Math of ML : Exercises 9 *

November 17, 2025

This exercise sheet follows the notation introduced in the previous week’s exercises.

Exercise 1 (Rademacher complexity of two-layer neural networks). We will prove an upper
bound on the Rademacher compelzity of the space of functions Fi(c) = {f € F1: ||fll5, < c},
where ¢ > 0. In this exercise, in the definition' of the function space F1 we let the activation
function o be the relu o(x) = max(0, ) and we define § = {w € R?: |wljz < c,} x {bER:
|b] < ¢p} for some constants ¢y, cp > 0.

1. Let g € R™ and let x1,...,z, € X, be fired. Prove that

Sup Z:gZ xj) =c sup

n;gz x; w—i—b
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2. Let e = (e1,...,en) be a sequence of i.i.d. Rademacher random variables (i.e., {£1}
valued symmetric random variables). Let x1,...,x, € X, be fized. Prove that

sup 1Zn:€z'f($i)] < C(CM\/;CI;)

fegie) Vi

E.

In particular, the Rademacher complexity of neural networks with weights (wj,b;) € 8
1s independent of the number of neurons. Instead, it depends on the £1 norm of the
output layer weights ||n||1.

Solution 1. This exercise is taken from [Bach, 2017, Section 5].

1. Let
M(S,¢) = {1 € M(S) : lullrv < ).

Then, we have

sup Zgz xz = sup Zgz/ o\x; w—i—b)d,u(w b)
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'Recall that the normed function space (J71, || - ||7,) is defined via

Il = i {nuuw Ve € X, f(z) = / o(wa+b>du<w,b>}.



2. Using the previous part of this exercise we obtain
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where the inequality follows by Talagrand’s contraction lemma, noting that the relu
activation function u +— max(0,u) is 1-Lipschitz continuous. Using the fact that
S={weR: |w|s <cpt x {bER:|b] <y} we obtain
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which is what we wanted to show.

Exercise 2 (Weight decay regularizes the the total variation). In this exercise, fiz the following
setup: let 8 = {(w,b) : |w||3 +b* = 1} and let o(u) = max(u,0) be the relu activation. The
purpose of this exercise is to show that when training both layers of a two-layer neural network,
ridge-type reqularization (called weight decay in neural networks literature) penalizes the || - ||,
norm.

Let (x1,y1),---, (xn,yn) be the observed dataset. For any neural network weights w =
(Wi, ..., W), b= (b1,...,by) and n = (N1,...,Mm), define the two-layer neural network by

m

Fwpm (@) =Y _njo(w]z+b)).

J=1

Consider the following regularized empirical risk objective:

Lx(w, b,7) Zf (Fwpam (i), 9i) + A( Z w3 + b7 +713), (1)
=1

where £ is an arbitrary the loss function.
Suppose that (w*,b*,n*) is any global minimizer of the objective Ly defined above. Prove
that

1 < * k *
1 fwr sl < 5 D Il 13 + (097 + ()3
j=1

In particular, when we train both layers of a neural network, the ridge-type regularization in
(1) penalizes the || - |5, norm.



Solution 2. Observe that for any 1, . . ., i > 0 the transformation (w}, b7) — (w} TR o1 bip

and 77; — U;Mj for not affect the outputs of the neural network fi,p); hence the above
transformation does not affect the loss terms in (1), but it only affects the penalty term.
Optimizing over p; > 0 yields the optimal value

\/ Nw;ll3 + b3

2
/’L' =
! |n;1

By the optimality of (w*,b*,n*), we have pj =1 for all j =1,...,m. It follows that for any
7=1,....m we have

lw3ll3 + ()7 = ()7 = 13/ w3 113 + (09)3. (2)

We now need to find a measure 1 € M(8) such that feye pr poy =[5 o((-,w) +b)dp(w, b). Such
a choice is given by

m
= * 12 4+ (b%)25
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Using (2), we find that the total variation norm of the above measure is given by

m m
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which completes the proof.

Exercise 3 (Simulations). Implement (from scratch) code for training two-layer relu neural
networks with stochastic gradient descent. Using your code, reproduce the figures in [Bach,
202/4][Section 9.4].
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