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Lecture 3
29.09.2025
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Today’s plan and announcements 2

▪ Review: last week’s summary 

▪ Introduction to classification 

▪ Logistic regression 

▪ Class reminder: we aim to have a respectful atmosphere. This means no talking/
whispering during lecture. You are welcome to ask questions if something is 
unclear, or speak during the break, discussion periods. But outside these times, for 
creating a good learning environment for everyone and keeping respect for your 
instructor and teaching, you should not talk/whisper/listen to audio/ watch videos. If 
this does not serve you, please note that attendance is not a requirement. 



Review from last week, exercise 3

▪ a) You are given a dataset You will use linear regression 

to predict label of a new datapoint . Consider a linear predictor:  

1. Write the linear regression loss function given the above training data.  

2. Derive the gradient of the loss function with respect to  

3. Why is the loss convex in the predictor parameters ?  

4. Predict label of the .  

▪ b) You find that your prediction error was large and consider a 5-degree polynomial as predictor. 

5. Would you risk overfitting or undercutting?  

6. How would you regularize the loss?  

{(xi, yi)}3
i=1 = {(1,2), (2,3), (3,5)} .

xtest f(x) = b + wx

b, w
b, w

xtest

fi
P



Review from last week, solution 4

1a) Loss:  

2a) Gradient wit respect to the parameters 

 

3a) Convexity:  where , since  is positive semidefinite, 

the cost is convex with respect to the parameters (we already showed it abstractly for any linear regression problem) 

4a)  , where  are the unique solutions to the minimization above. 

1b). High model complexity and very little data -> we risk overfitting to the training data 

2b) where  is the regularization parameter. 

J(b, w) = 1
3

3

∑
i=1

(b + w xi − yi)2 = 1
3 [(b + w ⋅ 1 − 2)2 + (b + w ⋅ 2 − 3)2 + (b + w ⋅ 3 − 5)2] .

∂J
∂b

= 2
3

3

∑
i=1

(b + w xi − yi), ∂J
∂w

= 2
3

3

∑
i=1

(b + w xi − yi) xi .

∇2J(b, w) = 2
3

3

∑
i=1

(1 xi

xi (xi)2) = 2
3 X⊤X, X =

1 x1

1 x2

1 x3
X⊤X

̂y test = f(xtest) = b* + w* xtest b*, w*

Jreg(b, w) = J(w, b) + λw2, λ



Logistic regression

5
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Titre de diapositive 617Classification

Palmer Penguins 

Based on dataset available here: https://www.kaggle.com/code/parulpandey/penguin-dataset-the-new-iris
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Binary logistic regression 7

Goal:  find a line/hyperplane separating the classes 

Example: 
(b, w1, w2) = (−3,1,1) → z = x1 + x2 − 3

3

3

Predict triangle if y ≥ 0

↑

y' -(0 , 13

z = b + w
,
x

, +
... + wqxd
i 1;

2 classi her & I
2 3 O Y

class 1

↑

ni
Z

I

C O Y
class O

i i
zi = b + w

,
x
, + ... + waXd

,

1i

Y IS the prediction .

Z

⑪
far a given .

x I



Defining loss function for binary classification 8

▪ Classifier 

▪ Error  

▪ Problem: this function is not differentiable (not even continuous). How do we optimise it?  

Optional
1

2 = b + w ,x ,+... + w(Xd , &
Z O class T

( Y
I

Dataset (xi , yib .
Z co

Class O 1Y

true label
y = 0 true label y = 1

error
&

-

erucr

I =-

-
&2 =

z

1j - y



Logistic loss function 9

▪ Loss for true class 0, prediction 1 

Differentiable and convex proxy for error function

Read more about logistic function/verify your gradient computation here: https://en.wikipedia.org/wiki/Logistic_function

▪ Loss for true class 1, prediction 0 

▪ Why is the function differentiable? How would you verify its convexity? 

&

I

log(1 + ez)
-

prox y I
log(1 + e

z)
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Training - minimizing the logistic loss function 10

▪ Training data 

▪ Classifier 

▪ Logistic loss 

d

y =(8 , 1)| xi
, yiz /

Xi EIR ,

i

true I a bel
M

I i
↑

ni & 20
z = b + w , x , + -. + wdXd

, y T &
& zo

& (b , w , , . . ., wa) =

N 2
i

↓(x1 -yi) log(1 + e) + yilog(1 + e2)] =

Ni = 1 -

-(1 iff yi = 3) i
- 2

-

N
21

in [lgison log(1 + 21 + 1yyi = 14 Rog(1 + e) J



11Exercise

Consider the sigmoid function , . 

▪ Compute . 

▪ Use chain rule to compute , where   and 

▪ How would you verify that the logistic loss function is convex, based on the above? 

▪ Compute the gradient of the logistic loss function with respect to the parameters 

▪ Write the pseudo-code for finding the optimal parameters using gradient descent. 

σ : ℝ → (0,1) σ(z) = 1
1 + e−z

dσ(z)
dz dσ(z(w))

dw
z = w0 + w1x1 + … + wdxd

w = (w0, w1, …, wd)

w = (w0, w1, …, wd)

I do for exercis hour]



Probabilistic interpretation of logistic function 12

▪ Consider the logistic loss 

▪ Verify (simple algebra) that it’s equivalent to 

▪ Sigmoid function and probability of predicting class 1 

Given probabilistic prediction, how can we interpret the above loss probabilistically? 

1
N

N

∑
i=1

yi log(1 + e−zi) + (1 − yi)log(1 + ezi)

−1
N

N

∑
i=1

yi log( 1
1 + e−zi ) + (1 − yi)log( e−zi

1 + e−zi )

**A

-
(2) =

- 2
/
0 : R -> (0 , 1)

1 + 2



To answer the question, we need to 
briefly review probability

13



Probability distribution review 14

▪ Probability distribution

 

▪ Example: coin flip 

S = {s1, s2, …, sn}, p = (p(s1), …, p(sn)), p(sj) ≥ 0,
n

∑
j=1

p(sj) = 1.

S ⊆ ℝd, ∀A ⊂ ℝd, ∫A
p(s)ds ≥ 0, ∫S

p(s)ds = 1.

S = {s1 = heads, s2 = tails}

is
a probably dismbuten on a finite set

-

~ probably density funden

P = (( , Y) EIR" , fair can

D = (14) EIR" , unflr sai.



Empirical distribution 15

▪ Estimate of the probability distribution based on samples of the distribution 

• Given samples , the empirical distribution is 

• Recall the indicator function is 

 

▪ Example: flip a coin 5 times  

 

{si}N
i=1, si ∈ S

1{s=si} = {1 if s = si,
0 otherwise .

{s1 = s1, s2 = s1, s3 = s2, s4 = s1, s5 = s2}

̂p(s) = 1
N ∑

s
1{s=si}

S = {s1 = heads, s2 = tails}

&Independently drawn from the

distbuten

= heads -

p (5) = 1 45-s) - S
Si = 1 S : Fails 2



Probabilistic interpretation of data 16

▪ Consider the data  . We can think of data coming from an 

unknown probability distribution  

▪ Conditional distribution of labels given a feature, , is a distribution on  given  

• Example:  

{xi, yi}N
i=1, xi ∈ X, yi ∈ Y

D(X × Y)

p(y |x) Y x

regression X = IRS
, Y = 1

M

classicator X = 1*, y = (1 ,
2 , ..., k3

↓ our logsha regression , z
= b + w , x ,+ ... + NdXd

M M

P (y = 0 (c) , P(y = 1()
.PTobabilitetrue



Empirical expectation 17

▪ Given a distribution , the expectation of a function  is  

▪ The empirical expectation given samples  is 

 

▪ Example: in our linear regression, we have been minimizing the empirical loss      

   instead of the true loss  (since true loss is unknown) 

p(s) f : S → ℝ /p[ f ] = ∑
s

p(s)f(s)

{si}N
i=1

∑
x

̂p(s)f(s) = 1
N ∑

s
1{s=si} f(s) = 1

N
f(si)

1
N

N

∑
i=1

(yi − ̂yi)2 /D(y − ̂y)2

continuous deman S . E(f)(fis pasids ·

P

Idensity S

N

W J
- [f(si)
Ni = 1



Cross entropy of a distribution relative to another 18

▪ Cross entropy: given two distributions   is  

▪ In logistic regression, our two distributions are the true and the predicted distributions of the 

labels given features:  

p, q : {1,2,…, K} → ℝ /p[log(q)]

p(y |x), ̂p(y |x)

M
=

D

H(p , a) = = 2 p(j) log(g(j))
j = 1

4

-

used as measure
of distance between distbutens.

p(y = s(x)
S ↳

ourpreichen

P(y = 1(x)



Cross entropy example and interpretation 19

▪ Example 

▪ Cross-entropy is small when the model assigns high probability to the correct label, and large 
otherwise. 

L̂(w, b) = − 1
n

n

∑
i=1

(yi log ̂pi + (1 − yi)log(1 − ̂pi)), ̂pi = σ(zi), zi = b + w1xi
1 + … + wdxi

d

y = 1, ̂p = 0.9 ⇒ − log(0.9) ≈ 0.10
y = 1, ̂p = 0.1 ⇒ − log(0.1) ≈ 2.30
y = 0, ̂p = 0.1 ⇒ − log(1 − 0.1) ≈ 0.10
y = 0, ̂p = 0.9 ⇒ − log(1 − 0.9) ≈ 2.30

logists los

N

#
↑ -

. probability of label 7

ei
-P : probability of label O

# its a good idea to minimize cross. entropy between

our predictor dismbuten , and the true one I

-



Interpretation as binary cross-entropy loss
Logistic loss 20

▪ By interpreting the sigmoid function as probability of class 1 

▪ the empirical cross-entropy between the predicted distribution and true distribution becomes 

▪ Verify that this is precisely the logistic loss function.  

,
0(z) =
-

,

- 2
1 + 2

-Z

prob .
of class 0

,
1 - O(z) =2

- Z
1 + e

I

-

z
-

&# /11-ji) log i + y'1 Yezi)i = 1 1 + e
g -

check with equater ser on slide 12
.



21Logistic regression output

Palmer Penguins

Based on dataset available here: https://www.kaggle.com/code/parulpandey/penguin-dataset-the-new-iris



Performance metrics for binary classification 22

▪ True label  versus predicted label       

▪ Accuracy 

▪ Error rate 

▪ Recall 

y = 0, ̂y = 0, true negative, number of true negatives Ctn

y = 0, ̂y = 1, false positive, number of false positives Cfp

y = 1, ̂y = 0, false negative, number of false negatives Cfn

y = 1, ̂y = 1, true positive, number of true positives Ctp

▪ Confusion matrix     

N data

point
predlichen

&

p
trueE

ECfp label

N

Show many
of true posities we caught



Exercise - logistic regression 23

▪ You test a classifier on 100 machines. From these, 20 machines are faulty and 80 are healthy. 
Let us use “positive” for a faulty machine and negative for a healthy machine. The classifier 
outputs: 18 true positives (catches 18 of the 20 faults) and 5 false positives.  

▪ Write the confusion matrix. 

▪ Determine the accuracy, error rate and recall. 

12 -

predicte

Note... the enter ackl up to 100

true accuracy
:

100

. s

1875 = 937
↑

e nor rate : 1-93%= 7 %

recall : 18 = 90 %



Exercise
Performance metric for binary classification

▪ We have used two approaches to train classifiers for spam email detection: 
“non-spam” (class 0) and “spam” (class 1). 


▪ Our test set has1000 emails, 900 of which were non-spam.


▪ Approach 1: classified all data as non-spam.


▪ Approach 2: classified 850 of non-spam emails as non-spam and 50 of spam 
emails as spam.


1. Write the confusion matrix of each approach.


2. Compute the error rate and accuracy of each algorithm.


3. Which classifier is better from your perspective? 

& check in exercis how



Solution

▪ Approach 1


▪ Confusion matrix


▪ Accuracy


▪ Error rate

▪ Approach 2


▪ Confusion matrix


▪ Accuracy


▪ Error rate



26Logistic regression in python
▪ Dataset 1: Void Formation in Welding, based on the paper
▪ Goal: formation of voids in friction stir welding as a function of the operation 

conditions
• Tool rotational speed, axial pressure
• The label: void or not void

▪ Dataset 2:  discriminate between sonar signals bounced off a mine (metal cylinder) and those bounced off a roughly 
cylindrical rock

▪ Goal: predict whether the object is mine or rock based on 
• The features (60 of them)  are the energy within a particular frequency band, integrated over a certain period of time
• The label: rock/mine



Multinomial logistic regression predictor

Example: Medical diagrams:  
Not ill (y = 1),Cold(y = 2), Covid(y = 3)

Class 1

Class 2

Class 3

x1

x 2

z1 = w1,1x1 + w1,2x2 + b1

28

1) Associate a line (hyperplane in 
higher dimension) for each class:

2) For a given  Predict the 
class with the largest value

xi ∈ ℝ2

̂yi = arg max
k∈{1,2,3}

wk,1xi
1 + wk,2xi

2 + bk

z2 = w2,1x1 + w2,2x2 + b2

z3 = w3,1x1 + w3,2x2 + b3

&



Multinomial logistic regression decision boundaries

Class 1

Class 2

Class 3

x1

x 2
29

̂yi = arg max
k∈{1,2,3}

wk,1xi
1 + wk,2xi

2 + bk

decision boundary , between

↑ Class k
, li

w X
, + wXz+ be -

& , 1 P , z/
k , k

, 2

wX
,
+ wXz + b

& (w - w

,,,
)x

,
+ (We- Nly

be - bx = 0



Extend the logistic function to -class setting by defining the softmax functionK

Probabilistic prediction

softmax : ℝK → (0,1)K, softmax(z) = ( exp(z1)
∑K

j=1 exp(zj)
, …, exp(zK)

∑K
j=1 exp(zj)

)

30

softmax([1,5,2,3]) = [0.0152,0.8310,0.0414,0.1125]Example:

zc = wc,1x1 + … + wc,dxd + bcFor each class ,    definec ∈ {1,2,…, K}

M
1

(x , y3
↓

↑

X EIR ! Y'E
[1 ,2, ..., k]

2

2xp(z) = 2

2 K

zj
zj

C > O
/ E e = 0 =D -0

2
↑ Ze

K
2c

j
= 1

j = c

I =
E 2
2

-2; C

↑
7--

1 - ↑
· e 2)
j=



Training multinomial logistic regression

J(w, b) = − 1
N

N

∑
i=1

K

∑
c=1

1{y(i)=c} log exp(zi
c)

∑K
j=1 exp(zi

j)

31

▪ Multinomial cross-entropy loss 

▪ Verify that the loss is differentiable and convex.  

for multiclass (K > 2) classificator

A

& xi
, y') ,

xiirt
, yi = (1 , z , ..., k)

↑ -

I

2
,

= b + wc
,,

xi
I

+.. - + wc
, d
Yd

C

we can use gradient descent to find parameter ,

that minimize the loss 1 /b , w , ..., W
,
d) SC Cy ((\1, 2 ,..,)



Performance metric

Confusion matrix

Accuracy

Error rate

32

Example from genre classification based on music data

predicte

class classh clas K

true·-
clask

!
sum of diagonals
-

# of test set

1 - Accuracy



Exercise 33

▪ The goal is to determine reason for faults in a machine, whether they were due to mechanical, 
electrical, software failures. Given 150 datapoints, 90 were used for training, 30 for validation, 
and 30 for testing. Based on the training and validation, a classifier was developed. The 
performance compared to ground truth is given as follows.  

▪ Determine the accuracy.  

▪ What’s the percentage of mechanical faults correctly identified?  

Confusion matrix
| | Electrical | Mechanical | Software |
| Electrica | 8 | 1 | 1 |
| Mechanica | 2 | 7 | 1 |
| Software | 1 | 2 | 7 |

test set performance

I
I 10 mechanical

22/30
70 = 70 %



Summary 34

▪ Logistic regression for classification
• Binary classification, logistic loss
• Multinomial classification
• Cross entropy interpretation
• Accuracy, error rate, recall

▪ Probability
• Probability distribution, expectation
• Empirical distribution



Your tasks this week 35

▪ Go through lecture 3 slides
▪ Do the exercises in lecture slides
▪ Do the python exercises posted on Moodle
▪ Bring your questions to exercise hour


