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Neural network learning 
and complexity measures



What functions can neural networks 
learn well?

trained by
descent algorithms:

SGD/GD/…

sample / time 
complexity



Supervised learning
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Image recognition

break

[MNIST, CIFAR, IMAGENET, etc]



Milan is a great…

Text completion

https://openai.com/research/gpt-4

city
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(1,�1,�1, 1, 1,�1, 1,�1, 1, 1,�1)
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true

8Mary has twice the age of John. Two years ago she had

three times the age of John. How old is Mary?
<latexit sha1_base64="8XrSO2IbhcLHaQubwMMZm2jJjm4="></latexit>

More complex reasoning?

f : {0, 1}d ! Y ✓ R
<latexit sha1_base64="jOoXtQEDGI+uugInIQe6XPlLW2k="></latexit>

f : {�1, 1}d ! Y ✓ R
<latexit sha1_base64="5T//ZjhOWe1qMQKjYDTDTzbt1zk="></latexit>

f : [q]d ! Y ✓ R
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[Saxton et al. 19, Lewkowycz et al. 22,PVR,Zheng et al. 21,Zhang et al 22,Algorithmic CLRS, Mahdavi et al. 22,GSM8K, LogiQA]



Recognition + logic

CLEVR: is the sphere on the left of the cube -> yes

PVR: output the label of the MNIST digit indexed by the first MNIST digit -> 1



Learning on the “signal” domain seems at least as hard  
(e.g., in sample complexity) as learning on the “symbolic” domain 

if the “signal” domain is not label-leaky  

f = logic � recog
<latexit sha1_base64="teT9evbKSaViKj/CoenEZrOdQK8=">AAACFXicbVDLSsNAFJ34rPUVdanIYBFclJLUhW6EohuXLdgHNKVMppN06CQTZiZCCVn6A278lW5cKOJWcOc3+BNO0i609cDA4Zx7mXuOGzEqlWV9GUvLK6tr64WN4ubW9s6uubffkjwWmDQxZ1x0XCQJoyFpKqoY6USCoMBlpO2ObjK/fU+EpDy8U+OI9ALkh9SjGCkt9c2ydwWdAKmhCBLGfYpT6JShg6nAOZlZgmDup32zZFWsHHCR2DNSqh1NGt8Px5N63/x0BhzHAQkVZkjKrm1FqpcgoShmJC06sSQRwiPkk66mIQqI7CV5qhSeamUAPS70CxXM1d8bCQqkHAeunsyulPNeJv7ndWPlXfYSGkaxIiGefuTFDCoOs4rggOq4io01QVhQfSvEQyQQVrrIoi7Bno+8SFrVin1eqTZ0G9dgigI4BCfgDNjgAtTALaiDJsDgEUzAC3g1noxn4814n44uGbOdA/AHxscPpHqiNg==</latexit>

4-MLP (512/256/128/64). Adam l.r.=1e-4 / batch=64 / Epochs: 1500 (MLP), 2200 (CNN)
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Recognition + logic



Basic generalization notions













What Boolean/logic functions can neural networks 
learn efficiently?

f : {0, 1}d ! Y ✓ R
<latexit sha1_base64="jOoXtQEDGI+uugInIQe6XPlLW2k="></latexit>

f : {�1, 1}d ! Y ✓ R
<latexit sha1_base64="5T//ZjhOWe1qMQKjYDTDTzbt1zk="></latexit>

Lots in PAC/SQ setting   ->  Our interest: NN+SGD setting

f : {0, 1, . . . , q � 1}d ! Y ✓ R
<latexit sha1_base64="0iHmQhxKFukKMPRY8YC9Eok7iZ8="></latexit>



Classic generalization

Classic generalization: GEN(f, f̃ , µ) = EX⇠µ[`(f̃Xm⇠µm(X), f(X))]
<latexit sha1_base64="4wNFuwZkvPjjIqTaI7Vh76mBXTA="></latexit>



-> what is the network model?



Regular-networks general-networks
-> fully connected (iid) layers (2)

MLP CNN/ResNN/RecNN/GNN..     Transformers

-> polynomial-size 

What is the network model?



General networks

Full freedom on the NN architecture besides having polynomial size in input dimension

PAC = {Data dist. class learnable by some poly-time algo.}
<latexit sha1_base64="GhXJW8I+t7jei7xKA6ms2GJwqjI="></latexit>

Free_NN_SGD = {Data dist. class learnable by some poly-size NN
trained by SGD with all param. polynomial}

<latexit sha1_base64="fXOvI2lro2gnVpTRC1x0b0vX0tg="></latexit>

Theorem [Abbe-Sandon CPAM’22]. Free_NN_SGD = PAC
<latexit sha1_base64="SunlE32Hmy0kvwyBbvbXQ9WVT1c="></latexit>

Transformers and alike: 
[Wei, Chen, Ma’22]: approximation 
[Pérez, Marinković,Barceló ’23]: approximation 
[Malach ’23]: existence of data with CoT



Regular networks

The NN is constrained to be more ‘regular’: E.g., MLP with iid layers

G Lower bounds on learning with linear methods 77

H Technical results 81

H.1 Bound between batch-SGD and discrete mean-field dynamics . . . . . . . . . . . . . 81
H.2 Anti-concentration of polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

1 Introduction

Major research activity has recently been devoted to understanding what function classes can be
learned by SGD on neural networks. Two extremal cases are well understood. On one extreme,
neural networks can be parametrized to collapse under SGD to linear models, for which a clear
picture has been drawn [JGH18; LL18; Du+18; Du+19; ALS19; ALL19; Aro+19; Zou+20; OS20].
On the other extreme, neural networks with zero parametrization constraint (besides polynomial
size) have been shown to be able to emulate essentially any e�cient learning algorithm [AS20;
Abb+21a] albeit with non-regular1 architectures. So both of these extremes admit a fairly complete
characterization. However, none of these seem to capture the right behavior behind deep learning,
or more specifically, behind non-linear but regular networks. Such networks are known to go beyond
linear learning [Bac17; Gho+21b; DM20; Ref+21; AL19; Gho+19; YS19; AL20a; LMZ20] (even
though the NTK can be competitive on several instances [Gei+20]), and seem to exploit structural
properties of the target functions in order to build e�ciently their features.

Can we thus characterize learning in the non-linear regime for regular networks? Various im-
portant results have been developed in this direction, we focus here on the most relevant to us.
[CB18; MMN18; RV18; SS20] show that for a certain scaling at initialization, the SGD dynamics on
large-width neural networks concentrates on a fully non-linear dynamics, the mean-field dynamics,
described by a Wasserstein gradient flow, contrasting with the linear dynamics of the NTK regime
[JGH18]. In [AL19; AL20b], the power of deep networks is demonstrated by showing how SGD and
quadratic activations can e�ciently learn a non-trivial teacher class hierarchically, with the notion
of backward feature correction [AL20b].

However, no tight necessary and su�cient characterization of what functions are learnable
emerges from these works. The di�culty being that tight necessity results are di�cult to obtain in
such a setting since SQ-like arguments [Blu+94; FGV17; Kea98; BKW03; Fel16; Yan05; Fel+17;
SVW15; AS20; Abb+21a; Goe+20] are not expected to be tight (besides for the extreme case of
unconstrained networks [AS20; Abb+21a]), and su�ciency results are significantly more di�cult
to obtain due to the more complex (non-linear) dynamics of SGD training.

Is there hope to characterize tight necessary and su�cient conditions for function classes to be
learnable by standard SGD on standard neural networks?

As a first attempt in that direction, we focus in this paper on a natural setting: learning sparse
functions on the d-dimensional hypercube, i.e., functions that depend on a small latent (unknown)
subset of coordinates of the input. We further restrict the optimization regime considered to two-
layer neural networks trained by one-pass batch-SGD in the mean-field regime. This allows us to
study a regime of optimization that goes beyond the linear regime while averaging out some of the
complexity of studying non-linear SGD.

The motivation for the setting of learning sparse function is three-fold: (1) Linear (fixed features)
methods do not adapt to latent sparsity, and su↵er from the curse of dimensionality [Bac17]. (2)

1Here we refer to ‘regular’ for architectures used in tangent kernel results or more generally architectures used in
neural network applications.
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xd
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N (0, 1/d)
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f1(x) = x1 f2(x) = x1x2 f3(x) = x1 + x1x2
<latexit sha1_base64="cJA8CwPjoowVx4WLdMGKL+xgb0Q="></latexit>

Examples:

X1, . . . , Xd
iid⇠ U{+1,�1}

<latexit sha1_base64="VJA4BPazXHiB2FAJSy1aWl3uwtA="></latexit>

Consider: f : {+1,�1}d ! Y ✓ R
<latexit sha1_base64="Hb0vrmFdXt090OJtfb1lfliiTZQ="></latexit>



Misiakiewicz-Montanari lecture notes



Boolean Fourier analysis

Boolean Fourier analysis. f : {+1,�1}d ! R can be decomposed as
<latexit sha1_base64="1evwezbdtZjHTbnLT2SDTwfNYZU="></latexit>

f =
P

S✓[d] f̂S�S where f̂S = hf,�Si, �S(x) =
Q

i2S xi
<latexit sha1_base64="7VPUwLOoZPtFP+4Hi2EhLZAh8Ow="></latexit>

Many useful complexity measures of f rely on the Fourier transform.
<latexit sha1_base64="c9p2AW430z/RXwP+DOocGlYBfxE="></latexit>

E.g., Stability✏(f) = Ef(X)f(X✏) ⇠
P

S✓[d](1� 2✏)|S|f̂2
S

<latexit sha1_base64="C+vhIKKgbULfb/88K/yHBCdQcF4="></latexit>

E.g.: f(x) = 0.2x1 � 0.5x1x2 + 0.9x2x7x8x9
<latexit sha1_base64="CKW8/CRp1VT6ngk0XWuH8ztGR3c="></latexit>

Assume f has sparse support: involves P = Od(1) variables (e.g., P = 5 above).
<latexit sha1_base64="0J8sgxlByXhohGeMS9PYm04IJ0c="></latexit>



Leap complexity

Let S(f)
1 , . . . , S(f)

L be the non-zero basis elements of f
<latexit sha1_base64="i+N1Nft9za+JtMguBDb0X/z5Xaw="></latexit>

E.g., f(x) = 0.2x1 � 0.5x1x2 + 0.9x2x7x8x9
<latexit sha1_base64="NF1SkpdC1KcQUGLeemsnPaXj4yo="></latexit>

! S(f)
1 = {1}, S(f)

2 = {1, 2}, S(f)
3 = {2, 7, 8, 9}

<latexit sha1_base64="FyckAveV+b2ZPwQWDSXiUHgAXXE="></latexit>

Leap(f) := min
⇡2⇧L

max
k2[L]

|S(f)
⇡(k) \ [

k�1
j=0S

(f)
⇡(j)|

<latexit sha1_base64="3kLeWyWUnNEUDVpQNb9vNFutgX8="></latexit>

Leap(x1) = 1 Leap(x1x2) = 2 Leap(x1 + x1x2) = 1
<latexit sha1_base64="S6BqQcfbXatjiQbeavFpok/bQb0="></latexit>

Leap(x1 + x2x3) = 2
<latexit sha1_base64="Ugp8U1O8ZG7KZDCzWSDPn+p7bQk=">AAACBXicbVDLSsNAFJ3UR2t9RV3qYrAIFaEkKaIboeDGhYsW7APaECbTaTt0MgkzE2kJ3bjxV9y4UMSt/+DOHxA/w0nbhVYPXDiccy/33uNHjEplWR9GZml5ZTWbW8uvb2xubZs7uw0ZxgKTOg5ZKFo+koRRTuqKKkZakSAo8Blp+sPL1G/eEiFpyG/UOCJugPqc9ihGSkueeQA7AVIDESTXBEWT4sizT0aeM/LKxxeOZxaskjUF/EvsOSlUYO3rM5c9rXrme6cb4jggXGGGpGzbVqTcBAlFMSOTfCeWJEJ4iPqkrSlHAZFuMv1iAo+00oW9UOjiCk7VnxMJCqQcB77uTE+Wi14q/ue1Y9U7dxPKo1gRjmeLejGDKoRpJLBLBcGKjTVBWFB9K8QDJBBWOri8DsFefPkvaTglu1xyajqNCpghB/bBISgCG5yBCrgCVVAHGNyBB/AEno1749F4MV5nrRljPrMHfsF4+wZBB5oJ</latexit>

same stability but  
different leap



Main result: leap control and staircases

f(x) = x1x2 · . . . · xk (parity) x1 + x1x2 + . . .+ x1x2 · . . . · xk (staircase)
Kernels dk dk

RegNN+SGD dk d
<latexit sha1_base64="QfF7sF86dhwFDyyqKPl7jVphu2o="></latexit>

‘Theorem’ (Abbe-Boix-Misiakiewicz NeurIPS’22,COLT’23).

Let f be a sparse Boolean function with inputs drawn uniformly in {±1}d.
Let f̃ (t)

NN be the output of training a 2-layer neural network with poly(d)-edges
and isotropic layers at initialization with t steps of online-SGD on the square
loss. Then, for all but a measure-0 set of functions,

E`(f̃ (t)
NN, f)  ✏ if and only if t = ⌦̃d(d

Leap(f)�1_1)poly(1/✏) .
<latexit sha1_base64="z1C8+1J16wZN0kuh3zTmrUQn53c="></latexit>

Let f̃ (t)
Ker be the output of training a Kernel with t samples/features. Then,

E`(f̃ (t)
Ker, f)  ✏ if and only if t = ⌦d(d

Deg(f)_1)poly(1/✏) .
<latexit sha1_base64="+0r9qQd82Kkx9bnf5CtyGKhbXow="></latexit>



Conclusion:  
Regular-NN can learn efficiently - more than kernels -   

where targets have a hierarchical Fourier structure (low leap), 
but otherwise not as efficiently as free-NN/PAC (e.g., parities)

Technical innovation: 
1) “If and only if” statement with new leap complexity measure 

  spectral bias [Rahaman et al ‘19] 
2) Control of the full sample+time complexity  

no infinite width no continuous time [Mei et al. 18, Chizat et al. 20] 
3) Control of the entire NN dynamic (beyond first GD-step and beyond single-index models) 

[Bietti et al 22, Barak et al. 22, Daniely et al. 20, Ben Arous et al. 21, Damian et al. 22]



(x1 + x1x2x3x4 + x1x2x3x4x5x6x7x8)/
p
3 d = 30, P = 8

<latexit sha1_base64="VlV7Lhodmbv9W36b0KoUS9jx7iE="></latexit>

Saddles and descents

2-MLP / isotropic layers / SGD l.r.=1e-3 



@t⇢t = r✓ · (⇢tH(t)r✓ (✓; ⇢t))

 (✓; ⇢t) = aEx
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<latexit sha1_base64="TX+9gOfkAA9jgwovOMjGEb74VFE="></latexit>
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<latexit sha1_base64="ARHPXD0qAUXjjLguklLjFcK5SAc="></latexit>

a0 ⇠ µa, u
0 = 0, s0 = mw

2
<latexit sha1_base64="LSXq7m7bR71kqHnt32bZmH2a2Gc="></latexit>

f̂NN(x; ⇢) =
R
a�(hw,xi)⇢(da dw) (2NN-MFL)

<latexit sha1_base64="AFvTG/2Bghw37pb5rIQiBj/UhPM="></latexit>

sup
k2[T/⌘]\N

��f̂NN(·;⇥k)� f̂NN(·; ⇢k⌘)
��
L2 = od(1) with prob. 1� oN (1)

<latexit sha1_base64="by32vPlm2Q0yv5HWjo8YdBHx9mk="></latexit>

Theorem [ABM’22]. If N � 1, ⌘ ⌧ 1/d, T = O(1) and P = O(1),
<latexit sha1_base64="+ljoWMjM3xf2E7JT8Rj4R3Fo24E="></latexit>

⇢t 2 P(RP+2)
<latexit sha1_base64="Ze3P4UAC34L4aq6479s7WAEPmRg="></latexit>

(Wasserstein GF)
<latexit sha1_base64="1B1hKF0a0m93zQ2imoycvIsBjnA="></latexit>

[Mei, Misiakiewicz, Montanari ’20]

Dimension-free mean-field PDE

3 limits: 
- width 
- time 
- samples

Dimension-free formulation:



drift martingale

Dynamic of support correlation

Weights incidents to variables in the support of the target 
grow with a stronger drift -> the support gets detected

 ⌘
p
t

<latexit sha1_base64="QxlPkkb3Y6fDElEjhLGFyETqq3U=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GUwET2E3HvQY8eIxgnlAdgmzk04yZPbhTK8QloC/4sWDIl79Dm/+jZNkD5pY0FBUddPdFSRSaHScb2tldW19Y7OwVdze2d3btw8OmzpOFYcGj2Ws2gHTIEUEDRQooZ0oYGEgoRWMbqZ+6xGUFnF0j+ME/JANItEXnKGRuvZxmXoSqAfIqKcfFGY4oeWuXXIqzgx0mbg5KZEc9a795fVinoYQIZdM647rJOhnTKHgEiZFL9WQMD5iA+gYGrEQtJ/Nzp/QM6P0aD9WpiKkM/X3RMZCrcdhYDpDhkO96E3F/7xOiv0rPxNRkiJEfL6on0qKMZ1mQXtCAUc5NoRxJcytlA+ZYhxNYkUTgrv48jJpVivuRaV6Vy3VrvM4CuSEnJJz4pJLUiO3pE4ahJOMPJNX8mY9WS/Wu/Uxb12x8pkj8gfW5w+YgJSb</latexit>

w(t+1) = w(t) + ⌘A(t) = w(0) + ⌘
t�1X

s=0

A(s)

<latexit sha1_base64="1b75JMwoxZBL5wKQM/8o7MfWDtw="></latexit>

= w(0) + ⌘
t�1X

s=0

Ā(s) + ⌘
t�1X

s=0

(A(s) � Ā(s))
<latexit sha1_base64="1GL7JWpWeg/5hMlMwcauVAFVRg4="></latexit>

[Ben Arous et al. 21]



Control interactions: ai ⇠U [�A,A], A = poly�O(1)(d), hinge loss
<latexit sha1_base64="Uic20tPQnBdiZbdtKa8OnjYTCcE="></latexit>

Control martingale: ⌘
p
T  1/

p
d

<latexit sha1_base64="XGG8vO8h2r8fx27cIQ0t6azTeyc=">AAACG3icbVC5TgMxEPVyE64AJY1FQKIKu6EAUQXRUAYpB1I2irzOJLHitRd7Fila5T9o+BUaChCiQqLgb3COgutJlt68N6PxvCiRwqLvf3pz8wuLS8srq7m19Y3Nrfz2Tt3q1HCocS21uYmYBSkU1FCghJvEAIsjCY1ocDn2G3dgrNCqisMEWjHrKdEVnKGT2vnSpVZotKQxMyhUj0k4pwchIKOhvTWYVUc0lECD42nZGR208wW/6E9A/5JgRgpkhko7/x52NE9jUMgls7YZ+Am2svFCLmGUC1MLCeMD1oOmo4rFYFvZ5LYRPXRKh3a1cU8hnajfJzIWWzuMI9cZM+zb395Y/M9rptg9a2VCJSmC4tNF3VRS1HQcFO0IAxzl0BHGjXB/pbzPDOPo4sy5EILfJ/8l9VIxOCmWrkuF8sUsjhWyR/bJEQnIKSmTK1IhNcLJPXkkz+TFe/CevFfvbdo6581mdskPeB9fMnSg3g==</latexit>

Control drift: ⌘T � dL/2�1
<latexit sha1_base64="3/qj+fZLUgYIr/G+3GdcLSsvFvI=">AAACDnicbVC5TgMxEPVyE64AJY1FQKIh7IYCRAWioaAAiRxSEiKvdzZYeO2VPYsUrfIFNPwKDQUI0VLT8Tc4R8H1pJGe3pvRzLwwlcKi7396E5NT0zOzc/OFhcWl5ZXi6lrN6sxwqHIttWmEzIIUCqooUEIjNcCSUEI9vD0d+PU7MFZodYW9FNoJ6yoRC87QSZ3i9qlWaLSkkRExHtGtFiCjV7TVBRpd5+d7ld2gv9UplvyyPwT9S4IxKZExLjrFj1akeZaAQi6Ztc3AT7GdM4OCS+gXWpmFlPFb1oWmo4olYNv58J0+3XZKRGNtXCmkQ/X7RM4Sa3tJ6DoThjf2tzcQ//OaGcaH7VyoNENQfLQoziRFTQfZ0EgY4Ch7jjBuhLuV8htmGEeXYMGFEPx++S+pVcrBfrlyWSkdn4zjmCMbZJPskIAckGNyRi5IlXByTx7JM3nxHrwn79V7G7VOeOOZdfID3vsX5QiaEQ==</latexit>

Choose: ⌘ / d�L/2, T / dL�1
<latexit sha1_base64="taDUp70zeUAAQXA8wwuBQY3qB1I=">AAACHXicbVC7TgJBFJ3FF+ILtbSZCCYWgrtoorHC0FhQYMIrASSzwwUmzO5sZmZNyIYfsfFXbCw0xsLG+DcOjwLBk0xycs69uXOOG3CmtG3/WLGV1bX1jfhmYmt7Z3cvuX9QVSKUFCpUcCHrLlHAmQ8VzTSHeiCBeC6HmjsojP3aI0jFhF/WwwBaHun5rMso0UZqJy8LfSEU3OB0EzTBzUCKQAvceYgyxfPcKH2G0+V5tZhxRul2MmVn7QnwMnFmJIVmKLWTX82OoKEHvqacKNVw7EC3IiI1oxxGiWaoICB0QHrQMNQnHqhWNEk3widG6eCukOb5Gk/U+Y2IeEoNPddMekT31aI3Fv/zGqHuXrci5gehBp9OD3VDjk3ScVW4wyRQzYeGECqZ+SumfSIJ1abQhCnBWYy8TKq5rHORzd3nUvnbWR1xdISO0Sly0BXKoztUQhVE0RN6QW/o3Xq2Xq0P63M6GrNmO4foD6zvX4aon60=</latexit>

Customized SGD: Layerwise, projected, low l.r., early stopped
<latexit sha1_base64="zXnHnYpQB//9CoL9TcCJT8JQPPg="></latexit>

w(t)
1 = a(t), w(t)

d = b(t)
<latexit sha1_base64="T8jNUdQiJ5/8b91wXWz3tdA2jH0=">AAACD3icbZDLSsNAFIYn9VbrLepSF4NFqSAlqQvdCAU3uqtgL9DGMJlM6tDJJMxMLCX0Ddz4Bj6DGxeKuHXrzrdx2lTQ1h8GPv5zDmfO78WMSmVZX0Zubn5hcSm/XFhZXVvfMDe3GjJKBCZ1HLFItDwkCaOc1BVVjLRiQVDoMdL0euejevOOCEkjfq0GMXFC1OU0oBgpbbnmQd+1b9KSOhyeQZTBEey7/o/nZeCaRatsjQVnwZ5AsVp8vAxSd7fmmp8dP8JJSLjCDEnZtq1YOSkSimJGhoVOIkmMcA91SVsjRyGRTjq+Zwj3tePDIBL6cQXH7u+JFIVSDkJPd4ZI3crp2sj8r9ZOVHDqpJTHiSIcZ4uChEEVwVE40KeCYMUGGhAWVP8V4lskEFY6woIOwZ4+eRYalbJ9XK5c6TSqIFMe7IA9UAI2OAFVcAFqoA4wuAdP4AW8Gg/Gs/FmvGetOWMysw3+yPj4BmLgnUM=</latexit>

a(0) = b(0) ⇠ 1/
p
d

<latexit sha1_base64="6fppndVQesbfFNAlaZbZYrAbfK4=">AAACCXicbZDLSsNAFIYn9dJab1GXbgaLUDc1qYhuhIIbly3YCzSxTCbTduhkEmcmQgnZuvFV3LhQxK1v4M4XEB/DadOFtv4w8PGfczhzfi9iVCrL+jRyS8srq/nCWnF9Y3Nr29zZbckwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11O6u07IiQN+bUaR8QN0IDTPsVIaatnQnSTlK2j9AJ6GUBH0gDax468FSrx055ZsirWVHAR7BmUarDx/VXIn9Z75ofjhzgOCFeYISm7thUpN0FCUcxIWnRiSSKER2hAuho5Coh0k+klKTzUjg/7odCPKzh1f08kKJByHHi6M0BqKOdrE/O/WjdW/XM3oTyKFeE4W9SPGVQhnMQCfSoIVmysAWFB9V8hHiKBsNLhFXUI9vzJi9CqVuyTSrWh06iBTAWwDw5AGdjgDNTAFaiDJsDgHjyCZ/BiPBhPxqvxlrXmjNnMHvgj4/0HgMObQQ==</latexit>

a(t+1) = a(t) + ⌘A(t) = a(0) + ⌘
t�1X

s=0

A(s)

<latexit sha1_base64="xkFuuI08iPq6aDJN1uNE4lFcKzE="></latexit>

= a(0) + ⌘
t�1X

s=0

Ā(s) + ⌘
t�1X

s=0

(A(s) � Ā(s))
<latexit sha1_base64="/8gmrRPHFA3pa3hc8ZcP0EUMLHw="></latexit>

drift martingale [BGJ’21]

Project on sphere moderate components and stop when fittable
<latexit sha1_base64="6WG/PgEUk3N/W+4hqPFMqwANB70="></latexit>



Theorem. Consider a Boolean function f : {±1}d ! R. Then (i) there

exists a unique function fr : {±1}d ! R such that 8x 2 Br, fr(x) = f(x) and

deg(fr)  r; (ii) when f is a parity function (monomial) of degree k  d, the

GOTU`2 of the MDI is larger than
�k�1

r

�2
.

<latexit sha1_base64="xXirmVCMB+ZEXS4JTezMDcHkNPA="></latexit>

! explains length generalization problem [Anil et al.’22]
<latexit sha1_base64="+PESs8YjrvyRoRwtVc7wvWgimbU="></latexit>

Corollary. GOTU0/1 = 1/2 + od(1) if r ⌧ k.
<latexit sha1_base64="9x7zWn2/DtLPNMO+EI9FOS9zK90="></latexit>

Length generalization problem

Learning a k-parity on inputs of Hamming weight  r; r  k.
<latexit sha1_base64="PfoF2rGj41vRyfetJ1DKK/M1KvI="></latexit>



Can we break the leap and accelerate learning?

(1) non-regular networks (cf. universality result)? 
(2) curriculum



1. Target curriculum 
(play with intermediate targets)



Set a climbing route to reach target

The target may not be a staircase function, but try to create intermediate steps!



Target curriculum: set a climbing route

X1, . . . , Xd
<latexit sha1_base64="9vyVNxKMTIsMKpetapasHswOURo=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4KKUpC50WXDjsoJtA20Ik8mkHTqZCTMToYau/Qg3LhRx66d053f4A04fC209cOFwzr3ce0+YMqq043xZhbX1jc2t4nZpZ3dvv2wfHLaVyCQmLSyYkF6IFGGUk5ammhEvlQQlISOdcHgz9TsPRCoq+L0epcRPUJ/TmGKkjRTYZS9wqz0WCa2q0AuiwK44NWcGuErcBak0jp8CMTn9bgb2pBcJnCWEa8yQUl3XSbWfI6kpZmRc6mWKpAgPUZ90DeUoIcrPZ4eP4blRIhgLaYprOFN/T+QoUWqUhKYzQXqglr2p+J/XzXR87eeUp5kmHM8XxRmDWsBpCjCikmDNRoYgLKm5FeIBkghrk1XJhOAuv7xK2vWae1mr35k0GmCOIjgBZ+ACuOAKNMAtaIIWwCADz+AVvFmP1ov1bn3MWwvWYuYI/IH1+QMqepXO</latexit>

dY

i=1

Xi

<latexit sha1_base64="pCWgOYHHAgSpppi65v6GpMMUqC0=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUrKAAuoEgyMRaIPqSmR4zitVSeObAepijKyMLDwGSwMIMTKzMTGl7Diph2g5UhXOjrnXvve48WMSmVZX0Zhbn5hcam4XFpZXVvfMDe3mpInApMG5oyLtockYTQiDUUVI+1YEBR6jLS8wdnIb90QISmPrtQwJt0Q9SIaUIyUllxzN3XyR1KPJSRzYsF9N6Undnbtw7ZLM9csWxUrB5wl9oSUa+f3H6f2w3fdNT8dn+MkJJHCDEnZsa1YdVMkFMWMZCUnkSRGeIB6pKNphEIiu2m+Qwb3teLDgAtdkYK5+nsiRaGUw9DTnSFSfTntjcT/vE6iguNuSqM4USTC44+ChEHF4SgV6FNBsGJDTRAWVO8KcR8JhJXOrqRDsKdPniXNasU+rFQvdRo1MEYR7IA9cABscARq4ALUQQNgcAsewTN4Me6MJ+PVeBu3FozJzDb4A+P9B5lJngo=</latexit>

kY

i=1

Xi

<latexit sha1_base64="XLpZYS8zWjuXfOzcfaIYwiA5sGE=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUrKAAuoEgyMRaIPqSmR4zitVceJbAepijKyMLDwGSwMIMTKzMTGl7Diph2g5UhXOjrnXvve48WMSmVZX0Zhbn5hcam4XFpZXVvfMDe3mjJKBCYNHLFItD0kCaOcNBRVjLRjQVDoMdLyBmcjv3VDhKQRv1LDmHRD1OM0oBgpLbnmburkj6SC+JkTi8h3U3piZ9cD2HYpzFyzbFWsHHCW2BNSrp3ff5zaD9911/x0/AgnIeEKMyRlx7Zi1U2RUBQzkpWcRJIY4QHqkY6mHIVEdtN8hwzua8WHQSR0cQVz9fdEikIph6GnO0Ok+nLaG4n/eZ1EBcfdlPI4UYTj8UdBwqCK4CgV6FNBsGJDTRAWVO8KcR8JhJXOrqRDsKdPniXNasU+rFQvdRo1MEYR7IA9cABscARq4ALUQQNgcAsewTN4Me6MJ+PVeBu3FozJzDb4A+P9By4zncQ=</latexit>

In general: try to find useful intermediate steps 
 (also related to scratchpad/chain-of-thoughts)

The target may not be a staircase function,  
but try to create intermediate steps!



Set a climbing route to reach target

X1, . . . , Xd
<latexit sha1_base64="9vyVNxKMTIsMKpetapasHswOURo=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4KKUpC50WXDjsoJtA20Ik8mkHTqZCTMToYau/Qg3LhRx66d053f4A04fC209cOFwzr3ce0+YMqq043xZhbX1jc2t4nZpZ3dvv2wfHLaVyCQmLSyYkF6IFGGUk5ammhEvlQQlISOdcHgz9TsPRCoq+L0epcRPUJ/TmGKkjRTYZS9wqz0WCa2q0AuiwK44NWcGuErcBak0jp8CMTn9bgb2pBcJnCWEa8yQUl3XSbWfI6kpZmRc6mWKpAgPUZ90DeUoIcrPZ4eP4blRIhgLaYprOFN/T+QoUWqUhKYzQXqglr2p+J/XzXR87eeUp5kmHM8XxRmDWsBpCjCikmDNRoYgLKm5FeIBkghrk1XJhOAuv7xK2vWae1mr35k0GmCOIjgBZ+ACuOAKNMAtaIIWwCADz+AVvFmP1ov1bn3MWwvWYuYI/IH1+QMqepXO</latexit>

dY

i=1

Xi

<latexit sha1_base64="pCWgOYHHAgSpppi65v6GpMMUqC0=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUrKAAuoEgyMRaIPqSmR4zitVSeObAepijKyMLDwGSwMIMTKzMTGl7Diph2g5UhXOjrnXvve48WMSmVZX0Zhbn5hcam4XFpZXVvfMDe3mpInApMG5oyLtockYTQiDUUVI+1YEBR6jLS8wdnIb90QISmPrtQwJt0Q9SIaUIyUllxzN3XyR1KPJSRzYsF9N6Undnbtw7ZLM9csWxUrB5wl9oSUa+f3H6f2w3fdNT8dn+MkJJHCDEnZsa1YdVMkFMWMZCUnkSRGeIB6pKNphEIiu2m+Qwb3teLDgAtdkYK5+nsiRaGUw9DTnSFSfTntjcT/vE6iguNuSqM4USTC44+ChEHF4SgV6FNBsGJDTRAWVO8KcR8JhJXOrqRDsKdPniXNasU+rFQvdRo1MEYR7IA9cABscARq4ALUQQNgcAsewTN4Me6MJ+PVeBu3FozJzDb4A+P9B5lJngo=</latexit>

Using the sum in binary expansion

bk(
dX

i=1

Xi)
<latexit sha1_base64="DrfPryoiJpfvmiEM6+5FcXqJSyQ=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoVUliopAyygSjAwFok+pCZEjuO0Vp2HbAepirKzwMJ/sDCAECsbExtfwoqbdoCWI13p6Jx77XuPGzMqpGF8aYWFxaXlleJqaW19Y3NL395piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47PBv7nRvCBY3CKzmKiR2gfkh9ipFUkqOXUyt/JOXEy1xnWLVEEjgpPTGzaw92HXqQOXrFqBk54Dwxp6TSOL//ODUfvpuO/ml5EU4CEkrMkBA904ilnSIuKWYkK1mJIDHCQ9QnPUVDFBBhp/kaGdxXigf9iKsKJczV3xMpCoQYBa7qDJAciFlvLP7n9RLpH9spDeNEkhBPPvITBmUEx8FAj3KCJRspgjCnaleIB4gjLFV8JRWCOXvyPGnXa+ZhrX6p0miACYpgD5RBFZjgCDTABWiCFsDgFjyCZ/Ci3WlP2qv2NmktaNOZXfAH2vsPNZme2A==</latexit>



2. Input curriculum 
(play with intermediate inputs)



Curriculum: feed “simpler” inputs first
[Abbe-Bengio-Lotfi-Rizk ICML’22]Degree-Curriculum Algorithm.

(1) Sort inputs by increasing Hamming weight: B1 ⇢ B2 ⇢ . . . ⇢ Bd.

(2) Train sequentially on Bl, l = 1, . . . , d until vanishing train loss.
<latexit sha1_base64="3FvgwQdYrVUU7VL/ZaZoHhXU8cw="></latexit>

-> The sequence of learned functions gives a staircase!

Target:
Qd

i=1 Xi
<latexit sha1_base64="dFWV7qrX3AfhAW/CbfvoIVI0000=">AAACEnicbVDLSsNAFJ3UV62vqEs3g62gm5LUhSIIBTcuK/QFbQ2TyW07dPJgZiKUkG9w46+4caGIW1fu/BunaRbaeuDC4Zx7Z+49bsSZVJb1bRRWVtfWN4qbpa3tnd09c/+gLcNYUGjRkIei6xIJnAXQUkxx6EYCiO9y6LiTm5nfeQAhWRg01TSCgU9GARsySpSWHPOsScQI1BWuJP3stcTlMaT9SISek7BrO733cNdhacUxy1bVyoCXiZ2TMsrRcMyvvhfS2IdAUU6k7NlWpAYJEYpRDmmpH0uICJ2QEfQ0DYgPcpBkS6T4RCseHoZCV6Bwpv6eSIgv5dR3dadP1FguejPxP68Xq+HlIGFBFCsI6PyjYcyxCvEsH+wxAVTxqSaECqZ3xXRMBKFKp1jSIdiLJy+Tdq1qn1drd7VyvZ7HUURH6BidIhtdoDq6RQ3UQhQ9omf0it6MJ+PFeDc+5q0FI585RH9gfP4A9nqdog==</latexit>

‘Theorem’ [Abbe-Cornacchia-Lotfi NeurIPS’23]. Separation for a ran-
dom k-parity function on a mixture data distribution: for some mixture param-
eters, curriculum learning can learn in O(d) steps on a 2-layer O(d)-edge NN,
while no-curriculum learning cannot learn in O(d2) steps on any O(d)-edge NN.

<latexit sha1_base64="OYYuvXY0sWjDoJwf7HQzeKotDkM="></latexit>



So far..

Learning with regular networks takes place in a hierarchical manner 
and we can now quantify in what sense with the leap.  
Limitation: this is for (sparse) targets on iid inputs. 

This insight leads to techniques to further boost the learning,  
with curriculum designs (if available).  

In most reasoning tasks, 
one usually cannot sample “exhaustively” a domain. 
-> the test distribution often differs from the train one



Generalization on the unseen (GOTU)

Unseen domain
<latexit sha1_base64="8jqQWhWYBBStauQ4Y9fTtpcsXCs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqST1oMeKF48VTFtoQ9lsJu3SzSbsboQSCl78K148KOLVP+HNf+M2zUFbHww83pvZ2XlBypnSjvNtrayurW9sVraq2zu7e/v2wWFbJZmk4NGEJ7IbEAWcCfA00xy6qQQSBxw6wfhm5nceQCqWiHs9ScGPyVCwiFGijTSwj/N+8UguIZx6QgEIHCYxYWI6sGtO3SmAl4lbkhoq0RrYX/0woVkMQlNOlOq5Tqr9nEjNKIdptZ8pSAkdkyH0DBUkBuXnxfopPjNKiKNEmhIaF+rviZzESk3iwHTGRI/UojcT//N6mY6u/JyJNNMg6HxRlHGsEzwLBIdMAtV8Ygihkpm/YjoiklBtYquaENzFk5dJu1F3L+qNu0ateV3GUUEn6BSdIxddoia6RS3kIYoe0TN6RW/Wk/VivVsf89YVq5w5Qn9gff4A+1mYXA==</latexit>

Classic generalization: GEN(f, f̃ , µ) = EX⇠µ[`(f̃Xm⇠µm(X), f(X))]
<latexit sha1_base64="XbpgtV4qTCStjcKYTKVybdg/M6A="></latexit>

GOTU generalization: GOTU(f, f̃ , µS , µU ) = EX⇠µU [`(f̃Xm⇠µm
S
(X), f(X))]

<latexit sha1_base64="R0wtJxxWocvYvZIrBO6EPFloFvI="></latexit>

GOTU(f, f̃ , S, U) = EX⇠U [`(f̃Xm=Uc(X), f(X))]
<latexit sha1_base64="eyz1M67YgNEYINV8Z9bOXNWlvEM="></latexit>

S = U c
<latexit sha1_base64="bKIEFHyeEvoYBdHAx2aoc1rcE4A=">AAAB/HicbVC7TsMwFHV4lvIKlI3FokJiqpIywIKoxABjEaSt1IbKcZ3WquNEtoMUovArLAwgBCNfwBewMfInuGkHaDnSlY7OudfX93gRo1JZ1pcxN7+wuLRcWCmurq1vbJpb2w0ZxgITB4csFC0PScIoJ46iipFWJAgKPEaa3vBs5DdviZA05NcqiYgboD6nPsVIaalrltJO/kjqsZhkVyfODc66ZtmqWDngLLEnpHz6cfd9/raT1rvmZ6cX4jggXGGGpGzbVqTcFAlFMSNZsRNLEiE8RH3S1pSjgEg3zfdmcF8rPeiHQhdXMFd/T6QokDIJPN0ZIDWQ095I/M9rx8o/dlPKo1gRjseL/JhBFcJRErBHBcGKJZogLKj+K8QDJBBWOq+iDsGePnmWNKoV+7BSvbTKtRoYowB2wR44ADY4AjVwAerAARgk4AE8gWfj3ng0XozXceucMZkpgT8w3n8AeJeZAg==</latexit>

U ✓ ⌦
<latexit sha1_base64="0Uk+0nuyh0VHcbIg+kg8UjQr7QU=">AAACCHicbVC7TsMwFHXKq5RXoSMDFhWIAVVJGWAsYmGjSKSt1FSV49y2Vh0n2A5SFXVk4VdYGECIlU9g4xP4C9y0AxSOdKWjc+617z1+zJnStv1p5RYWl5ZX8quFtfWNza3i9k5DRYmk4NKIR7LlEwWcCXA10xxasQQS+hya/vBi4jfvQCoWiRs9iqETkr5gPUaJNlK3uJd62SOphGDsYk8lvgINt9i7CqFPxt1i2a7YGfBf4sxIuVY6zjuHX6N6t/jhBRFNQhCacqJU27Fj3UmJ1IxyGBe8REFM6JD0oW2oICGoTprtMMYHRglwL5KmhMaZ+nMiJaFSo9A3nSHRAzXvTcT/vHaie2edlIk40SDo9KNewrGO8CQVHDAJVPORIYRKZnbFdEAkodpkVzAhOPMn/yWNasU5qVSvTRrnaIo82kX76Ag56BTV0CWqIxdRdI8e0TN6sR6sJ+vVepu25qzZTAn9gvX+DV7TnGg=</latexit>



Warm-up example

Question. Learn a target f in GOTU setting with
<latexit sha1_base64="thqdGNy0jJT1SAITxey0kBYuFHk="></latexit>

Question. Which �(x) is learned by NN+SGD?
<latexit sha1_base64="5BupIn3D+TKuXJ+X+O7rWfc/tk4="></latexit>

vanishing ideal on U
<latexit sha1_base64="ji6RfRwVVr8CPhFtRtDfQFT9Klk=">AAACDHicbVC7TsMwFHXKq5RXgZHFokViqpIywFiJhbFI9CG1UeU4N61Vx4lsp1IV5QNY+BUWBhBi5QPY+BvcNAO0HMnS0Tnn2tfHizlT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqiiRFDo04pHse0QBZwI6mmkO/VgCCT0OPW96u/B7M5CKReJBz2NwQzIWLGCUaCONqrV0mF+SSvCzGRFMTZgYY+YD4TgSuN6pZyZlN+wceJ04BamhAu1R9WvoRzQJQWjKiVIDx461mxKpGeWQVYaJgpjQKRnDwFBBQlBumu+R4Quj+DiIpDlC41z9PZGSUKl56JlkSPRErXoL8T9vkOjgxk2ZiBMNgi4fChKOdYQXzWCfSaCazw0hVDKzK6YTIgnVpr+KKcFZ/fI66TYbzlWjed+stVpFHWV0hs7RJXLQNWqhO9RGHUTRI3pGr+jNerJerHfrYxktWcXMKfoD6/MHqJybTw==</latexit>

unseen domain U = {x 2 {±1}d|(x0, x1) 6= (�1,�1)}
<latexit sha1_base64="ArpzJV1FYq05BqzHHbTSPFwwdPo="></latexit>

| {z }
<latexit sha1_base64="XmPyhx5CIOarvj5+S+cHZAEI2T8=">AAACD3icbVC7TsMwFHXKq5RXgJElogIhhipphzJWYmEsEn1ITVQ5zm1r1XEi20GqovwBC7/CwgBCbIiVjb/BSTtAy5EsH51z7/X18WNGpbLtb6O0tr6xuVXeruzs7u0fmIdHXRklgkCHRCwSfR9LYJRDR1HFoB8LwKHPoOdPr3O/dw9C0ojfqVkMXojHnI4owUpLQ/M8dYshqYAgcxMegPAFJpC6Exnnd4OEWZYNzapdswtYq8RZkGqr2bjcJB/t9tD8coOIJCFwRRiWcuDYsfJSLBQlDLKKm0jQ86d4DANNOQ5BemmxSmadaSWwRpHQhyurUH93pDiUchb6ujLEaiKXvVz8zxskanTlpZTHiQJO5g+NEmapyMrDsQIqgCg20wQTQfWuFplgnYfSEVZ0CM7yl1dJt15zGrX6rU6jheYooxN0ii6Qg5qohW5QG3UQQQ/oCb2gV+PReDbejPd5aclY9ByjPzA+fwBc1qBZ</latexit>

| {z }
<latexit sha1_base64="i9ODp4dJhnOpm5zlvs7ceiJfIAo=">AAACEHicbVC7TsMwFHXKq5RXgJElokIghipphzJWYmEsEn1ITVQ5zm1r1XEi20GqonwCC7/CwgBCTEiMbPwNTtoBWo5k+eice6+vjx8zKpVtfxultfWNza3ydmVnd2//wDw86sooEQQ6JGKR6PtYAqMcOooqBv1YAA59Bj1/ep37vXsQkkb8Ts1i8EI85nRECVZaGprnqVsMSX2WQOYmPADhC0wgdScyzm+HhFmWDc2qXbMLWKvEWZBqq9m43CQf7fbQ/HKDiCQhcEUYlnLg2LHyUiwUJQyyiptI0POneAwDTTkOQXppsUtmnWklsEaR0Icrq1B/d6Q4lHIW+royxGoil71c/M8bJGp05aWUx4kCTuYPjRJmqcjK07ECKoAoNtMEE0H1rhaZYJ2H0hlWdAjO8pdXSbdecxq1+q1Oo4XmKKMTdIoukIOaqIVuUBt1EEEP6Am9oFfj0Xg23oz3eWnJWPQcoz8wPn8ANG6gzg==</latexit>

anything
<latexit sha1_base64="uK214oK+B/2urhyNsq8NY8LkDEU=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJXeiy4MZlBfuANpTJdNIOnUzCzEQIMQt/xY0LRdz6G+78G6dpFtp64MLhnHvnzj1+zJnSjvNtVdbWNza3qtu1nd29/QP78KirokQS2iERj2Tfx4pyJmhHM81pP5YUhz6nPX92M/d7D1QqFol7ncbUC/FEsIARrI00sk+yYfFI5vOE5likesrEJB/ZdafhFECrxC1JHUq0R/bXcByRJKRCE46VGrhOrL0MS80Ip3ltmCgaYzLDEzowVOCQKi8rVufo3ChjFETSlNCoUH9PZDhUKg190xliPVXL3lz8zxskOrj2MibiRFNBFouChCMdoXkYaMwkJZqnhmAimfkrIlMsMdEmspoJwV0+eZV0mw33stG8a9ZbrTKOKpzCGVyAC1fQgltoQwcIPMIzvMKb9WS9WO/Wx6K1YpUzx/AH1ucPalGW/A==</latexit>

Experiment. f = Majority 3(x) = sign(
P2

i=0 xi), d = 40.

f̃ = transformer.
<latexit sha1_base64="M1xR5CeXj6z5xL4YsTxqGgU0PB4="></latexit>

f(x) +�(x)(1� x0)(1� x1) ! all training data interpolators!
<latexit sha1_base64="jWiIv9oeeuK14onn3C2te7o4TeQ="></latexit>



Warm-up example

Learned ⇡ 1

2
x0 +

1

2
x1 + x2�

1

2
x0x2 �

1

2
x1x2

<latexit sha1_base64="Thc7dVb8V1yhoQtYu0012kk/61Q="></latexit>

Target : Majority(x) =
1

2
x0 +

1

2
x1 +

1

2
x2 �

1

2
x0x1x2

<latexit sha1_base64="P327PEHhhv10ARDrXkFBbCRTrWg="></latexit>

x0x1 = x0 + x1 − 1



The min-degree-bias theorem

N ! 1
<latexit sha1_base64="WcwUPmS/m3l/zaiK0KTBcf17HuY=">AAACA3icbVDLSsNAFJ3UV62v+FjpZrAIrkpSF7qz4EJXUsE+oAllMp20QyeTMDMRYgi48VfcCCri1p1f4M6lf+I07UJbDwwczrmPuceLGJXKsr6Mwtz8wuJScbm0srq2vmFubjVlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Q3PRn7rhghJQ36tkoi4Aepz6lOMlJa65m7q5ENSj8Uku4SOCqFDua+SrGuWrYqVA84Se0LKpx+33+dPO2m9a346vRDHAeEKMyRlx7Yi5aZIKIoZyUpOLEmE8BD1SUdTjgIi3TRfn8EDrfSgHwr9uIK5+rsjRYGUSeDpygCpgZz2RuJ/XidW/ombUh7FinA8XuTHDOpDR4HAHhUEK5ZogrCg+q8QD5BAWOnYSjoEe/rkWdKsVuyjSvXKKtdqYIwi2AP74BDY4BjUwAWogwbA4A48gGfwYtwbj8ar8TYuLRiTnm3wB8b7D8dGm/U=</latexit>

whp
<latexit sha1_base64="hh9DCmkfQ4lFghl9HvjYTujorto=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJ4Kkk96LHgxWMF+wFtKZvtpF262YTdjaXE/BQvHhTx6i/x5r9xm+agrQ8GHu/N7Ow8P+ZMadf9tjY2t7Z3dkt75f2Dw6Nju3LSVlEiKbZoxCPZ9YlCzgS2NNMcu7FEEvocO/70duF3HlEqFokHPY9xEJKxYAGjRBtpaFfSfv5I6vMEs9kkzoZ21a25OZx14hWkCgWaQ/urP4poEqLQlBOlep4b60FKpGaUY1buJwpjQqdkjD1DBQlRDdJ8a+ZcGGXkBJE0JbSTq78nUhIqNQ990xkSPVGr3kL8z+slOrgZpEzEiUZBl4uChDs6chY5OCMmkWo+N4RQycxfHTohklBt0iqbELzVk9dJu17zrmr1+3q10SjiKMEZnMMleHANDbiDJrSAwgye4RXerCfrxXq3PpatG1Yxcwp/YH3+AGL7lLc=</latexit>

d ! 1
<latexit sha1_base64="9IEs47+UrfLp7DqLx9z7PLSB8Ds=">AAACA3icbVDLSsNAFJ34rPUVHyvdDBbBVUnqQncWXOiygn1AE8pkMmmHTiZhZiLEEHDjr7gRVMStO7/AnUv/xGnahbYeGDiccx9zjxczKpVlfRlz8wuLS8ullfLq2vrGprm13ZJRIjBp4ohFouMhSRjlpKmoYqQTC4JCj5G2Nzwf+e0bIiSN+LVKY+KGqM9pQDFSWuqZe5lTDMk8lpDch46KoEN5oNK8Z1asqlUAzhJ7QipnH7ffF0+7WaNnfjp+hJOQcIUZkrJrW7FyMyQUxYzkZSeRJEZ4iPqkqylHIZFuVqzP4aFWfBhEQj+uYKH+7shQKGUaeroyRGogp72R+J/XTVRw6maUx4kiHI8XBQmD+tBRINCngmDFUk0QFlT/FeIBEggrHVtZh2BPnzxLWrWqfVytXVmVeh2MUQL74AAcARucgDq4BA3QBBjcgQfwDF6Me+PReDXexqVzxqRnB/yB8f4D6aacCw==</latexit>

↵ ! 0
<latexit sha1_base64="2i79MD3hq9KYNbC7C0OiM0ekmTM=">AAACBHicbVC7SgNBFJ31GeNrfXRpBoNgFXZjoZ0BCy0jmAdklzA7uZsMmX0wMyvEZQsbf8VGRBFbK7/AztI/cbJJoYkHBg7n3Mfc48WcSWVZX8bC4tLyymphrbi+sbm1be7sNmWUCAoNGvFItD0igbMQGoopDu1YAAk8Di1veD72WzcgJIvCazWKwQ1IP2Q+o0RpqWuWUicfkno8gQw7hMcDgh0VYSvrmmWrYuXA88SekvLZx+33xdN+Wu+an04vokkAoaKcSNmxrVi5KRGKUQ5Z0UkkxIQOSR86moYkAOmm+f4MH2qlh/1I6BcqnKu/O1ISSDkKPF0ZEDWQs95Y/M/rJMo/dVMWxomCkE4W+QnH+sZxIrjHBFDFR5oQKpj+K6YDIghVOreiDsGePXmeNKsV+7hSvbLKtRqaoIBK6AAdIRudoBq6RHXUQBTdoQf0jF6Me+PReDXeJqULxrRnD/2B8f4Dw0Cb3Q==</latexit>

f̃ (1)
NN,U �! MinDegInter(U c, f)

<latexit sha1_base64="ZX/87luXP0EitEPE0+F6w5KiGeU="></latexit>

‘Theorem’ (Abbe-Bengio-Lotfi-Rizk ICML’23).

Let f Boolean sparse. Let f̃ (1)
NN,U be the output of training a RF/DL neural

network up to convergence with GD/GF and GOTU setting with Unseen set U .

Then,
<latexit sha1_base64="FAWX83a5InoLelMMIuMHPDtTS8A="></latexit>

Experimental results. Transformers have a strong min-degree bias.
<latexit sha1_base64="QSWAC9zZyY1aSmFPz17ZK/4Jwhk="></latexit>

��!
Deg(f̃) := (md, . . . ,m1,m0) where mk :=

X

S✓[d]:|S|=k

hf̃ ,�Si2

<latexit sha1_base64="yerL2lJ6J/oEogjND1MmGP/iIA4="></latexit>

MinDegInter(U c, f) = U c-vanishing ideal f -coset with minimal degree-profile
��!
Deg

<latexit sha1_base64="pQ7S7D2ot8nEEnWv2skx0QEyiMI="></latexit>



More experiments

Transformer depth 12, 6 attention heads, embedding dim. 256. Training: Adam, l.r. 2*10^-5, batch 256 4-MLP (512,1024,512,64) / SGD, l.r. 2*10^-5, batch 64



Thank you

Minimizing degree is not necessarily  
the most desirable occam’s razor. 


