MATHb562 — Fall 2025
Problem Set: Week 7

1. If p,...,Y, b Poiss(\), justify why S = Z?Zl Y; is a complete minimal sufficient statistic for A, and state

its distribution. Solution: The Poisson model is a (1,1) exponential family, so S is a complete minimal

sufficient statistic. It is a sum of independent Poisson variables, so S ~ Poiss(nA).

(a)

What is the conditional distribution of Y7,...,Y,, given that S = s?

Solution: The required conditional distribution is obtained by setting

Sy sy, ) [T/ ie ™yt x I(s = yy + -+~ + yn)
f(yla < Yn ‘ 5) - f(s) == (n)\)sefn)\/sl

and this can be written as

s! o
f(y17...,yn|s):WHn VixI(s=y1+ - +Yn), Y1,---,Un €{0,1,...},
j:ly.]'j:1

which is multinomial with denominator s and probability vector (1/n,...,1/n).

One strategy to find an optimal unbiased estimator of some function ¢(\) is to find any unbiased estimator
T of (X), and then to compute h(S) = E(T | S). Another strategy is to find the function h(s) that satisfies
E{R(S)} = ¢(A) for all X. Will these give the same estimator?

Solution: Yes, because any function h(S) that is unbiased for ¢)(\) must be unique, by completeness of
S.

Find minimum variance unbiased estimators of (i) e=* and (ii) e=2"*. Do you think these are reasonable?
If not, suggest better estimators.

Solution: (i) Either strategy could be used. For the first, note that as 7' = I(Y; = 0) is unbiased for e,
we need to compute E(T" | S). The multinomial distribution in (a) implies that Y7 | S = s ~ B(s,1/n), so

E(T|S=s)=E{I(Y;=0)|S=s}=Pr(Yi=0]8=s)=(1—1/n)",

e., (1 —1/n)® must be the optimal unbiased estimator. To check this, note that

E{(1-1/n)%} = ia —1/n)*(nX\)%e™™ /sl = e~ i(n —1)°A% /sl = eTMe(PTIA = g7,
s=0 s=0

as required.

For the second strategy, we seek to solve E{h(S)} = e™?, i.e.,
Zh YA e N sl =t = Zh )(nA)*/s! = e(mmDA,

and taking h(s) = (n — 1)®/n® achieves this, and gives the same estimator as the first strategy.

(ii) Here it’s not clear what unbiased estimator to start from, so we use the second strategy. We need to

solve E{h(S)} = e~ 2"}, giving

Zh Y(nA) e ™ sl = e — Zh )(nA)¥ /sl = e ",



so we must choose

—1, s odd,

h(s) =

1, S even.
The estimator in (i) seems reasonable, but that in (ii) is not, as it can be negative when estimating a
positive quantity, and +1 is unlikely to be close to the target (a small positive number, most likely). An
obvious alternative would be exp(—25), as =5 /n is the maximum likelihood estimator; this estimator
is biased but asymptotically has the smallest variance (by the Cramer—Rao lower bound).

2. Let M = max(Y3,...,Y,) and Y be the maximum and average of Y,...,Y, - }vd U(0, ), respectively. Recall

from the lectures that M is a complete minimal sufficient statistic.

(a) Show that U = 2Y is unbiased for § and compute its variance.
Solution: We have E(Y;) = /2 and Var(Y;) = 6%/12 so the unbiasedness of U is immediate and its
variance is 02/(3n) = O(n™1).

(b) Use the Rao—Blackwell theorem to get a better unbiased estimator. Compute its variance.

Solution: The Rao—Blackwell theorem tells us that E(U | M) will be unbiased with a smaller variance,
and we can write

2
U= —(M+Y{+--Y, ),

where Y/,..., Y, are the values of the original sample that are not the maximum. Each of these must
lie in the interval (0, M) and we saw in the notes that conditional on M = m they are independent with
U(0,m) distributions, so E(Y] | M = m) = m/2. Hence

E(U|M:m):%{m—&—(n—l)m/Q}:%(2+n—1):(n—|—1)m/n,

so the unbiased estimator based on M is 6 = (n 4 1)M/n. As BE(M") = nf"/(n + r), we have Var(M) =
082 [{(n+2)(n + 1)%}, s0

(n+ 1) 62

Var(f) = Var(M) = m:()(n*),

i.e., Rao—Blackwellisation has given an unbiased estimator with variance of lower order in n, which is
therefore much better than U.

For an alternative argument not involving order statistics, we might write

2 - 2 o
EU|M)=-E Y, | M= = — E{YVIY.=M)+Y; I(Y;<M)| M=
(U | M) n ;Jl m n;{](J )+](]< ) | m}
and then note that

1 -1
E{YjI(Yj:M)|M:m}+E{Yj1(Yj<M)\M:m}:mﬁ+@n

2 n
giving
E(U | M) = 2§n< 1) (n+1)ym/
— =(n m/n.
n 4 n
Jj=1
*3. Observations ...,Y1,...,Y,,... arise in time order.



(a)

Starting from

le,...,Yn (yl, sy yn) = fYn|Y1,..A,Yn,71 (yn | Y1, vy yn—l)le,...,Yn_l(yla e ayn—l)a

establish the prediction decomposition

n

th...,Yn(yb e 7yn) = le (yl) H fYJ|Y1 ..... ijl(y.] | Y1, - - '7yj71)~

j=2
Solution: Replacing n in the first expression by n — 1 allows the term fy, v, ,(¥1,...,Yn—1) to be
written in terms of the conditional density of Y;,_; given Yi,...,Y,_o, and then we simply iterate this,

finishing by writing fv, v, (y1,¥2) = fyaivy (W2 | y1).fva (y1)-

A stationary first-order Gaussian autoregressive process satisfies
Y} | le :ylv"'a}/jfl =Yj-1 NN{/’L—"_a(y]fl _M)aoj}? j = 13"'7”7

where |a| < 1, u € R and 0? > 0. Find the log likelihood for data yo,¥i, ..., ¥, from this model if the
initial value yo is treated (i) as a known constant and (ii) as coming from the stationary distribution,
N{p,0?/(1 —a?)}.

Solution: This is a Markov process because the density of Y} given the past depends only on Y;_1, so

we obtain
n
Fova@or-oum) = Foo) [T Fvyivyos (Wi | wi-1)
j=1
n

— fw [] exp{—{y; —p — ay;—1 — n)}*/(20%)}

(27r02)1/2

)

j=1
and the log likelihood is

1 n
—26(p, 0, 0%) = =2log f(yo) + nlogo® + — > {y; — p— aly;1 — w)},
j=1

with (i) f(yo) = 1 and (ii) —2log f(yo) = logo? — log(1 — a?) + (yo — p)*(1 — a?) /0.
Give a minimal sufficient statistic in (b). Is the model an exponential family?

Solution: The quadratic form in (b) can be expanded as

n n n n n—1
1
o ny - QO[Zyjyjfl + a? Zy?,l +2(a— l)pZyj —2a(a—1)p Z y; +nla—1)24% %,
j=1 j=1 j=1 j=1 7=0

so if (i) yo is constant this is a (5,3) exponential family (i.e. with natural parameter dimension 5 but only

3 parameters) with parameter vector 8 = (u, 02, o), sufficient statistic

n n n n n—1
s = (Dun D v n D uivien Y v Y i |
=1 =1 j=1 =1 j=0

and

T 2 n(fs — 1% n
@(9) = —2(1/92, 93/92, —293/92, 2(93 — 1)91/02, 293(03 — 1)91/92), k((p) = —T — 5 log 92,



and (ii) yo must be added to the sufficient statistic, making the model a (6, 3) exponential family.

It remains to show that s(y) is also minimal, for which the example on minimal sufficiency in (k, k)
exponential families cannot be directly applied, as the parameters do not contain an open set in RS the
natural parameter space. Accordingly, we consider the ratio f(y | 6)/f(y’ | 6) with y, y’ vectors of variables

of length n, restricting to (i), to apply the corresponding theorem:

f(y | 9) _ "y T
logm = (s(y) —s(y)) «(0)

First, it follows immediately that “if s(y) = s(y'), f(y | 6)/f(y' | 8) does not depend on 6", and it remains
to show the converse. So, assume the ratio does not depend on 6. Since ¢(0) = ¢((u,1,a)")/o?, this
means that (s(y) — s(y’))T ©(#) = 0 for all #. Choose 9] = (0,1, %),ﬂT =(1,1,0),94 = (~1,1,0),9, =

(1,1,4),9] =(=1,1,1), then ® = (¢(d1), ..., »(95)) has full rank and is invertible. Hence, (s(y) — s(y)) @ =

0 yields s(y) = s(y’), and minimal sufficiency follows from the theorem seen in the lecture.

4. Counsider discrete data Y with density f(y;6) defined for y € Y and let T = ¢(Y") be a statistic based on Y.
Define the sets T = {t(y) :y € Y} and Cs ={y € YV : t(y) = s} for s € T.

(a) Show that the phrase ‘y ~ ' if and only if y,3’ € C,’ defines an equivalence relation, and that the same

equivalence relation is given by taking any bijective function of ¢(y). Deduce that the equivalence classes
form a partition Pr of ).
Solution: Obviously (i) y ~ y (reflexivity) and (ii) ¢y’ ~ y is equivalent to ¥’ ~ y (symmetry). Equally
obvious is that (iii) ¢y ~ y and y” ~ gy’ implies that y” ~ y (transitivity). Hence the relation ~ is an
equivalence relation, which implies that the equivalence classes Cs for s € T form a partition of ). If
g(s) is a bijective function of s, then an inverse function g=! exists and so C;, = {y : g{t(y)} = h} = {y :
g Ho{tw) =g~ (M)} ={y : t(y) = g7 (h)} = C4=1(n), so the equivalence classes defined using g are the
same as those defined using t.

(b) If T is sufficient, show that the conditional distribution of Y given that Y € C; does not depend on 6;

then Py is called a sufficient partition.
Solution: We have
Pr(Y =y;0)Pr(Y €Cs | Y = ;60 Pr(Y =y;0
vy P)r(Y(e CS;G)| wl Pr((Y c Cy 9)) Hily) = sh,

PriY =y |Y €Cs;0) =

and the factorisation theorem applies and the last expression here is, as required,

g{t(y); 0} h(y) g(s;0)h(y) h(y)

S e ol Ay LW = S S O S e, hY)

(¢) 'Y consists of n independent Poisson variables with mean 6, show that T'= (Y7, Y2+ - -+Y},) is sufficient

and give ), T and the Cs. Find a coarser sufficient partition, and check if it is minimal.

Solution: The joint density is
" Qyi

11 yj!

Jj=1

e~? = guitlvttun) exp(—nb) x h(y),

where h(y) = 1/]] y;!, so the factorisation theorem implies that (T71,T) = (Y1,Y2+---+Y3,) is sufficient,
with Y ={(y,.--,yn) : ¥1,---,yn € {0,1,...}} and

T:{(tl,tg)Stl,tge{o,l,...}}, Cs:{yEy:ylzsl,ZijSQ}, SGT.

Jj=2



Hence the elements of this partition are determined by points (si,s3) in the positive quadrant with
values in {0,1,2,...}. Tt is clear from the form of the joint density that T3 + T = Y7 + -+ 4+ Y, is also
sufficient, and the corresponding sufficient partition consists of the sets C; = {(s1,82) € T : s1 + $2 =t}
for t € {0,1,...}, which lie on diagonals in the positive quadrant. This partition is minimal because if

Y1,--+,Yn and 21, ..., 2, are both Poisson samples, their likelihood ratio is

0% exp(—mb)/ ] z;! N I
oo exp(—nd)/ TTw;! ™ p{0(n—m)},

and this is independent of 0 iff n = m and s, = 377", 2z = 5, = Y7, y;. If the sample size n is fixed,
the minimal sufficient statisticis S=Y; +---+Y,,.



