MATH562 — Fall 2025
Problem Set: Week 12

1. A random sample y1,...,Yn o N(u, 0?) with average ¥ is to be used to test the null hypothesis Hy : p = pqo

against the alternative u = pu1; below o2 is known and z, = ®~!(p).

(a)

Show that if p1 > pg then the most powerful critical region of size « is
Vi = {y ER":y>po +cm*1/221—a} )

and find the corresponding most powerful critical region YV, when p; < puo.

Solution: The most powerful test against any fixed value of p # 119 is obtained from the Neyman—Pearson

lemma. The likelihood ratio for testing p = pg against u = g1 with o known is

Al yn) (2m0?) "% expf =573 305 (s — )}
Folyr, - ym) (2mo2) /2 exp{— 50z 37— (y; — 10)?}

1 _
= exp [W {2ny(p1 — po) — i + /‘(2)}] :

This is monotone increasing in g for any fixed p1 > g, and so the critical region rejects Hy when § > t,,

with ¢, chosen to give a test of size a. The null distribution of Y is N(uo, o?/n), so
a=Pro(Y > ta) = Pro {nl/m’f — o) /o > 0 (te — ,uo)/o} —1-® {n1/2(ta - MO)/U} :

which implies that n'/%(t, — o) /0 = 21_a, giving to = pio+on~/22,_, and thus Y}, as required. When

1 < po, a similar computation leads to

Vo = {(yl,-.-,yn) 1y < uo+on‘1/22a}-

Are VI and Y uniformly most powerful against their respective alternatives? Explain. Solution: The
critical region Y is most powerful for any pq > pi, so it is uniformly most powerful for p; > po, and

likewise for )V against the alternatives pu < pyo.

Now consider the two-sided alternative H : p; # po. Compute the size of the critical region

Vs = {y eR™: 02y — pol/o > ZI—B}

and hence give a two-sided critical region of size a. Is this uniformly most powerful against H? Solution:

Symmetry of the distribution of ¥ — 1o under the null hypothesis implies that )}z has size
Pro(Y € Y3) = Prg (n1/2|§7 — tol/o > 21,5> =2Prg {n1/2(}7 — po)/o > 21,5} =28,

so we should choose 3 = «/2 to achieve size a.. ), /2 is not uniformly most powerful of size «, because if

p1 > o then YT also has size o but has higher power (because z1_, < Zl_a/g).

i.1.d.

2. Consider the order statistics 0 < Y(;) < -+ < Y{,) of a random sample Y7,...,Y, S exp(N).



(a) Show that min(Y73,...,Y;) ~ exp(rA), and that each Y; has the lack-of-memory property
PrY —z>y|Y >z)=Pr(Y >y), z,y>0.
Solution: As min(Yy,...,Y,) >z if and only if Y] > z,...,Y, > x, we have
Pr{min(Y3,...,Y;) <z} =1-Pr{min(}s,....Y;) >z} =1-Pr(Y1 > 2)" =1 —exp(—rAz), x>0,

and for z,y >0, Pr(Y —z >y | Y > z) equals

Pr(Y —z >y Y >z) Pr(Y >y+u)

Pr(Y > x) S Ty sy oAyl en(=An) = exp(=y),

as required.

(b) Show that Y; < E;/\ with Eq, ..., E,i.i.d.exp(l), and hence obtain the Renyi representation
i1~ E
Yy =~ g —7 =1,...,n.
(7") )\j:1n+1_j7 r ) y 1

Solution: As Pr(E;/A < z) = Pr(E; < Azx) = 1 —exp(—Az) = Pr(Y; < z), we have Y; 4 E;j/\. We
argue as follows: Y(;) is the smallest of n independent exponential variables, so it is exponential with
parameter nA and therefore we can write Y1) LB /(nA);
the remaining n—1 variables have the lack of memory property, so given that Y(;) = x the remaining Y; —x
have exponential distributions with parameter A. Thus Y3y — ¥/(;) is the minimum of n — 1 exponential
variables, i.e., Y2y — Y(1) 4 Es/{(n— 1A}
iterating the argument by successively conditioning on Y(3),...,Y{,_1) and obtaining the distributions of
Yi3) = Y2),- -+ Y(n) = Y(n—1) gives the stated representation.

(c¢) Find the means and covariances of Y1y, Y(n). Solution: A standard exponential variable has mean

and variance both equal to 1, so
( )—*1 ET 71 Cov( )= < E ! {1 }
E(Y) = - ov(Yiy, Yie) = — —, ©S,E€l,...,ny,
) /\j 1n+1—] () 2 (s) )\2j 1(n+1*])2

with m = min(s,r) and the second formula giving the variance when r = s. Note the simple approximate

integral formulae

1 (" dz 1 1
E(Y = = — =211 = —r+=
Yo = 3 /n_H; z og{(n+3)/(n—r+3)}
1 /"2 da m
Cov(Y,,, Y, — — =)\? )
YoXo) = %) ne = arDa-m+
3. Below we consider different ways to combine evidence from independent p-values Pi, ..., P, from testing the

same null hypothesis.

(a) Find the distributions of —log P; and hence of Sp = — 3 log P; (Fisher’s statistic) and Sp = — _ log(1—
P;) (Pearson’s statistic). Give the size « critical regions for tests based on Sy and Sp. Solution: Clearly

if P is small then —log P is large, and

Pr(—logP <z)=Pr(P>e *)=1—-¢"% x>0,



so —log P has a standard exponential distribution. Thus Sg, a sum of independent exponential variables,

has a gamma distribution, with upper tail probability

xnfl

e 7 dux,

Pro(Sp < 5) = /
0

n!

and quantiles s,, say. The critical region is V¥ = {(p1,...,pn) € (0,1)" : — > iy logpj > s1-a}.

As —log P 4 —log(1—-P), Sp 4 S, giving critical region Y = {(p1,...,pn) € (0,1)" : — Z?Zl log(1 —
Pj) > S1-a}

Give the size «a critical region for a test based on Sy = min; P; (Tippett’s statistic). Solution: Here
Pro(St > s) = Pro(Py > s,...,P, > s) = (1 — )" for s € (0,1), and the critical region is given
by Pro(St < 84) = 1 — Pro(Sr > s) = a. Therefore, we obtain s, = 1 — (1 — a)/", giving Y] =
{(p1,---,pn) € (0,1)" :min; p; <1— (1 —a)/"}.

Suppose that the alternative is such that Pr(P < z) = x'/7 for z € (0,1) and some v > 1. Which of Sp,
Sp and St is preferable, and why? Solution: Under this alternative we have

Pr(—logP <z)=Pr(P>e®)=1— (e ")/ =1—e72/7,

so —log P ~ exp(1/~) with v > 1. This is an exponential family and we are comparing the simple null
and alternative hypotheses v =1 and v > 1, so Example 30 of the notes applies. The likelihood ratio for

plw"7pnis

—n T 1/v—1 n
filp) v " I=p
= - =expq — ) logp;(1—1/7) —nlogy o,
fo(p) Hj:l]' ; ’

which is an exponential family with ¢ = —1/y <0, s* = =3, logp;, k(¢) = nlogy = —nlog(—y) and
logm*(p) = —3_;logp;. Since ¢ is a monotone increasing function of v, the computation in the example
implies that the most powerful test has a critical region of the form s* > s;_,, and therefore Sg is the
best test statistic in this situation. As we always have v > 1 or equivalently ¢ < —1 under the alternative,

it is also uniformly most powerful.

If P has density 22~ 1(1 — x)*~'/B(a,b), where 0 < x < 1,0 < a < 1, b > 1 and a # b, show that the
uniformly most powerful test involves wSg + (1 — w)Sp, where w = (1 — a)/(b — a). Solution: This

extends (c), with the log likelihood ratio turning out to be

(a—1)) logp; + (b—1)Y log(l —p;) = (b—a) {wSp + (1 — w)Sp}.

What would you do if it is believed that the null hypothesis holds in a proportion 1 — g of the tests and the
alternative in (c) holds in the remaining ones, with both ¢ and ~ unknown? Solution: In this situation
the cumulative distribution function for P is (1 — q)z + gz'/7, so the density is (1 — ¢) + (¢/7)z/7~1,
for x € (0,1). As v > 1, this implies that that the density is unbounded as  — 0, which may not be so
plausible, but in any case the obvious approach would be to estimate ¢ and v (for example using maximum
likelihood) and hence decide whether ¢ = 0 or v > 1. In this case St seems attractive, because it seems
likely that it would be able to profit from the spike under the alternative.



