THE STABLE AND UNSTABLE MANIFOLDS CLOSE TO A HYPERBOLIC FIXED
POINT: HADAMARD-PERRON

Following the account in Zehnder’s book, we now investigate the question whether the stable and unstable
manifold, and more precisely, their intersection with a small neighborhood around the hyperbolic fixed point,
have a nice structure. This does not follow from Hartman-Grobman, which does not allow us to infer a
manifold structure for these sets.

Let ¢ € C1(R™;R") a diffeomorphism, with hyperbolic fized point xy = 0. We can then write
¢(x) = Az + g(z), A = D¢(0) € Mat(n x n;R), Dg(0) = 0.
We let
R"=E, ®E_
the decomposition into the stable and unstable space with respect to A, and we let AL = A|g, . Letting || - ||
be the adapted norm with respect to which A4, AZ! are contracting, we introduce the closed ’cubes’

Q={zx=(r4,2_) e Ex ®E_, ||zx]| <r},r>0.

The idea is to let r be sufficiently small in the end. We now specialise the earlier definition of the ’stable and
unstable manifolds’ as follows:

Definition 0.1. We define the local stable and unstable manifolds as follows:
WAQ) = {z € Q, ¢'(x) € QVj = 0},
W Q) :={z €Q, ¢’ (z) € QVj > 0}.

Strictly speaking there is a discrepancy between this definition and the one given earlier, since we do not
explicitly demand that ¢’ () — 0 as j — +oo for the local stable manifold, and similarly for the unstable
one. However, this will be a consequence of the main theorem below. We note right away the trivial inclusions

B (Q) € WHe(@), 671 (W(Q)) € W(Q).

We would like to give a geometric characterisation of the sets W1°¢(Q)). While Hartman-Grobman charac-
terises these as sets, we can not get any smoother structure for them this way. Nonetheless, we have

Theorem 0.2. (Hadamard-Perron) Assuming r to be sufficiently small (depending on ¢ ), there is a Lipschitz
continuous function hy : Ey — E_, with h,(0) = 0, such that

WPe(Q) ={z € Q, ¢/(z) € Q¥j 20, ¢’ (x) 0, j — +o0}
={xeQ,x=(zy,h(zy)) € EL BE_}.
Thus Wﬁr"c(Q) is given by the graph of a Lipschitz function over Ey N Q. An analogous result holds for
Wee(Q).

Remark 0.3. One can prove more: in fact, of ¢ is a C*-diffeomorphism, then h+ can be chosen of regularity
C*. We do not strive for this level of precision to keep the technicalities limited.

The proof of Hadamard-Perron will follow by ’localising’ a ’global version’, similarly to our approach to
Hartman-Grobman. In fact, let us consider now the case of a C'-diffeomorphism ¢ of R™ which admits a
global decomposition

¢(z) = Az +g(x)
where ¢(0) = 0 is a hyperbolic fixed point, A = D¢(0), and

9 € C(R™,R"), [|¢/||p= <
for some 0 < § < 1. Then we have
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Proposition 0.4. Under the preceding assumptions, if § is sufficiently small (depending on A), then we have
Wie(R") := {z € R", sup|¢’(z)| < oo}
Jj=0

={z e R", ¢/(x) — 0, j — +o0}
=A{z = (24, h(z4))},
where h : By — E_ is a Lipschitz continuous function. with
h(0) = 0.
Moreover, we have

b

I(@)]| << a|

where ¢ = £(0) < 1.

Proof. The strategy is again an adroit use of the Banach fixed point theorem, but the metric space where we
apply it will be of more sophisticated nature than in the previous instances. The proposition asserts that for
each x4 € Ey there is a unique z_ = h(zy) € E_ such that

Ty +x-
is in W, (R™). Following Zehnder, we set x4 = a € E,, and attempt to characterise h(a). Let us denote the
projections
P+(.T+,$_) =T+, P_(l‘+,$_) =T—.
Then from lecture 8, we know that
IAP; ()] < allz, |AT"P-(2)]| < o],

for some o € [0,1).

Setting
xo=a+h(a),a € Ey
for some as yet unknown h(a), we will now look at the entire forward orbit
{25,720, 241 = ¢(x;)}-
Thus we have ;11 = Az; + g(x;). Projecting onto E4, we obtain that
Pyzjp = PyAz; + Prg(x;) = APpx; + Prg(ay)
P xj1 =P _Ax;+ P_g(z;) = AP_z; + P_g(z;),
j=>0.
In order to reveal the contractive property of A~! on E_, we re-arrange the second equation:
Pizji = APy + PLg(z;)
P_Ij = Ailp_Ij_i_l — Ailp_g(l‘j),
3 =>0.
The preceding can be re-written as follows: with a € E
(0 1) T = AP+1‘j_1 + P+g($Cj_1) + A71P_$j+1 — Ailp_g(l’j), j Z 1,
' ro=a+ APz — AT P_g(x).

The key idea now is to interpret the right hand side as a map from the sequence space {(z;)} into itself, and
to characterise its fixed points. These then correspond to the orbits with initial condition

ro=a+ APz — AT P_g(x).
If we can show that the fixed point is unique, then we can set

h(a) = A~'P_xy — A7 P_g(x0),
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where of course we interpret zo = zo(a), z1 = z1(a).

Of course, to make this work, we need to equip the sequence space with a norm. We shall use a family of
norms, indexed by a parameter A > 1. Thus set (here {z;};>0 is a sequence of points in R™)

(0.2) [{z;}20]|, 7= sup M [Ja]].
j=0

We shall also use the notation x := {z,},>0 for a sequence, and then we let
Xy = {z, ||z|[x < oo}
One easily checks that the X, equipped with these norms, are Banach spaces, and that
X\NC X,
provided A > p > 1. Now write for a € Ey and x € X,
F,(x) := right hand side of (0.1).
Then we observe

Lemma 0.5. The map F, maps each X, into itself. Moreover, under the hypotheses of Hadamard-Perron,
we have

| Fa(z) = Fa)||, < Ma+Co)|jz -y,

where C = C(n) is a universal constant. In particular, if A\ < a~' and § is small enough, then F, is a
contraction on X .

Proof. (lemma) We note that
lo() = 9| < Croflz —y]l-
Then we can estimate for j > 1

|(Fa(@) = Fa()) ;|| < max{al|zj—1 —yj1]| + Crd]jej1 =y
while for j = 0, we get

| |21 = yyaa | + Cr6]|z; — [},

[(Fa(@) = Fa()ol < aller = ]| + C3llw0 — ol |-
It follows that
)\jH (Fa(x) - Fa(y))jH < Ma+ Clé)Ha: — y||>\, vj > 0.
Taking the supremum over j > 0, we infer that
[Fa(@) = Fa(w)]], < Mo+ Cr)l — ],
Since F,(0) = (a,0...), this immediately implies
[Fally < llall + [l < oo,
so F, maps X into itself, and the lemma is proved. O
Continuing with the proof of the proposition, we now assume that ¢ is small enough such that
a+C§ <1,

and then we restrict to 1 < A < (a+ C6§)~!. Applying the Banach fixed point theorem to (X)\, Fa)7 we infer
the existence of a unique fixed point x € NX,. In particular, this implies that the unique fixed point in

Xq
corresponding to a bounded orbit actually has to also be in some X, A > 1, implying that
;]| —0
as j — 4o00. Moreover, for the starting point xy, we have
h(a) ;== A7 P_z; — A7 P_g(x).
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When a = 0, then clearly the trivial orbit z; = 0V > 0 satisfies the fixed point property, so h(0) = 0.
To see the Lipschitz continuity of h, we observe that

[Fa(@) = Fo(@)]| < [la—b]]
and if F,(z) =z, Fy(y) = y, then
= = ylly < [Fa(@) = F@l, + [ Faly) = )]
< Ma+ o)z —yl|, +[la— b
Setting A = 1, and assuming that p:= a4+ Cd < 1, we deduce that
1

I—p

lz =yl < 7=, lla = bl-

In particular, this implies that

1
h(a) — h(b)|| <
i)~ ho)] < 1
To deduce the last assertion of the proposition, we now keep a fixed and vary the function g, subject to
satisfying the bounds of the proposition. Then if g; » satisfy the bounds of the proposition, and (1?2 are

the corresponding bounded forward orbits starting at
a+ h172(a),
then we have (letting F}*? the maps with underlying function g; 2, respectively)
o) =2, = |2 ) - £,
< ||F2 @) = Fy @), + || Fa (@) = F2 )]

la = 2.

< (a+Co)fle® = 2P + || Fy () = F2 @),
Then we note that

|72 ®) = FE D, < sup [l @) - (o)
JZ

Now we set g = g, g1 = 0, whence
+W(a) = {a, Aa, A%a, .. .},
and further

s1>1%) ||g1(:z:§2)) - gg(xf))H < C’1§||m(2)||1 < 025||a||.
i>

It follows that
Cy0
I—p

¢ 2@, < L )| = at Ca

In particular, since
zy) —af?) = ~h(a),
we deduce that

% al.
L—p

17 (@)]] <

We can now give the proof of Hadamard-Perron:

Proof. (Hadamard-Perron) Given r > 0 small, we first modify the diffeomorphism ¢(z) = Az + g(z) so that
the preceding proposition can be applied to it. For this, let x € C§°(R™) a smooth function with the property
that

X||I\§1 =1, supp(x) C B2(0),
and consider

o) = Az + X(%) -g(z) = Az + g(=).
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Then observe that

[Vag| <Crts H9||Loo(327.(o)) + ||v9||Lo<>(Bzr(0))

< (57”71 v+ 1) ||V9||Loo(327~(0))

We conclude that by choosing r small enough, the hypotheses of the proposition with g replacing g are sat-
isfied. In fact, the map ¢ is a homeomorphism of R™ according to Lemma 4.1 from lecture 8 if r is small
enough, and its inverse is C*.

Pick 0 < r; < r small enough, such that the ’boxed neighborhood’
Qi={a=ws +a_, los] <ri, 2| <} C B, (0).
Also, let
WER") = {2 € R", sup | (2)]| < o0},
According to the preceding proposition, we can write B
W (R™) = {z1 + h(zy), 24 € By},

for Lipschitz continuous h as in the proposition.
We now claim that if

Wee(Q) = {z € Q, ¢’ (x) € QVj > 0},
then we have
(0.3) wiheQ) = WieR™) N Q

for r1 > 0 small enough.

(i) We(Q) ¢ Whe(R™) N Q. If 2 € Wo¢(Q), then
¢ (x) = ¢/ (z) € QVj > 0,

and hence
x e W (R™) N Q.
(i) rV[V/j_OC(R") NQ C We(Q). Here we show that if
z e W (R N Q,
then B .
p(z) € W(R")NQ.
This then implies inductively that
&() € Q. Vj =0,
and thence
& (x) € QY] > 0.
Now if
z e WleR N Q,
then the proposition implies that
r=ay+h(zy), o] <71
Applying gz~5 = A -id 4+ g, we infer that
O(z) = Avy + Ah(zs) + §(a).
Then we estimate

HP+$(x)H < HAx+H + ||P+Ah(:1c+)|| + HP@(x)H < ary + Cie(d)ry + Caory,
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where 6 = §(r) can be made arbitrarily small by choosing r > 0 small enough, and lims_,g (4) = 0. But since
a < 1, by choosing r small enough, we can ensure that

ary + 016(5)7“1 + Coory < rq.
One proceeds similarly for P_¢(z).

We have now shown (0.3), which in conjunction with the proposition implies Hadamard-Perron. O



