MATHb562 — Fall 2025
Problem Set: Week 8

1. Let Y3,...,Y, vrd U(a,b). Find minimal sufficient statistics for § when (a) a = =0, b =60, and (b) a =6 — 1,
b =60+ 1. If the minimal sufficient statistic is not scalar, can you find an ancillary?
Solution:

The likelihood is

g1
Ia<yj<b)=(b—a)Ila<u<wv<b), a<b,

b—a
1

J
where ©v = miny; < v = maxy; are the sample maxima and minima. Hence a sufficient statistic is § =

(U,V) = (minY;, maxY;), using the factorisation theorem; as usual we suppose that the sample size is fixed.

In the first case I(a < u < v < b) equals

Iv< ) I(u<v)I(—0 <u)=I(v<8)I(—u<6)=I{max(—u,v) < 6},
because U < V with probability one, so S = max(—U, V) is a sufficient statistic. It is also minimal sufficient,
since (in an obvious notation and setting 0/0 = 1)

f(z;0)  (20)™"I(s, <0) (s, <0)

f(y:0)  (20)7"1(sy <0)  I(sy <0)
does not depend on § iff 5, = s,.

In the second case
f(z0) 27"[(u, <0<wv.) I(u,<0<uv,)

fly;0)  27nI(u, <0 <wv,) I(u, <6<uv,)’

so, as we must have u, = u, and v, = v, for this not to depend on 8, S = (U, V) is minimal sufficient.

It seems clear that the distribution of A =V — U does not depend on . To formalise this we argue as follows:
Y; £ 0+ W, where Wy,..., W, % U(~1,1). Hence

ngaX(Yl,...,Yn) =max(0 + Wy,...,0 + W,,) = 0 + max W,

and likewise U < 9 +minW;. Thus A=V -U 2 max W; — max W;, whose distribution does not depend on
0. Thus A is ancillary.

A clumsier approach uses results on the joint densities of order statistics, which give

n' —-n n—2
fU7V(U,U):m2 (U;-’U) s —l<u<v<O+1.

The Jacobian for the transformation (u,v) — (u,a) = (u,v — u) is unity, so the joint density of U and A is
fualu,a) =n(n—12""a"?x1, —-l<u—-0<u—0+a<]l,

and as —1 <u — 60 <1 we have —1 < a < 1, and the marginal density of A is therefore

0+1—a
fala) = / nin—1)27"a"? du=n(n—-127"(2—-a)a" 2, 0<a<?2.
0—1

As this does not depend on 6, A is ancillary.



2. Find minimal sufficient statistics in the following settings:

(a) Y1,..., YN b Poiss(6) with N a geometric random variable with success probability #; Solution: The
joint density f(y,n;0) of y1,...,yn,n is

n n yj
fly|n;0)f H (y;:0) x f(n:0) =[] Le—‘) Xx(1=0)""0x ot (1—0)""e ™ 0<0<1,

so the factorization theorem implies that (S, N) = (Y1 + - -+ + Yy, N) is sufficient, and it is easy to check
that it is also minimal, as the model is an exponential family. Here N is part of the minimal sufficient
statistic because its value is informative about 8 (very large N would imply that 6 is very low, which

would also reduce the likely value of §).

(b) Y1,...,Y, L Poiss(by,...,6,) for fixed n, where log 0; = :c;'»_ﬁ depends on known d x 1 vectors of covariates
Z1,..., %, and an unknown parameter 8 € R%; and

Solution: The joint density is

yj

H i H 71)(% P) e~ P B) o exp Zij;rﬁ — ZeIJT'B , 0<0<1,
j=1 j=1 j=1

j=1 y'

so the d x 1 vector S = Z?:I Y;x; is sufficient for 3, using the factorisation theorem. This is a (d,d)
exponential family, so S is also minimal sufficient.

(c) Y1,...,Y, % exp()). In this last case show also that (Y;/Y,...,Y,/Y) is distribution-constant, and
without computing their joint density show that it is independent of Y. Solution: We can use exponential

family results from Section 2.2, or just note that

Fi, - unsA) = A"exp(=As), s=y1+-+y, >0,

so S =Y, +:--+Y, is minimal sufficient. This is an exponential family, so S is also complete, and
therefore it is independent of any distribution-constant statistics (by Basu’s theorem). It is clear from its
density function that A\Yj 4 E;, where E, ..., E, ud exp(1), so

— — d — —
W/Y,....Y,,)Y)=(E\/E,...,E,/E),
which is distribution-constant, and therefore independent of Y = S/n.

3. If Y1/6 and Y20 are independent gamma variables with unit scale parameter and shape parameter n, check
that their joint density function is
-1

fy1,y2;0) = M

T'(n)? exp(—y1/0 — 0y2), y1,y2 > 0,0 > 0.

Solution: They are independent, so

y?*lgfn efyl/a % ygflgn 67y29
I'(n) I'(n) ’
(a) Show that this is a (2,1) exponential family with minimal sufficient statistic S = (T, A), where T" =
(Y1/Y5)/2 and A = (Y1Y2)Y/2. Solution:  On setting ¢(0)T = (1/6,0), s(Y)T = (=Y}, —Y5) and
k(#) = 0 we see that this is an exponential family in which ¢ lies in the set {(z,y) : 2y = 1} C R%, a

f(y1,92;0) = f(y1;0) f(y2;0) =

Y1, Y2 >0,9>0‘

one-dimensional subset of the positive quadrant, while —s(Y) € Ri. Hence this is a (2,1) exponential

family. It is clear from Example 36 that (Y7, Y>) are minimal sufficient.
There is a 1-1 mapping between (Y1,Y2) = (TA, A/T) and (T, A), which is thus minimal sufficient.



(b) Find the joint density of T' and A, show that A is ancillary, and find the conditional density of T' given
A. Solution: The Jacobian of the transformation (y1,y2) — (¢, a) is 2a/t > 0. Hence

2n—1

tT'(n)?

flt,a;0) = exp{—a(t/60+6/t)}, a,t>0,0>0,

and the marginal density of A is

oo

fla;0) = C(a) /00 t™lexp{—a(t/0+0/t)} dt = C’(a)/ exp(—2a coshw) dw = C(a)l(a),

0 —o0

say, where C(a) = 2a*"~!/T'(n)? and we have changed variables from ¢ to w = log(t/), so dt/dw = t.
As f(a;0) does not depend on 6, A is ancillary. This was obvious from the problem statement, because if
we write the two gamma variables as X3 4 Y1/0 and X, 4 Y56, then the distribution of A = (YlYg)l/2 4
(60X, x X2/0)'/? = (X1X5)"/? does not depend on 6. Hence

F(t]a:0) = {tI(a)} exp {—a(t/0 + 8/8)}, t>0,6>0.

(¢) Show that the observed information for # is proportional to a, compute the unconditional Fisher in-
formation, and hence discuss the role of A. Solution: The log likelihood is £(0) = —a(t/0 + 0/t),
with first and second derivatives a(t/0%? — 1/t) and —at/63, so the unconditional Fisher information is
E(AT/63%) = E(Y1/0%) = nf/6> = n/0*. This implies that a can be seen as an observed sample size,
replacing n in the observed information.

The maximum likelihood estimate is § = ¢ and 7(d) = a/02. The standard error j(6)~/2 = 0/a'/? is
decreasing in a, which as we just saw plays the role of a sample size.

4. Independent exponential random variables Y; and Y have respective densities 81e~%1%1 and fye~%2¥2 where
01,05 > 0, and X, > 0 below.

(a) Find the joint density of Y7 and Y3 when 6; = X and 63 = X\ + ¢. Inspect this and hence eliminate A and

thus obtain a 1 — 2« confidence interval for . Solution: The joint density is

Ty, y2;90,A) = A+ ¥) exp{—(y1 + y2)A — y2¥},  y1,y2 > 0,9, A > 0.

This is a (2,2) exponential family with ¢ = (¢, A) and s(y) = (y2,91 + y2), S0 we can eliminate A using
the conditional density of T'= Y5 given W = Y7 4+ Y. The Jacobian of the transformation (y1,y2) — (t =
Y2, w = Y1 + y2) is 1, so the joint density of (T, W) is

Ftws A ) = fyn,y230,A) X Ay g yomy = AA+Y) exp(—wA — 1), 0 <t <w.
Hence the marginal density of W is
Flw A, ) = / F(Ewi A, 1) dt = A+ 4) exp(—wA)g~ (1 — %),
0

and the required conditional density and distribution are of truncated exponential form

—tap
£t ) = 2

—e—wy’

et

1—

Given observed values w® and t°, the limits of the 1 — 2« confidence interval are the values of 1 that
satisfy F(t° | w®;¢) = a,1 — a.



(b)

If 6; = X\ and 0 = A\¢p show that ¥Y5/Y; is a pivot and find a 1 — 2« confidence interval for ).
Solution: We let Q = 1Y3/Y; and note that

Pr(Q <q) = Pr(¢Ya/q<Yi)
— /O fy2; ¥, A) Pr(Y1 > ¢ya/q)

oo
= / )\weﬂ\wyz 67/\y1|
0

AY
A(1+1/q)
q

= — > 0.
1+gq g

y1=2y2/q dy2

Hence @ is a pivot on which inference for ¢ can be based. The « quantile g, of @ satisfies Pr(Q < ¢,)
and hence ¢, = a/(1 — «). Thus

1-2a= Pr(qa < Q < q1—(x) = Pr(Qa < 1/1Y2/Y1 < (h—a),

and hence the 1 — 2« confidence interval based on observed data y{, y§ has limits

a yt l-ayl

1—ay7§” a Y9

If 6, = A and 6, = Ay, show that A can be eliminated by conditioning on Wy, = Y7 4+ ¢Y3, and that the
conditional distribution of 7' = Y7 given Wy, is

t
Pr(TSthwaw;w):@, 0<t<w¢,.

Deduce that the resulting confidence interval for ¢ is the same as in (b). Solution: This model is not a

linear exponential family, but if ¢ is fixed then the density is

S, y2;0,0) = N exp{—A(y1 + ¥y2)},  y1,42 >0,

and A can be eliminated by conditioning on wy, = y1 + ¢ys. If we set t = yq, then [0(wy,t)/0(y1,y2)| =
1 > 0, so

= Nexp(—Awy), 0<t<wy,

f( ww /(/) >\) f(ylva,d), )\) ‘(ny)
Y Y2 (u’l/J t)/ﬂl

6(ww’ t)

and thus the marginal density of Wy, is

Wa)
Flwgi ) = / Flt w0, A) dt = Ny exp(—Awy), 1wy > 0,
0

giving
f(tvww7w7>‘) -1
f|wy)=—"—""""=w,", 0<t<wy,
) = Ty v
i.e., T | W¢ = Wy, ~ U(O,ww).
The limits of a 1 — 2« confidence interval for 1 solve the equations F(t° | wy; ¥) = a,1 — a, and setting

t° =y¢ and wy, = y{ + 1ys leads to the interval in (b).



