ)

end for

= Convergence under certain conditions on the Markov decision process and/or policy
parameterization

= |n practice, requires very large number of samples for good gradient estimation and
convergence

= |f you have a model of the system, model-based are better -> optimization,
(approximate) dynamic programming, model predictive control

32



=Prl Summary

= Reinforcement learning
- A model-free approach to stochastic optimal control
- Policy gradient: an approach to do reinforcement learning

= Your tasks this week
o through Problem set 3
- Start working on python homework
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