Student seminar notes week 2

Eva Terzolo after the talk of Dimitri Wyss

Recall: Let K/F be a finite extension of number fields. A prime ideal p C Op is
decomposed in a unique way: pOgx = P - -Py°, where the e;’s are called the
ramification indices and the *J3;’s are prime ideals which live "over” the prime
ideal p in the ring Ok.

Definition 0.1. Let K/F be a finite extension of number fields and p C Op
be a prime ideal, the residue field of p is defined as I, := Op/p. Moreover,

fi= f(‘,Bz/p) = [Fsp, : Fy] is the residue field degree.

To be a little less abstract, we can now consider the following diagram describing
inclusions of fields:

Z/pNZL C Or/p - Ok /Bi

In other words, we are looking at every prime ideal of the ring O and count
how many prime ideals from the ring O are part of the decomposition of pOf .

g
Lemma 0.2. Y e;- f; = [K : F]
i=1

Remark 0.3. If the extension K/F is Galois, then Gal(K/F) acts transitively
on the prime ideals 3; (exercise 1(b) from exercise sheet 1). Hence, e; = e5 =

-~-=eg=eandf1:f2:~--=fg=f.
In general, we have that the degree of K/F is

Zei'fi:[KZF]
i=1

and since K/F is Galois, we conclude that

K:F|=Y e f=cfyg

i=1

Definition 0.4. Let K/F an extension of number fields, then a prime ideal
p C Op is

o unramified if e; = 1, for all 4.

e ramified if e; > 1 for some 1.



e totally ramified if pOx = P° and e = [K : F], i.e f = 1. This means that
nothing happens on the residue field.

o inert if pOg is prime, i.e doesn’t split.

e completely split if g =[K : F).

1 Discriminant

Let K/F be an extension of degree n, let vy, ..., v, a F-basis of K.

Definition 1.1. The discriminant of the basis vy, ..., v, is

d(vi, ..., vn) = det(TrK/F(Ui : Uj)) = det(Uz‘(Uj))Z € F,

where Tr is the trace map of the extension K/F and o7, ..., o, are the n different
embeddings of K — F.

If K = F(a) is a degree n extension, then 1,c,...,a™ ! form a basis. Then the
”classical” definition of the discriminant is

d(1,a,a?,...,a" 1) = H (oi(a) — 0j(a))?
1<i<j<n

Note that, here, the discriminant depends on the choice of the basis, but can
we generalize by not having to define a basis each time ? The answer is the
following generalization over modules:

Definition 1.2. Let K/F be an extension, let Op be the integral closure of Z
inside F, let M be a Op-submodule of K containing an F-basis of K. We define
the discriminant d(M) to be the Op-module generated by the set of all possible
discriminants

{d(v1, ..., vn) : V1, ..., vy, € M is an F-basis of K}

Remark 1.3. If M is a fractional ideal, i.e a non zero, finitely generated Op-
submodule of F, so is d(M).

Example 1.4.
If M is free, i.e it M = @ 10F - v;, v; € K. Then, d(M) = d(vy,...,v,) - OF.

If M = Ok, we write dx/p = d(Ok). It is called the relative discriminant of
K/F.

The (absolute) discriminant of a number field F is dp = dp/q.
Then, we have the following important theorem.
Theorem 1.5. A prime ideal p C O is ramified in K/F <= p | dg/r

In particular, this implies that the set of ramified primes in K|F is finite.



2 Norm

Recall: for any finite extension K/F, there is a norm map Ng/p : K — F such
that = — det(f), where f : K — K is defined as f(y) = = -y. But can we
generalize this definition to ideals ?

Definition 2.1. Let K/F be an extension of number fields, 9 C Ok a prime
ideal and p = B N Op, then the norm of P is NK/F(ap) = p/(F/%) More
generally, if U C K is a fractional ideal, i.e U = 7' ---P;", a; € Z, then

Ng/r(U) = l;[1 Ng/p(Pi)% C F.

Proposition 2.2. Here are some properties of the norm of P:

e If K/F is Galois, then N p(U) = 11 o(U)NF
o€ Gal(K/F)
e Ifa € K, Ng/p(aOk) = Ng/p(a)Op. More generally, N p(U) =
fractional ideal generated by {Ng/p(a) : v € U}.

o IfFCECK, theTLNK/F:NE/FONK/E.
o If F=Q, then Ng,o(U) = aZ, for some a € Q.

One will, for now on, use the following notations: NU = Ng/,q(U) and NU =
|a], with a as above. In this case, if P C Ok is a prime ideal, then NP =
(B NZ)IFAEOD = (|Ok /P|) = [Fy| C Z.

3 Decomposition groups

Let K/F be a Galois extension with G = Gal(K/F), let p C Op be a prime
ideal and P C Ok with P | pOk.

Definition 3.1. The decomposition group of (p,B) is Z(P/p) = {c € G :
c(P)=P}CcG

In other words, the decomposition group of a prime ideal 8 is the subgroup of
G that consists of all automorphisms that ”fix” the prime 3. But beware of the
fact that it’s the prime ideal that is invariant and not the elements in it.

By definition, Z(/p) acts on the finite field Fyy = Ok /P and fixes F,. More-
over, with the decomposition pO, = P - - o, the stabilizer of a prime ideal
B, under the action of the Galois group Gal(K/F) on the set {B1,..., By} is
given by Stab(B;) = {o € Gal(K/F)|o(B;) = P} =: Z(P./p), the decomposi-
tion group.

Thus, we have the following homomorphism:

Z(B/p) — Gal(Fo /Fy). (1)

Theorem 3.2.



o The degree [G : Z(B/p)] = {P C Ok prime : P | pOx}|, since G acts
transitively on B. Moreover, if B, P’ | pOk, then the two decomposition
groups Z(PB/p) and Z(P'/p) are G-conjugate.

e The homomorphism (1) is surjective, its kernel T(B/p) is called the iner-

tia subgroup. In particular, [Z(B/p) : T(Z(B/p)] = [ and |T(B/p)| = e,
i.e is exactly the ramification.

Remark 3.3. If K/F is an abelian extension (G is abelian), then by the first
part of the previous theorem, Z(3/p) = Z(p) depends only on p!

Now consider the following fields extensions:

K
|
KT®/®) = Kr (inertia field)
|
KZ®/»  — K, (decomposition field)
|
F =K¢

Note that F' = K& because the group G is Galois.

Theorem 3.4. (Layer Theorem) Let K/F be an abelian extension, let p C Op
a prime ideal, then

e p splits completely in Kz /F (the ”first layer” in our diagram above).

e The primes above p remain inert in Kp/Kz and ramify totally in K/Kr.

4 Artin automorphism

This new section is motivated by the quadratic reciprocity.

Definition 4.1. Let K/F be Galois and an unramified prime ideal p C O, by
the previous theorem, there exists an isomorphism

Z(B/p) = Gal(Fg /Fp).

Thus, if we take a look at the codomain, we see that the Galois group Gal(Fy /F,)
is generated by one element: Gal(Fg/Fp,) =< ¢, >, where o, (z) = 2/l Vo €
Fy is the Frobenius.

We call the correspondent element of the Frobenius in Z(3/p) the Frobenius

element at B and denote it by (%) =(B,K/F) € Z(B/p) C G.



Furthermore, if the extension K/F is abelian, then the Frobenius element

(%) only depends on p = P N Op. In this case, it is the Artin automor-

phism at p, denoted (KL/F) It defines a map

{ primes of O unramified in K/F} — Gal(K/F)

p
P (K/F)
Let’s look at some examples:

Example 4.2.

Let F =Q, K = Q((n) a cyclotonic extension, without loss of generality m is
either odd or 4 | m, because if m = 2k, with k odd then Q((,,) = Q({).

Then, in the Exercise sheet week 2, exercise 2(a), we prove that pZ ramifies in
K < p|lm

If p { m, we have 0 € (%) € Gal(K/F) = (Z/mZ)* is exactly [p] €
(Z/mZ)*.

Example 4.3.

Let K = Q(V/d) with d € Z, square-free, then Gal(K/F) = {#1} and
_Jd ifd=1 mod 4

~ |4d ifd#1 mod 4

If p t dg unramified and odd, then (%) = (df) € {#£1}, the Legendre

symbol of the discriminant dx (Exercise sheet 2, exercise 4(b)).

K

Note that writing Gal(K/F) = {£1} means that the elements —1 and 1 are the
non-trivial and trivial automorphisms respectively and not integers.



