Math of ML : Exercises 4 *

October 6, 2025

First some warm-up exercises on the definitions of positive definite kernel and of RKHS.

Exercise 1 (Cauchy-Schwarz inequality). Let k : XxX — R be a positive definite kernel (recall
Definition 3.1 in Lecture 4). Prove that for any x,y € X we have k(z,y)? < k(z,2)k(y,y).
Deduce that sup,, , k(x,y) = sup, k(x,x) (it may be +o0).

Solution 1. Denote 1 = x and xo = y. By the definition of positive definite kernel, the
matriz K € R?*? given by K;; = k(xi,x;) (i,7 € {1,2}) is positive semi-definite. Hence, the
determinant of K is non-negative, which proves the desired inequality.

We have

Vo, k(z,z) < sup, k(z,y) < \/k(z,2),/sup, k(y,y).

Taking the supremum over x yields sup, , k(v,y) = sup, k(z, ).

Exercise 2 (Bounded kernels). Let k : X x X — R be a positive definite kernel. Suppose that
there exists some constant b > 0 such that for any x € X we have k(z,x) < b%. Let H be the
RKHS associated to the kernel k and let f € {g € H : ||g|lsc < 1} be a function in the unit
ball of H (recall Definition 3.3 in Lecture 4). Prove that sup e |f(x)] < b.

Solution 2. For any x € X, we have
[f (@) = [{f k@, ))acl < N fllacllk(, )l

< ||]{7(33‘, )Hﬂ{ = \/</€(.7}, ')7 k‘(l‘, )>9{
= Vk(z,x) <b.

The next exercise lets you construct kernels from other kernels. It can be instructive to
also ask yourself what the corresponding RKHS’s are (there is not always a simple answer).

Exercise 3 (Calculus of positive definite kernels). Let ki, ko : X x X — R be two positive
definite kernels. Show that the following functions k are also positive definite kernels.

1 k(z,y) = k() + ka(z, ).

2. k(x,y) = aki(x,y), where a > 0.

3. k(z,y) = k1(z,y)ka(2,y).

4. k(z,y) = p(ki(x,y)), where p is a polynomial with positive coefficients.

5. k(x,y) = limjoo ki(x,y) (provided that the limit exists), where ki, ko, ks.... is a

sequence of positive definite kernels over X.
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6. k(z,y) = exp(ki(z,y)).
7. k(z,y) = ki1(x,y)/Vk1(z,2)k1(y,y) (you may assume ki(xz,x) > 0 for any x € X).
k(z,y) = f(x) - f(y) where f : X — R is any function.

9. k(z,y) = h(p(x),¥(y)), where h: YxY — R is a p.d. kernel and ¢ : X — Y is arbitrary.
Which of the following functions are positive definite kernels over X = R%2
o k(z,y) = |z —yll
lz = yl*.

lz—y|?

exp(—"5.2-), where o > 0.

(z,y) =
k(z,y) = 2" By, where B € R™? s a symmetric positive-semi-definite matriz.
o k(z,y) =

Solution 3. By Aronszajn’s theorem (Theorem 3.2, Lecture 4), for positive definite kernels k;,
there exist Hilbert spaces H; such that k;i(z,y) = (¢i(xz), ¢i(y)) for feature maps ¢; : X — H;.
Now let {z1,...,zm} € X be an arbitrary collection of points to which we associate kernel
matrices K = (k(x;,z;))7 ;1 and K = (ki(zi, 25))} ;-

1. Let o € R™ be arbitrary; then o' Ko = a' (K| + Ko)a = o (K)o + o (K)o > 0.
2. K = aK; is positive semi-definite because Ky is positive semi-definite and a > 0.

3. We have
k(l’,y) = kl(l‘ay)kQ(mvy)

(zw ) S (250l
—Z¢1 z))j - (d1(v))i(d2(y));

= <¢(93), o)),
where ¢(x) = ((¢1(x)i(d2(x));)ij. Hence, by Aronszajn’s theorem, k is a positive definite
kernel.

4. The case k(x,y) = p(k1(x,y)), where p is a polynomial with positive coefficients and ki
is a p.d. kernel, follows from the combination of the three previous items.

5. Let a € R™ be arbitrary. Since k; (for 1 = 1,2,...) is a positive definite kernel, we
have o' Kjoo > 0. It follows that a' Ko =limy_,o a! Kjo > 0, which shows that k is a
positive definite kernel.

6. The case k(x,y) = exp(k1(x,y)) follows by items 4. and 5. by considering hi(z,y) =
pi(k(x,y)) where pi(X) = Y\, 5 X°.
7. We have

W@y
HE ) = Tl e~ o)

for the feature map ¢ : X — H' defined by ¢(x) = ¢'(x)/||¢'(x)||. Hence, k is a positive
definite kernel.

Remark: the result of this question is also valid without the positivity assumption
k(x,z) > 0.




8. The case of k(x,y) = f(x) - f(y) follows directly from Aroszajn theorem.

9. Let ¢ be a feature map for h as in Aronszajn’s theorem. Then k(z,y) = h(¢(z),¥(y)) =
{((po)(x),(do)(y)), sok is a p.d. kernel.

For the specific examples (or counter-examples):

o Let x1 =0 and let xo be any unit vector. Then the 2 x 2 matriz K; j = k(x;, ;) is not
positive semi-definite. Hence, k is not a p.d. kernel.

e The same counter-example as just above shows that this k is not a p.d. kernel either.

e Consider B = Zl 1 Aquu T the eigenvalue decomposition of B. Then we have k(x,vy) =

Ei:l Xigi(x)pi(y) where <pz( ) = 2wy, so by items 8., 2., and 1. above, k is a p.d.
kernel.

e By item 6., we have that h : (x,y) — exp(x'y/o?) is a p.d. kernel. So by applying
item 7., we get that

k‘(.’l? y) _ k’(xa y) — exTy/U2 _ eHz_yll2/(2a,)
’ k(z,2)k(y,y)  elelP/20) . elvlP(/20)

is indeed a p.d. kernel. It is called the (Gaussian) radial basis function kernel, or RBF
kernel.

In this next exercise you characterize all translation-invariant kernels on the 1-D torus.
(Translation-invariant kernels on R? will be discussed in the next lecture.)

Exercise 4 (Translation-invariant kernels on [0, 1] [Bach, 2024, Sec. 7.3.2]).

1. Let q be a continuous 1-periodic function and k(z,y) = q(x —y). Show that k is a
positive definite kernel on [0,1] if and only if all of the Fourier coefficients of q are
non-negative. Express the associated RKHS in terms of the Fourier coefficients of q.

Hint/Reminder: The Fourier series decomposition of a function f € Lo([0,1]) is f(z) =
Y mez € 22”””ﬂ)‘}m and the Fourier coefficients are given by fm = fol (z)e 2imm@dy € C.

2. Using question 1., show that the set {f [0,1] = R s.t. <f0 ) + fo |f/(z)2dz < OO}
equipped with the inner product

([ ([ )

is a RKHS and identify the corresponding kernel function (you may leave it in the form
of a trigonometric series, ., Ay cos(nX) + By sin(nX)).

Solution 4. See [Bach, 2024, Sec. 7.5.2].
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