1 As seen in class Roel Raike

Linearization

Here are two different ways of looking at linearization. Both methodologies are correct and this
file serves to give you, the student, the option to choose what suits you best.

1 As seen in class

1.1 Linearization procedure around a stationary point

Once, you have a nonlinear model, you have to linearize it to be able to work with it. A linear
approximation for a function f(z) around Z looks like

df (z)

f@+of) ~ f@)+

5z = f(T) + 6. (1)

For a general problem,

dx _ . of . of
@ @0+ @earg w-o)
., 0g . 0g
y(t) - g(x, ) + 6? i’ﬂ(x - ) + 677.14 fﬁ(u - )a
z(0) = xo
Now define the deviations
ox(t) = z(t) — T,
du(t) = u(t) — a,
oy(t) =y(t) -7
The linear approximation then becomes
dox  Jf aof
W = % E,E(Sx + % iyﬂ&u,
_dg g
oy(t) = e iyﬁéx + > iﬂéu,
0x(0) = zg — Z.

These equations can be generalized for systems of equations. A system has the form

dox(t)

T Adx(t) + Boul(t)
oy (t) = Cox(t) + Dou(t),
5X(0) = Xg — X.

The matrices in these equations are constructed by using the same logic as the single equation
logic. Namely,
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Ofa  Of2 ...  Of
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B=2L —
o4 4 : : . :
Ofn  Ofn ... Ofn
L duq ug Oup | %4
(291 291 ... 991
oz Q:Eg 0Tn,
092 d92 ... g2
(3g oxq OTo 0xy,
c=2 =
0% |5 & : : :
99¢ 994 ... 949q
| Ox1 Oxa O0xyp | X,a
(991 091 ... 9917
ouq Jus Jup
992 992 ... 292
6’g ouq Ous Oup
D=2 —
ulg g : : :
%9q %94 ... 99
L Ouq uso oup 4l g
1.2 Toy example
Given the system
dx(t
d(t ) = —2z + 0.5(x + 1)u, z(0) =1,

linearize it around the equilibrium point.

Solution
Firstly, lets determine the equilibrium point. That is defined as

dx(t)

7 = 0.

Hence,

8l
Il

L,
2.

N
Il

The approximation of the nonlinearity in this case is
xu~Tu+ t(r —T) + T(u—a)

The linear approximation of the whole system then becomes

dfiit) = (—2z + 0.5(Zu + udx + Tdu) + 0.5u) — (—2% + 0.57u + 0.5u)
= —26zx + 0.5(adz + Tou) + 0.50u
d5§t(t) = —26z + 0.5(@dz + Tou) + 0.50u

Filling in the numerical values of & = 1,4 = 2, gives the final result

dox(t)
dt

= —6x + du, dz(0)

-0 (3)
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2 A systematic way

2.1 Why linearization and how to do it?

In general, life is not linear and models are rarely linear naturally as a result. However, non-
linearities make mathematics extremely difficult especially when systems of equations are being
considered. Most of the mathematics in this course are for linear systems, hence we would like
to make a system linear. A way of doing that is using a Taylor expansion around an arbitrary
point. For a general function f(z) around point a, it becomes

f'(a) f"(a)

f(l")=f<a)+T($*a)+T($*a)2+'“ (4)

Now, this is still not linear. Let’s say that we do not want to describe a whole function, but only
a point very close to a. For only a very small deviation from a, meaning x — a small, higher order
terms will approximate zero. Hence,
f'(a)
f@) = fla) + S~ a) 5)
Using this approximations, we can transform general differential equations into linear differential

equations.
Finally, we can generalize this by looking at multivariate functions. Let’s say for a function

F(z1,za,...,2zn). A linearization around a = [Ty, Za, ..., ZxN], looks like
N
o _ oF ~
F(ml,xg,...,a:N)zF(xl,xg,...,J;N)+Z( : (i — Z;))
i=1 Zi T1,T2,..,TN

2.2 Small sidestep: Writing balances and notation

In this course, you will have to write balances very regularly. I highly recommend writing
a balance in a conceptual way before plugging in math even if it is in a different
format than what I provide here. We assume that you have seen this, but just to avoid
confusion, I will explain here how I write these and how to fit things in. A classical balance for
me looks like this

(Accumulation) = (In) — (Out) + (Generation) + (Exchange) (6)

Herein, the Generation term signifies the creation or destruction of a species such as in a
reaction. This term is 0 in non-reacting systems. The Fzchange term is mostly seen in energy
balances depending on how you define your system. It describes the flux of whatever the balance
is about over the boundary of the system. An example is a cooling jacket on a reactor.

2.3 An example: A variation on Exercise 1 from Series 4

Description Consider a mixing tank with inlet volume flow rates ¢; and g2 and with outlet flow

rate gs(t) = k+/h(t) where h(t) represents the level of the liquid in the tank. Knowing that the

densities (volumetric mass) of the liquids in the feed are equal and constant, linearize the system.
Solution

Let’s start with a mass balance over the system. That gives

(Accumulation) = (In) — (Out) + (Generation) + (Exchange), (7)
dm . .
E:min—mout+0+0, (8)
d -V
% = p1q1 + p2q2 — PsQs, (9)
d(py - S-h(t
w = p1q1 + p2q2 — pskr/h(t). (10)

This is the most general way of describing the problem. However, we can make some assump-
tions and also use additional information from the description. I will assume that the area of the
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vessel does not change S # f(t). The densities of all flows are identical, hence the density in the
vessel is constant, so p; = p2 = ps = py = p # f(t). The system then simplifies to

S%(tt) =q1 + g2 — k\/h(t). (11)

This is the non-linear description of the system. In a mathematically rigorous way, we can

also write

dh(t)

7 = F(h7q1aQ2)7 (12)
Flgr, ga, h) — %(q1 + 4o — kn/R(D)). (13)

Let’s say we linearize the system around an arbitrary point h,di,¢o. First, let’s define the
deviations from this point as

dqr = q1 — qu,
0g2 = @2 — G2,
Sh = h(t) — h.
Then the linearized system is
. 0F(q1,q2,h _
F(ha q17q2) 2F<hadlaqa) + (qaquﬂ B (ql - Q1) (14)
h,q1,q2
aF(le q2, h’) — aF(le q2, h) 7
2 G — @) + — 2 h(t) — h 15
0 E’q_hq_z( 2~ 2) ah B}q_h_z( (t) —h) (15)
Wherein,
aF(qDQQah) —N 1 _
0 _— (@ —q) = 5lo—a)
aF((Jthah) N 1 _
4 s (2 — q2) = S(Qz 7@2)
aF(ql7q27h) T -k T
_— h(t) —h) = ——=(h(t) — h
S| ) )= ) )
»41,92
Now, we can describe the system as a linear system. Namely,
d(oh) 1 k
— =—=(d 6qa — —=06h 16
il CLE L 2\/3) (16)

This is the solution of the problem. You might wonder where the term F(h,q1,q) went. In
Eq. (16), we are looking at the change in the deviation of h(t) from h with respect to time. That
means that at ¢ = 0, A(t) = h, which means the deviation is zero at that point.
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2.4 0Old exam exercise

Problem statement (30 points) A reversible reaction 2A —— B+ C takes place in a membrane
reactor shown below. The reactor consists of a well-mixed reaction chamber and a separation
chamber separated by a membrane. The membrane is permeable to compound B, whereas com-
pounds A and C cannot pass through. Compound B diffuses out of the reaction chamber through
the membrane and is removed from the separation chamber by a stream of inert substance. The
diffusion rate of B through the membrane is (k, A, Cp [E29]), where (4,,) is the effective area
of the membrane. Compound A is pumped into the reactor with the flow rate (g) and the con-
centration (Cy4;). (Ca, Cp, and C¢) denote the concentrations of A, B, and C in the reactor.
Despite the diffusion of B through the membrane, the exit and feed flow rates are assumed equal
because B is a small molecule, i.e., it is assumed that the reactor volume is constant. The tem-
perature in the reactor is also constant. The reaction follows the mass action kinetics with the
rate constants (k; = O.Bﬁ) (in the forward direction) and (ko = 2.5%) (in the reverse
direction).

For the parameter values: reactor volume ( V = 3m? ), feed flow rate (¢ = 0.25m?/min), mass
transfer coefficient (k,, = 1.5m/min), and input feed concentration (C4; = 10kmol/m?).

a) Write the mass balances for compounds A and B.

b) Knowing that the effective membrane area at the steady state is ( AS° = 4, m? ), and that
the steady-state concentration of compound A is five times the one of B, i.e. ( C’;is = 5C’§S ),
determine the steady-state concentrations of A, B, and C in the reaction chamber.

¢) The membrane degrades gradually and its effective area, (A,,), changes in time. Derive
the dynamic equations for deviations of concentrations (C4) and (Cp) by linearizing the system
of equations from (a) around the steady state derived in (b).

s EA['
¥ m d EA! EEIFC‘
reaction _.: -
chamber
e
T ... membrane
inert - = g + nert
substance . separation chamber | substance
Question A
The mass balance for both A and B can be written as
(Accumulation); = (In); — (Out); + (Generation); + (Exchange);. (17)

Adapting this equation for species A, it becomes

dmA 1

a MAin — MAout + ETAM
d(pA Vv V) 1
QOAV L) ppind — paq+ —raV
i PAind — PAG + MATA
d(Ger V) _Cain, Ca 1
dt B My q MAq M 4 4

Herein, M4 the molar mass of A, a constant value. Furthermore, the vessel is well-mixed, so
Ca,v = Cy, and I will assume that the reactor volume constant V' # f(¢). Therefore,
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dC
VditA = CA}mq—CAq-I—TAV. (18)

Finally, since the kinetics are mass action. Then,

1
—57“,4 =Trp =Tc = ]411034 — k2OBCC
Filling that into the equation, yields the final mass balance for compound A.

dC
VT: = Ca,ing — Caq — 2V (k103 — k2 CpCe). (19)

For compound B, only the first steps differ slightly. The initial equation is

dm . 1 :

TB =0- Mpout + FBTBV + MB membrane, (20)

de . 1 1

= — out — ——rgV — 7kmAmC ) 21
7 MB,out Mg B Mg B (21)

The reasoning is from this point identical to the reasoning of compound A. The final equation
becomes

dC
VCTf = Cpq+ V(kiC? — k2CCC) — kimAmC. (22)
Question B
At a steady state, the rates of change of the concentrations are 0. Hence, % = 0 The mass
balance for A becomes
0= —% 55 4 %cm —2[(C55)2ky — kaCESCe],
= k1 (CS5)2 — kyOS5Co = L (Cai — O59). (B1)

2V
Similarly, the mass balance for B becomes:
KnAn,C3°
V )
1
= k1 (C3%)” = koCE"Co = (405" + KmAmCE?),

0— —%cgs +(C55)2ky — kpCS5C0 —

= k1 (C59)? — keC055Co = —(q + KinA,,)C35. (B2)

<l

If we equate the left hand side of (B1) and (B2) and plug in the relationship that C5° = 5C5°,
we get

1
st K Apy)CSS = %(CAZ- — 5C55),

= 2% (0.25 + 1.5 % 4)C3° = 0.25(10 — 5C2°),
= 2% 6.2505° = 2.5 — 1.25C5°,

= 13.75C5°% = 2.5,
ss 25 ss 125

B 713750 T4 T 1375

=

Plugging in these values into (B1), we get:
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125 125 25 0.25 12.5
. - Cc = 10— =2
0% B * 375 1375 T 243" ( 13.75) ’
125 125 2.5 12.5
o 2t o = (10~ ===
=12 s g 00 g e ( 0 13.75) ’
156.25 150 137.5 — 12.5
=2 e T 0T T
1875 150 125
1375 1375 ¢~ 1375
- 136.36 — 150 + C = 125,
= Cc = 0.07575.
Question C
Let’s explicitly write the mass balances with its dependencies on time.
dCa(t) 1
A _ 2 (Casa— Calta — 2V (ks (Cal0)? — kaC()Co (1), (23)
dCp(t) 1
50 _ L Cp)g + Vil (Cal)? ~ kaCo(1C(t) ~ hudn®Co(D). (1)
Then,
dC(t
40 _ R (eatt), C5(0),Cott)
dCp (¢
W) _ H(Ca1).Col1), Colt). Anlh)

Linearizing the system around the steady state C5°, C5°, C2% and A5 and introducing

6C; = C; — €93
6A,, = Ay — ASS

The linearized system around the deviation then looks like

d6CA(t)  OF(Ca(t), Cp(t), Co(t))

_ Cy—C3°
dt 0C 4 CiS,CESCéS,AgLs( A )
N OF(Ca(t),Cr(t),Cc(t)) (Cp — C55)
0Cp C§8,085,085,A85
L OF(Ca(t), Cr(t), Cc(t) (Cc — C55)
0Ce C58,0585,055 A58
dsCp(t) _ 0H(Ca(t),Cr(t), Co(t)) (Ca — C55)
dt 0Ca 055,055,055, 488 !
0H(Ca(t),Cp(t),Co(t)) (Cp — C55)
303 Cisycgsvch:As{g
H
N 0 (CA(t)apr(t%CC(t)) (Cc — C59)
0Cc C58,055,C85,A88
0H(Ca(t),Cp(t),Co(t)) (A, — ASS)
aAAm, C35,C85,C35,A88

By computing these partial derivatives, you become

1
décdz‘ ® _ 7 (-a8Ca — Ak C556C 4 + 2k, CE36C s + 2k, C5°6C ),
dsCy(t) 1

G = (2000 + 21 C3¥0C A — nCE°Ch — kaCP0Cc) — K AnF0Cp — KmCE0 Ap.
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