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=Pi-L

Today’s plan and announcements

Review: last week’'s summary
Introduction to classification

Logistic regression

Class reminder: we aim to have a respectful atmosphere. This means no talking/
whispering during lecture. You are welcome to ask questions if something is
unclear, or speak during the break, discussion periods. But outside these times, for
creating a good learning environment for everyone and keeping respect for your
instructor and teaching, you should not talk/whisper/listen to audio/ watch videos. If
this does not serve you, please note that attendance Is not a requirement.



=Pl Review from last week, exercise

. a) You are given a dataset {(x’, y") }?21 = {(1,2),(2,3),(3,5)} . You will use linear regression
to predict label of a new datapoint xSt Consider a linear predictor: f(x) = b + wx
1. Write the linear regression loss function given the above training data.

2. Derive the gradient of the loss function with respect to b, w

3. Why is the loss convex in the predictor parameters b, w?

4. Predict label of the xteSt.

= D) You find that your prediction error was large and consider a 5-degree polynomial as predictor.

5. Would you risk overfitting or under&tting?

6. How would you regularize the loss?



=Pl Review from last week, solution

3

| . . - _
1a)Loss:J(b,w)=§2(b+wx’—y‘)2:% b+w-1=2Y+bB+w-2=3 +0b+w-3-57].
i=1 ' '

2a) Gradient wit respect to the parameters

o] 2% - o 2% L
£=§Z(b+wx’—yl), E:EZ(b+wxl—y’)x’.
i=1 i=1

|

21, since X ' X is positive semidefinite,

2 < / 2
3a) Convexity: V2J(b, w) = — Z ( 1, A ) = — X'X, where X =
3

3 = xt o (xh)? 3

— )
SIS

the cost is convex with respect to the parameters (we already showed it abstractly for any linear regression problem)

Vo

4a) yteSt = f(xteSt) = b* 4+ w* x1€St \where b*, w* are the unique solutions to the minimization above.

1b). High- model complexity and very little data -> we risk overfitting to the training data

2b)J™®9(b, w) = J(w, b) + Aw?, where 1 is the regularization parameter.
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Logistic regression
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=FrL > Classification
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Palmer Penguins

X\ T o X o X 4 20,
species bill_length_mm bill_depth_mm flipper_length_mm body_mass_g
Chinstrap
Chinstrap .

Gentoo

Chinstrap

Chinstrap

Flipper length (normalized)

Adelie Gentoo

-2 1 0 1 2 3
Bill length (normalized)

X

\
Based on dataset available here: https://www.kaggle.com/code/parulpandey/penguin-dataset-the-new-iris
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Binary logistic regression d‘ e {013

Goal: find a line/hyperplane separating the classes

7 = B 4 (A)(X\ + - T UUC\ Lc\
\ n ol ‘ ,(
2 > 0O ¢ \exep
C \ 0(§§|e\c_/ : { B C}
) '2' b 8| ¢ lwgr O
z "' = b—\~ W,X‘; + . + WC\XQ\ .
8' s the ch“ClﬁQ’\'
Example:
(b, Wl,Wz) — (—3,1,1) — =X +.X2 — 3

L &
Predict triangle |fy >0 fFo o Cauver\ X -



=P*L Defining loss function for binary classification
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= Problem: this function is not differentiable (not even continuous). How do we optimise it?



=Pk Logistic loss function

Differentiable and convex proxy for error function

s LOSS fo; true class O, prediction 1 = Loss for true class 1, prediction O
- —~ 2
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= Why is the function differentiable” How would you verify its convexity?

Read more about logistic function/verify your gradient computation here: https://en.wikipedia.org/wiki/Logistic_function



=PFL

Training - minimizing the Ioglstlc loss function
N

= [raining data { X;’U" %.:( / X G\E / U € {01}
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=Prl ExerCise ( C[s Qc/ @ RKCFC ¥ P\DUVB

Consider the sigmoid functiono : R — (0,1), 6(z) =

1 +e2
do(z)
_ Compute P
o do(z(w))
_ Use chain rule to compute y , where 7 = wy + wx; + ... + wyx,; and
1%
W = (W(), Wl, ’Wd)

= How would you verify that the logistic loss function is convex, based on the above?

= Compute the gradient of the logistic loss function with respect to the parameters
W = (Wo, Wl’ c oo Wd)

= Write the pseudo-code for finding the optimal parameters using gradient descent.

11



=Pl Probabilistic interpretation of logistic function

1 N . i : l
« Consider the logistic loss . D y'log(l+e7%) + (1 — y'log(l + €°)
=1

L = yhlog(
— = y)log(-——=7)

-1 & .
s Verify (simple algebra) that it's equivalentto —— L1
fy (simple algebra) q — 2, V' log(——

=1

o ( z) = ( , S\R~—> (O/\>

|+ €

= Sigmoid function and probability of predicting class 1

Given probabilistic prediction, how can we interpret the above loss probabilistically?

12



=Pi-L

To answer the question, we need to
briefly review probability

13



=Pi-L

Probability distribution review

= Probability distribution . o onbmh-'»'\j dishbilen on o dinle wi

/ n
S — {S19S29 °'°9Sn}9 P = (p(S1)9 °°°9p(Sn))9 p(S]) Z Oa ZP(S]) — 1

=1
/ Prcboxbl\\j Q\Cf\gtb Q\Jf\c\ei’
S C R VA c R¢, J p(s)ds > 0, J p(s)ds = 1.
A S

= Example: coinflip  § = {s; = heads, s, = tails}

Q
P = ( (/2 / \/23 <R Four  con



=Pl Empirical distribution

= Estimate of the probability distribution based on samples of the distribution
. N / . C . LN — |

. Given samples {s'};.;, s' € S, the empirical distribution is P(S) = N Z |
 Recall the indicator function |

1 ifs=s,
1{S=Si} — {

0O otherwise.

\I\Q\Q PZ"Q\CV\‘)‘l AYchn B\/or\r\ ’H"o\

A\ elnls
= Example: flip a coin 5times S = {s; = heads, s, = tails}
A \ >
p(s) = 1 Z/\{s=§‘k ;
g o= S = ("Cu\? 2/'
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=PFL
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Probabilistic interpretation of data

= Consider the data {xi,yi}é\il, x' € X,y € Y. We can think of data coming from an

unknown probability distribution D(X X Y)
resore scen X, = 1R, v = R"

c|c\cq1£\cu\feﬁ x :\QC\ , v= <\r2r'“,(C§

= Conditional distribution of labels given a feature, p(y | x), is a distribution on Y given x

- Example: ln QUY ‘Oc_é\s‘\L "\&6\/‘@0'%/ Z = b T WX A et NAKQ\

ply=olx), ply=rix), ;(j=c[gg_)=\—662\ , P (93] 1) -0

-~

— o na PVOM/'U th)mqle L. p 2,,/&/\ /oaus;sq C'C(QQIAe./

/ r




=Pl Empirical expectation

Given a distribution p(ss), the expectation of a functionf : § — R is =M f]= Z p($)f(s)
\)

cenhnuous do ma - S = : ‘I'D'F}’a S 'p <) P <) qs

>
L C‘\ef/\ml'j S

= The empirical expectation given samples {Si}é\; | is
A\

5 1 L oo | :
DA =< X Ll =) = = = Fsh

) =

= Example: in our linear regression, we have been minimizing the empirical loss

' - .
N Z (y' — $')* instead of the true loss [E,(y — $)* (since true loss is unknown)
=1



=PFL Cross entropy of a distribution relative to another

A —
= Cross entropy: given two distributions p, g : {1,2,..., K} — | i—é/‘p[l()g(Q)]
R Cpeg) = — Z [ <)) ’Oa (Ckc))>
)2 {

o
USec( a; /N\c_ osvye AL C’\(S"Cﬂ.f\(ﬂ_ bL’}M.Q/\ c((g}hlpm/‘m‘- ,
= In logistic regression, our two distributions are the true and the predicted distributions of the

labels given features: p(y | x), p(y | x)

- N

oVY PVQC\\C La\
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=F*L Cross entropy example and interpretation

‘OC()&LC (oc(
/
R 1 . . . . . . . .
L(w, b) = _Mﬁ (y’logﬁl + (1 — yHlog(1 —ﬁl)), p=0o),=b+wx +...+wyx,
i=1 L’;’thub')‘b GQ‘ lobe| 7
= Example

y=1,p=09 = —10g(0.9) ~ 0.10 TP probabilly 2 okl 0

y=1,p=0.1 = —1log0.1) = 2.30
y=0,p=0.1 = —log(l —0.1) = 0.10

y=0,p=09 = —log(l —09)~230 _ —
= Cross-entropy is small'when the model assigns high probability to the correct label, and large

otherwise.

:‘> ,\_'( O %OOC\ \(‘\QCA "'o Minim)7a C rogs - en}\fcx')j M"‘Vvtcﬂ
Our ()ftc\(cl»of\ c\\g}nkw)’u—\ ] cl\f\c\ "\'“}\Q “:‘/m QN .
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=PFL Logistic loss

Interpretation as binary cross-entropy loss

= By interpreting the sigmoid function as probability of class 1 , & (z) =

P/DE, 52— Clccsy O/ I—@(z\:ve
|+
» the empirical cross-entropy between the predicted distribution and true distribution becomes

C;Z

\

N - Z

— 2 [(i-q) leq = _ ' {a "5
NoorsdL J 0 LA T d d \ 12

= Verify that this is precisely the logistic loss function.

C hec b w/—/’/’\ Q—SiUC‘ALef\ P R o n Sl\clﬂ |2 .
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=Pi-L

Logistic regression output

species
Chinstrap
Chinstrap
Gentoo
Chinstrap

Chinstrap

bill_length_mm bill_depth_mm flipper_length_mm body mass_g

Adelie

Palmer Penguins

Gentoo

Chinstrap

Flipper length (normalized)

Flipper length (normalized)

Based on dataset available here: https://www.kaggle.com/code/parulpandey/penguin-dataset-the-new-iris

B ; i : :
Bill length (normalized)

Training set (95 examples)

® Chinstrap
v Gentoo

Bill length (normalized)
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=F*L Performance metrics for binary classification

= [rue label versus predicted label
y=0, =0, true negative, number of true negatives C,,

N dohe y=0, =1, false positive, number of false positives C;,
Poin k y=1, y=0, false negative, number of false negatives C;,
y=1, 9§ =1, true positive, number of true positives C,, P"“—C\‘Cl’w
= Accuracy F En ,_\;) e P = Confusion matrix C | (s -
tp b
NAVER _— C
= Error rate g-‘ln + Cpp v o e \C?P | —en
NJ
= Recall
C ‘l’:P - [’\ow Mar."\j a'lp ‘)’YV\Q PD?[)’)V'QQ A e. PG(U@H ‘

C{.P-&C.,E,\
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=Pl Exercise - logistic regression

= You test a classifier on 100 machines. From these, 20 machines are faulty and 80 are healthy.
Let us use “positive” for a faulty machine and negative for a healthy machine. The classifier
outputs: 18 true positives (catches 18 of the 20 faults) and 5 false positives.

= \Write the confusion matrix.

= Determine the accuracy, error rate and recall.

PY‘QC\(C[’L-,\
r \ Note + The enhen enelel vo Yo (¢&
( ~
2 < Kooty 1 1 BFFS o Q(%/
| et o \ 7_5 ernver roke ;| — 1R, = A /
—

re cce( - .L_E,_ = QIQ/
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Exercise ( chreck v exevcn Vo)
Performance metric for binary classification

We have used two approaches to train classifiers for spam email detection:
“non-spam” (class 0) and “spam” (class 1).

Our test set has1000 emails, 900 of which were non-spam.
Approach 1: classified all data as non-spam.

Approach 2: classified 850 of non-spam emails as non-spam and 50 of spam
emails as spam.

1. Write the confusion matrix of each approach.
2. Compute the error rate and accuracy of each algorithm.

3. Which classifier is better from your perspective?



=Pl golution

= A h?2
= Approach 1 bproac

. . = Confusion matrix
= Confusion matrix

= Accurac
= Accuracy Y

= Error rate
= Error rate



=Pk Logistic regression in python

= Dataset 1: Void Formation in Welding, based on the paper

= Goal: formation of voids in friction stir welding as a function of the operation
conditions
- Tool rotational speed, axial pressure
 The label: void or not void

Training set (60 examples)

4

Work piece

Tool shoulder

a Unaffected material
b Heat affected zone (HAZ)

¢ Thermomechanically
affected zone (TMAZ)

d Weld nugget (Part of
thermomechanically affected

Axial pressure (normalized)

Backing bar

Profiled pin

< 0
= O

zone) Rotation speed (normalized)

= Dataset 2: discriminate between sonar signals bounced off a mine (metal cylinder) and those bounced off a roughly
cylindrical rock

= Goal: predict whether the object is mine or rock based on

- The features (60 of them) are the energy within a particular frequency band, integrated over a certain period of time
- The label: rock/mine



=Pi-L

Example: Medical diagrams:

Multinomial logistic regression predictor

Not ill (y = 1),Cold(y = 2), Covid(y = 3)

Class 1 A,
Class2 B
Class3 @

1) Associate a line (hyperplane in
higher dimension) for each class:

21 = WX+ Wiox, + by
Zp = Wy 1 X + Wy X + by

i3 = W3,1x1 ~+ W3,2x2 —+ b3

2) For a given x' € R? Predict the
class with the largest value

l

arg max wy X + wy X, + by
ke{1,2,3} ’

y

28



=Pi-L

Multinomial logistic regression decision boundaries

A\

I l l
y'=arg max wyx; +wiox, + by

ke{l,2,3}
decisen bomc\uvB p |:\L”'M/‘&£,f\

Class 1 C\eage L, 0
Class2 B

Class3 @ -
o X+ W Xej_“bﬁ)_"
9/I 9, 2

29



=PFL Probabilistic prediction i

Extend the logistic function to K-class setting by defining the softmax function

\ \
{ x93
Foreachclass c € {1,2,...,K}, definez.=w. X1+ ... +w,,;x;+ b, | j ‘ |
x'eR e
(2) (20) {2
exp(z exp(z
softmax : R® = (0,1)%, softmax(z) = ( sl b eees Pk )

ZjK:l exp(z)) ZJ-K:l exp(z)

2
EX'P ()= ¢
Example:  softmax([1,5,2,3]) =[0.0152,0.8310,0.0414,0.1123]
. < o )
€ > 0 , Z o ) > 0 —=I> T = > O
N _ZC_ )

K Z c / - J =
E e - EC e =
C — . = ez.) i [ 2)- = 7

)> 1 — &

)



=PFL
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Training multinomial logistic regression

« Multinomial cross-entropy loss ~ For  mulh clees (K >2) e loceer b ¢ Lor

] & - exp(z.)
J(w, b) = — ~ Z Z l{y()zc} log —
i=1 c=1 2 Xp(z))

= Verify that the loss is differentiable and convex.

We. Can  USe ?’Vo\c“cﬁ)‘ descent e Qr\e\ Pa/\oumde/\

“‘—}r\a:\\ M\nimize THe_ loar { ( b r W /0 W )5
- oM el ) et 21 19



=PFL . .
Performance metric _
P o C\ \ QM blues 300
dassical
Confusion matric)\(o“,] AnscL C(&&Q I e - 250
C \ BSS ’\ [ ( - . , . ' - edm e
Y
C\ E; hip hop
N Cugq 2 3 é B i
o ‘ * metal
=100
- h Pop
r&b - 30
C ‘qrr |< —L J rock
-0
Accuracy ‘ s U 22 6% Q‘ \ DK%OV\OK \ K blues dassical country edm I;ifel;?gedjlaaz;el metal pop &b rock

# 5 1\2 Fect sef
Error rate

[ — A cuor'o«co

Example from genre classification based on music data
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Exercise

= The goal is to determine reason for faults in a machine, whether they were due to mechanical,
electrical, software failures. Given 150 datapoints, 90 were used for training, 30 for validation,
and 30 for testing. Based on the training and validation, a classifier was developed. The
performance compared to ground truth is given as follows.

L et Set Pcr,z/mance

Confusion matrix

| | | Electrical || | Mechanical ||| Software ||
| | Electrica \ 8 1 1
| [ Mechanical 2 / 1 [O me chon cm,Q’
| | Software 1 2 7
. 2
= Determine the accuracy. /. 30

» \What's the percentage of mechanical faults correctly identified? ?{O s A0 /



=Prl Summary

= Logistic regression for classification
- Binary classification, logistic loss
- Multinomial classification
- Cross entropy interpretation
- Accuracy, error rate, recall

= Probability
- Probability distribution, expectation

- Empirical distribution
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=Pi-L

Your tasks this week

Go through lecture 3 slides

Do the exercises in lecture slides

Do the python exercises posted on Moodle
Bring your questions to exercise hour
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