MATHb562 — Fall 2025
Problem Set: Week 5

*1. A location-scale model is of the form yg = 1+ 7 vg, where vy has a known distribution, with location and scale

parameters n € R and 7 > 0. A location estimator m(y) and scale estimator s(y), based on a random sample

y = (y1,-..,yn) with the y; iid. distributed as yq, are said to be equivariant if they satisfy

(a)

m(a+by) = ma+dbyl,...,a+by,) =a+bdbm(y,...,yn) =a+bm(y),
s(a+by) = 8(a+by1,aa+byn):bs(ylvayn):bs(y)v a€R,b>0.

Show that ¢1(y,n) = {m(y) — n}/s(y) and ¢2(y,7) = s(y)/7 are pivots, and explain how to use them to
construct confidence intervals for n and 7.

Solution: We have
m(y) =m(n+7v) =n+71m(v), s(y)=sn+7v)=r7sv),
where v = (vq,...,v,), S0

o nErn S T gatr) =)/ = s(0)/7 = (o),

so both ¢1(y,n) and g2(y, 7) are functions of the data y and parameters that have known distributions, as

a(y,n) =

those of m(v)/s(v) and s(v) are both known (at least in principle). If Q1 = ¢1(v,0) and Q2 = ¢2(v) have
respective a quantiles ¢ (a,n) and ¢4(a, n), i.e., Pr{Q; < ¢j(a,n)} = a and Pr{Q2 < ¢4(o,n)} = « for
a € (0,1), then we can write

m(Y) =

) s ¢ (1 - ayn)}7

1—2a=Pr{¢(a,n) <@ <qi(1—a,n)}="Pr {qi(a,n) <
and rearrangement of the inequality in the right-hand probability shows that
L=m(Y) - s(Vay(1 - a,n), U=m(Y) - s(Y)qi(an),
are the limits of a (1 — 2a) confidence interval for 7). Likewise
1 =20 =Pr{g3(a,n) < Q2 < g5(1 — a,n)} = Pr{gs(a,n) <s(Y)/7 < (1 — a,n)},
and rearrangement of the inequality in the right-hand probability shows that
L=(s(Y)/q5(1 = a,n), U=s(Y)/g5(r,n)

are the limits of a (1 — 2a) confidence interval for 7.

Deduce that pivots can be formed by taking
) B N 1/2

(i) mi(y) =5 and s1(9) = {0 - 92}

(ii) mao(y) = median(y) and s2(y) = IQR(y), the interquartile range,

whatever the distribution of vg. Briefly discuss the corresponding confidence intervals.

Solution:

Clearly mq(y) = mi(n +7v) = n~! >_;(n+7vj) =1+ 70 and a similar calculation shows that s1(y) =

751(v), and likewise for ma(y) and s2(y), leading to pivots.

(i) corresponds to the t and x? statistics used for inference on 7 and 7 when y1,...,y, gk N(n,72). (ii)

should give intervals that are highly robust to outliers.



2.

3.

(c) Provide a pivot that could be used to construct a prediction interval for yo based on y1,. .., yn.
Solution: As {yo — m(y)}/s(y) is easily shown to be independent of the parameters, with a known

distribution, it can be used to make prediction intervals for yq.

Find an a-level confidence interval for Y, when Y7,...,Y,, Y, b exp(A). How does the interval change as

n — co. Hint: if E ~ exp(1) then 2E ~ x3.
Solution:

As \Y; ~ exp(1) we have 2A(Y; + -+ +Y,,) ~ X3, independent of 2\Y, ~ x3, so

0= 2\Y, /2 Y.
T4+ Y,)/(2n) Y P

is a pivot. Hence a 1 — a, — a7 tolerance interval is obtained using
l—ap—ay= Pr(qOéL < YJr/Y < ql*OéU) = PI‘(anL < Y+ < qu*OZU) = PI‘(L < Y+ < U)7

where ¢, is the a quantile of the F,, distribution. say, As n — oo, the F' quantiles converge to those of

exp(1), corresponding to A being known.

(a) An experiment consists of observing the number of success y; in a fixed number n; of independent Bernoulli
trials with unknown success probability 6 € (0,1). Show that the corresponding density is

n
f(yl | 0) = <y11)9y1(1 - 9)n17y17 Y1 € Soo = {Oa la' e ;nl}-

If prior information on @ can be summarised by the beta density

r b
f0) = r((s);(b))ea_l(l -0t 0<6<1, a,b>0,
show that the posterior density for 6 given y; is

I'(ny 4+ a+0)
L(yr +a)l'(ny —y1 +b)

9y1+a—1(1 _ Q)nl—y1+b—1’ 0<6<1.

fOy) =

Solution: According to Bayes’ theorem

1101 = 21O s

where the constant of proportionality ensures that the right-hand side has unit integral. Since the beta

(1—g)m—wnt=l <<,

density has unit integral for any a,b > 0, and since y; + a,n1 —y1 +b > 0, the constant of proportionality
must be obtained by replacing a and b by y1 +a and ny —y; +b, and thus must equal I'(ny +a+b)/{T'(y1 +
a)'(ny —y1 +b)}. This gives the stated posterior density.

Note that this argument avoids any need for integration, and that the constants in the densities cancel
from the numerator and denominator of the posterior.

(b) Another experiment conducts independent Bernoulli trials until there are yo successes, at which point

there have been ny trials. Show that the corresponding density is

77,271
y2 — 1

f(nQ | 9) = ( >9y2(19)n2y2’ N9 G'SG :{yg,y2+1,...}.

Without doing any calculations, write down the posterior density for 6 based on the prior in (a).



Solution: Here
f(na [ 0)f(0) oc g2t (1 —g)m22071 0 <f <1,

and we see at once using the argument from (a) that

I'(n2 +a+ D)
L(y2 +a)l'(ng —y2 +b)

(0| ny) = gyta=l(] — gynz=v2tb=l g < g <1,

(¢) Show that if y; = y» and ny = ng, then Bayesian inferences based on either of the two experiments will
be identical, i.e., they do not take into account the different reference sets S, and Sc.
Solution: The two posterior densities will be the same, so any Bayesian inferences based on the two

experiments will be identical.

(d) Consider testing the hypothesis that 6 =

significance levels for the experiments in

S £
Yy ’ y2 —1 '

y=0 n=nsg

gainst the alternative that 6 < =. Explain why the respective

1
5&
(a) and (b) would be

and evaluate these when n; = ng = 12, y; = y» = 3. How does this compare with (c)?

Hint: Recall that for a > 0 the gamma function is defined as T'(a) = fooo u®le™ du, and that I'(a+1) =
al'(a), P(n+1) =n! for n € {1,2,...}, and I'(1/2) = /7.

Solution: In (a) the number of successes Y; will tend to be small if § < %, so the observed significance
level is the binomial probability

Y1
Pro(Y: < y1) ZPrO = (?)2”1,
y=0

where Pry denotes probability computed under the null hypothesis 6 = % Similarly if 0 < % then it will
take longer to attain y, successes than if = %, so we compute the negative binomial probability

Z ZOO ~1
PI‘O N2 > 7’L2 PI‘O N2 = ’I’L (; 1> 27",
5 —
n=ns n=nz

Running pbinom in R with inputs x = 3, size= 12 and prob= 0.5, we get 0.07299805 and for x = 11,
size= 3 and prob= 0.5 and lower.tail = F, we get 0.006469727. Unlike with (c), these suggest quite
different evidence against the null hypothesis, because they sum probabilities over two different reference

sets.
4. Consider the shoe data example from the Slides (Part 1).
2

i=1"
Solution: We note that E(I;) = 0 and Var(I;) = 1, so E(D) = 6, and as the I; are independent,

Var(D) = 2ZV&I (0 + Ijc;) QZCZVaY _ZZC =02

=1

(a) Show that the average D has mean 6 and variance 02 =m=2)_""

The ¢; are unknown and therefore so is o2, which must be estimated from the data Dy, ..., D,,.



(b)

Show that S? has mean o2 and hence can be used to estimate o2.

Solution: To estimate o2, we use the problems for week 3 to write

2_¥m ,_—2_;m o 2_;” o
S = m(m— ]_) ]z:;(D] D) - 2m2(m_ 1) j%z:l(D] Dk) = 2m2(m_ 1) ;(Dj ch) s

and note that as D; — Dy, = Ijc; — Ipci, E(I;) = 0 and Var(f;) = 1, and the I; are independent, the
right-most expression has expectation

2m2 Z ] ch]ckEIIk :WZC

le J#k J=1

Extend this discussion to a balanced design in which m is even, I; = %1 and Z 1 1; = 0 but the
allocation is otherwise completely at random. This ensures that materials A and B appear equally often
on the left and right shoes.

Solution: To ease the notation, let m = 2n. Under this randomization scheme the number of possible
allocations is (ZL)7 which equals 252 when m = 10; this is appreciably lower than the number 1024 obtained
before.

The expectations and variances of the I; are the same as in (a), but if j # k& then by symmetry

n(n—1) n? B 1

I, 1) = B(I;Iy) = 2Pr(I; = I,) — 2Pr(I; # ) = 2 - - .
Cov(l;, I) = B(L; 1) r(L = 1) r(L # 1) m2n—1) “2n@n—1)  m-1

Under this randomisation scheme, Y7, I; = 0, s0 D = 6 +m~' 37", I;(¢; — ¢). Obviously E(D) = 6
and

m*Var(D) = Z(cj —¢)*Var(I Z —¢)Cov(I;, 1)
Jj=1 1#£]
m ~ 1 m ~ ~
= Z(CJ )2 - m_1 (¢;—0) Z(Cz -0
J=1 j=1 i#]
m ~ 1 m
- Z(C] —o) + m_1 Z(CJ —¢)?
j=1 j=1
m m
= m—1 Z(Cj _6)27
j=1

where the step from the second to third lines used the fact that >\~ (¢;—¢) = 0 implies that ), 2i(ci—¢) =
—(¢; — €). Hence

_ 1 i
Var(D) = —— c; —¢)? =12,
j=1
say; note that subtracting ¢ from the ¢; will mean that it is very likely that 72 < 02,

2

To find an estimator of the unknown 7= we write v; = I;c; and note that

YD = DR =Y oy —0f = 3R met =Y 12—

=1 j=1 j=1

m
IinCjCi
i,7=1

.

has expected value

Zc?—% Zc?—l—Zcichov(Ii,Ij) :Zc?—% Zc?—ﬁicj(mé—cj)
j=1

i=1 i) i=1 =1 =1



which equals
m
j=1 j=1 Jj=1 J=1

Hence 72 is estimated by

which can be computed from the observed differences D1, ..., D,,.

Y (-2 - %Z(Cj —e)? - m Z(Cj —o)?= 7:2 - f P



