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Exercise 1 (Conjugate kernels for step and ReLU activations). Consider the two-layer neural

network
m
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where (w,n) are the weights of the network and o is the activation function.

Suppose that the weights w = (w1, ..., w;) are sampled independently from the multivariate
standard normal distribution wj ~ N(0, 1;), where Iq is the d x d identity matriz.

When the weights w are held fixed and only the weights n are trained, training the neural
network f(xz;wn) corresponds to fitting a kernel method with the feature map
| x)

o(w; x

P(x); =
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with the corresponding kernel Em(as,:c’) = %27:1 J(w;—x)o(w]—-r:z’). By the law of large
numbers, we have

lim Em(:v,:z:’) = k(x,2") = Eyono,1y) [a(w—rx)a(w—rx’)} :
The kernel k is called the conjugate kernel. Fiz any x,x' and let § = arccos(z "z’ /(||z||2]|2z'||2)).
Prove the following closed-form expressions for k.

1. For the step activation function o(x) =1 if x >0 and o(z) =0 if x < 0 we have

k(z,2') = %(ﬂ' —0).

2. (%) For the ReLU activation function o(x) = max{0,z} we have

/
k(z,2') = Hx”;w(sin9+ (m—6)cosh). (1)
T

Hint: use the fact that for any orthogonal matrix P we have k(z,z') = k(Px, Pz').

Solution 1. Let H = span(z,a’). Let u; = z/||z||2. If dim(H) = 2, take ugs € H to be any
orthonormal vector to uy. Extend the set of vectors {uy,uz} (or {ui} if dim(H) = 1) to an
orthonormal basis of R% denoted by {ui,ug,...,uq}. Let P € R? be a matriz with the i-th
row equal to w;. Then P is an orthogonal matriz and hence, we have

k(z,2') = By |o(w'@)o(w ')
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= Buxoy [0((Pw) (Pa)o((Pu) T (Pr'))
= Euxoty [o((Pw) T (P2)o((Pu)T (Pr'))]
= Byxouy |o((w) T (Pa))o((w)T (P2))]

= k(Pz, Pz'),

where the penultimate step follows because the standard Gaussian measure is invariant under
orthogonal transformations. By our construction of the change of basis matrix P we have
Pz = (a1,0,0,...,0)T € R? and Pz’ = (by,b2,0,...,0)T € R%. Hence, we have

1
k(z,7) = / L exp(—|lwl3/2)o(arwn)o(brwn + byws)dwidws . . dwg
R4 (27[') /

1
=5 /2 exp(—(w% + w%)/?)a(alwl)a(blwl + baws)dwydws.
R

Now observe that
= ||z||2,b1 = Hx’H cosf, by = ||a:’\| sin 6.

Hence, we have

k(z,2') = : / exp(—(wf +w3)/2)o([[zl2wi)o([l'||2(cos(@)ws + sin(0)ws))dwidws (2)

2 R2

In what follows, we assume that sinf # 0. If sinf = 0, then the vectors © and ' are
co-linear, and this case can be considered separately. Under this assumption, we can introduce
change of variables

u = wi,v = cos(f)w; + sin(f)ws (3)

so that (w1, wy) = T(u,v) = (u,v/sin(0) — ucos(0)/sin(f)). In particular, the absolute value
of the determinant of the Jacobian is equal to

det 1 0 1
© _Z?rigg)) sinl(G) a Sin(9)7

where we removed the absolute value in the last line, since by definition of @ we have 6 € [—7, x].

|det J| =

1. Let 0stcp be the step activation function. Then, the integral in (2) becomes

E(zx, x/)
1
=5 |, exp(—(w] + w3)/2)0step (||| 2001) T step([|2” |2 (cos(O)wr + sin(0)ws))dw:dwsy
R
1

=5 |, exp(—(w} + w3) /2)0 step(W1) T step(cos(B)wy + sin()ws)dw dws
R

Hence, with the change of variables (3) we have

k(z,2")
11 u? + v — 2uv cos(6)
27[' Sln(@ / xp < 9 Sin2(0) > Ustep(u)aste];(?))dudv
1 u? 4+ 0% — 2uw cos(0)
o s1n(0 / / exp ( 9 Sin2(0) dudv. (4)



We now use the substitution' v = us,dv = uds for s > 0. We then have

k(z, a:')
/ / exp< 2(14 52 —23605(9)))udud8
" or sin(6 2sin%(6)
7 _ 2 2 _
1 V2 sin?(6) / V/1+ 52 —2scos(f) exp <_u (1+s ' 225 cos(@))) duds.
T on SID(Q) 0 \/1 + 52 — 25 cos(f 27 51112(0) 25in”(0)

11 > 21 sin’(6) (1
a_ . 0 2 7EZNN OSinZi(e) HZH
27 sin(6) Jo \/1 + 52 — 2scos(f) |2 ( 71+s272scos(9)>

11 % 21 sin’(6) 1 sin?()
2rsin(0) Jo /1 + s2 — 2scos(f) 1+ 52 —2scos(f)

Ezxo0.1) [|Z]]

101 > 27 sin’(6)

sin?
= — ds.
2msin(0) Jo /1 + s2 — 2scos(6) \ﬁ\/l + 52 — 25 cos(&)

11 /°° sin?(0)
- 2msin(0) J, 14 52— 2scos() 5

_arctan LOS(G) o
. (9) 1 \/1—cos2(0)
= Sln -
27 1 — cos?(0)
_arctan a COS@
. sin(0)
= sin(0) —
s Sln
L =0

—i _arctan & "
s om | sin(6) s=0

“5r [z (5]

2. Computations for the ReLU activation function are more involved. See, for example,
the appendix in the below-cited reference.

Observe that operu(z) = Ostep(x)x. Hence, repeating the same steps used to compute
the conjugate kernel for the step activation up to (4) we have

k(z,2")

/ 1 00 oo 2 2 )
_ lfl2fl2"]2 ' / / exp [~ QUUCOS(G) wodude. (5)
2r sin(@) Jo Jo 2sin”(0)

Observe that

sin®(0) exp <—zs§§(9>)

!This substitution to evaluate Gaussian integrals dates back at least to Laplace https://en.wikipedia.
org/wiki/Gaussian_integral#By_Cartesian_coordinates.
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> d 2+ v — 2uw cos(f
:/ —— sin?(#) exp Wty - 2uvc05( ) du
o du 2sin”(0)

00 2 2 _
:/ 4w — v cos(6) exp (u +v2 ‘ zuvcos(m)du
0 sin”(0)

00 2 2 _ 2 0 [ee] 2 2 2 2]
:/ wexp (_u + v ‘ 2quOS( )>dU—Ucos(9)/ exp <_u +v ‘ qucos( )>du
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In particular, we have
00 00 2 2 _
/ / exp (_u +wv ‘ zuv cos(@)) wodudo
o Jo 2sin*(6)
00 o] 2 2 _ 2
:/ v[/ wexp (_u +v ‘ 2uvcos(0)>du] v
0 0 2sin”(6)

T, v? o0 u? 4+ v% — 2uw cos(f)
= /0 v [sz(e) exp (—281112(0)> + vcos(@)/o exp <— 25in’(0) > du] dv
_ o0 u? 4+ v? — 2uw cos(f)
= sin?(6) /0 v exp ( 5 s (9)) dv + cos(6 / / v? exp < 552 (0) ) dudv

00 00 2 2 _
— Sil’l4(6) + COS(Q)/ / U2 exp <U + v : Z'U/U COS(0)> dudv.
o Jo 2sin“(0)

Plugging the above identity into (5) yields
k(x,2")

[]|2]|"[|2 (. cos / / u + v? — 2uw cos(h)
= dudv | (6
27 S sin(6 Fexp 2sin?(6) udv | {6)

It thus remains to evaluate the double integral in the above display equation. With the
change of variables v = us,dv = uds as in the proof for the step activation we obtain

/ / o exp ( u +U§S;nz?;})COS(9)) dudo
_ / s [ /0 u3exp< (H;zl; 2;)008(0))>du} ds

V27 sin() V1+s2—2scos(f) 4 u?(1 + s% — 2scos(f))
/ \/1 + 52 — 2scos(h) / Vor sin(0) wexp <_ 2 sin2(«9) ) du] ds

V2 0 [1
/ Sln( ) _E n2(0) [Z‘S]:| ds
\/1—{—52 —2scos(f) |2 2 NO 5 e

7145225 cos(6)

/ V27 sin() 1 5 2 ( sin?(0) )3/2 ds
V1+s2—2scos(f) |2 m \ 1+ s —2scos(f)

2
= 2sin*(4 : !
sin”( )/0 (1+52—QSCOS(9)> ’

/2 _ (tan”l(=cot(9))
— 9sin(0 " sin(9) _ COS(Q) ( sin(0) )
sin”(0) — —5
—2sin*(0) —2sin“(0)




— _sin?(0) {— S;;/(Z) ~cos(0) + (ta“_ls;(;;t("))ﬂ

— _sin2(0) [— S;;/(Z) — cos(6) + (:)11:(6)72;)]

= —sin(0) {—ﬂ'/2 — cos(#) sin(0) + (9 - g)]
= sin() (r — 0) + sin?(0) cos(0).

Plugging in the above identity into (6) yields

k(z, ')

_ ”“”””‘;Uf/'? (sin®(0) + cos(0) (x — 0) + sin(6) cos>(6))
||w|!;Url”!2 (sin(8) + cos(8) (w — 6) + sin(9)(1 — sin®(0)))

_ ”*’””;L'f"? (sin(8) + cos(8) ( — 6)).

Our proof is complete.

Remark 1. Ezercise 1 is based on the paper by Cho and Saul [2009]. See the appendiz of
the above cited paper for computations for a more general family of activation functions of
which the step and ReLU activations are special cases.

Exercise 2 (Two-layer neural networks as kernel methods). Consider the setting of Exercise 1.
Consider sampling input vectors (z,1) € R?, where x ~ Uniform([0,1]). Conditionally on
the input vector (x,1), generate a response variable y = f*(x) 4+ N(0,0.1) for the choices
[ (x) =z, f*(x) = 1 and f*(x) = sin(27z). For each choice of f*, generate a dataset
(xi,yi)i—, of size n = 100. Fit the kernel ridge regression estimator fC>o for the conjugate
kernel of ReLU network (1). For m = 5,10, 100, 1000, fit the kernel ridge regression estimator
fm using the kernel k (cf. Ezercise 1) with ReLU activation. Plot the learned functions fm
(for m = 5,10, 100, 1000, 00 ) and the function f* used to generate the data.

The next exercise is not about kernels nor neural networks. It introduces the notion of
duality, which plays a central role in convex optimization, and will be useful later in the
course.

Exercise 3 (KKT Conditions). Consider the convex optimization problem:

min f(x
zeR /(@) (7)
subject to fi(x) <0 fori=1,...,m,

where the functions f, fi,..., fm : R* = R are convex and differentiable.

1. The Lagrangian L : RY x R™ — R is defined by L(z,\) = f(z) + 3.1, Nifi(z). Prove
that the problem (7) can be reformulated as

inf sup L(x, \), (8)
TERT \>0

where the inequality A > 0 is to be interpreted coordinate-wise. We will refer to the
problem (8) as the primal problem.



2. Denote the optimal (minimum) value attained by the primal minimization problem (8)
by p* € RU{£oo}. We now introduce the dual problem, the mazimization problem in
A > 0 defined by

sup inf L(z, ). 9)
A>0 w€R?

Denote the optimal (maximum) value attained by the dual maximization problem (9) by
d* € RU{xo0}. Prove that d* < p* (weak duality; p* — d* is called the duality gap).

3. Prove that x* € R? is optimal for (8), \* € R™ is optimal for (9), and p* = d* (strong
duality holds) if and only if the pair (x*, \*) satisfies the Karush-Kuhn-Tucker (KKT)
conditions:

(a) (Stationarity) V f(z*) + > 7% XiV fi(z*) = 0.

(b) (Primal feasibility) fi(z*) <0 fori=1,...,m.

(¢) (Dual feasibility) X >0 fori=1,...,m.

(d) (Complementary slackness) X! fi(xf) =0 fori=1,...,m.
Remark: Strong duality can be ensured under so-called constraint qualification conditions.
One such condition, called Slater’s condition, is the existence of x € R? such that

filx) <0 fori=1,...,m (i.e., the existence of a feasible solution to (7) such that all
constraints are satisfied with strict inequalities).

Solution 2. 1. If x € R? is not feasible for the problem (7), then there exists some i such
that fi(x) > 0. It follows that supy~o L(x,\) = co. On the other hand, if x € RY is
feasible for the problem (7), then supysq L(x,\) = L(z,0) = f(x), which is equal to the
objective value of the minimization problem (7).

2. The supinf < infsup inequality

sup inf f(x,y) < inf sup f(x,y)
y€eY zeX zeX y€Y

holds without any assumptions for any function f : X xY — R. Indeed, for any
z* € X,y* €'Y we have

inf f(z,y") < f(2",y") < sup f(z",y).
$€x yey

Since the choice of (x*,y*) was arbitrary, it follows that

sup inf f(z,y) < inf sup f(z,y),
yeY zeX zeX yeyY

which is what we wanted to show.

3. Suppose that the pair (z*,y*) satisfies the KKT conditions. Then, we have

sup L(z*, \)
A>0
= f(z") (primal feasibility)
= f(z") + Z A fi(a]) (complementary slackness)
=1
= inf L(z,\") (stationarity).
z€Rd



Consequently,

sup L(z*,\) = inf L(z,A*) < inf sup L(zx, \)

A>0 zeR4 z€R? \>0
so x* is a minimizer of (8); in particular p* = supyso L(z*, ). Likewise, \* > 0 (dual
feasibility) and

inf L(z,\*) =supL(z",\) > sup inf L(z,\)
zeR? A>0 A>0 z€R?

so X* is a mazimizer of (9), and in particular d* = inf cga L(z, \*) and so d* = p*.

This completes the proof of the “if” implication.

Conversely, suppose that x* is primal-optimal, \* is dual-optimal, and the duality gap is
zero. We will show that (x*, \*) satisfies the KKT conditions. First, by the assumption
that x* is optimal for the primal problem and X* is optimal for the dual problem, it
follows that x* and \* satisfy the primal and dual feasibility conditions, respectively. It
remains to prove the stationarity and complementary slackness conditions. We have

f(z®) =sup L(z*,\) > L(z*,\*) > inf L(z,\¥).
A>0 zeR4

By the zero duality gap assumption, all the inequalities above are actually equalities.
Hence, we have

f(@®) = L(z", \%),

from which the complementary slackness condition follows. Finally, the stationarity
condition follows from the first-order optimality conditions for

L(z*,\*) = inf L(z,\¥).
zeR?

Our proof is complete.
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