Math of ML : Exercises 3*

September 29, 2025

In the first exercise, we explore some basic properties of sub-Gaussian random variables.
Pay special attention to part 5, where we introduce an important technique of bounding
maximum by a sum inside a logarithm.

Exercise 1 (On sub-Gaussian random variables). We say that a random variable X is
sub-Gaussian with variance proxy o? (also called o?-sub-Gaussian) if for any X € R we have

20.2
Eexp (MX — E[X])) < exp (AQ > .

Prove the following properties of sub-Gaussian random variables.

1

2.

A random variable X with normal distribution N(u,0?) is o2-sub-Gaussian.
For any o?-sub-Gaussian random variable X we have Var(X) < v/202.

For any o*-sub-Gaussian random variable X and any § € (0,1) we have

P (\X ~EX| > /202 log(2/5)) <6

. Fori=1,...,n, let X; be a af—sub—Gaussian random variable. Assuming that the

random variables X1,...,X, are independent, prove that for any A € R"™, the linear
combination Y | N X; is T2 -sub-Gaussian for some 7% that you should identify.

Let X1,..., X, be zero-mean o%-sub-Gaussian random variables (not necessarily inde-
pendent). Prove that

Hint: for any A > 0 by Jensen’s inequality we have E[X] < %logEexp()\X). Apply
Jensen’s inequality to the random variable max; X; and bound max; X; by >, X;. The
trick here is that we replace mazximum by a sum inside the logarithm/

Let X1,..., X, be zero-mean o?-sub-Gaussian random variables (not necessarily inde-
pendent). Prove that for any § € (0,1) we have

P <Enax X, > 210g(n/5)02> <.

=1,...,n

Solution 1. 1. Notice that X — E[X] is distributed as N(0,0?) random variable, whose

moment generating function is exactly equal to exp(A\20%/2). Hence, X is o%-sub-
Gaussian.
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2. By definition of sub-Gaussianity, we have

No? No?
Eexp(AM(X —EX)) < exp(\20?/2) =1 + 5 + <exp()\202/2) -1- 5 > .

Ezxpanding the exponent in the left hand and interchanging the infinite sum with expec-
tation (e.g., by Dominated convergence theorem), we have

lc )\20.2 )\20.2
1+ )\2Va,r +Zk' (X —EX)* <1+2+<exp()\2 2/2)—1—2>.

Hence, for any A > 0 we have

2 9 9 No? Ak
Var(X) — 0% < 2 <exp()\ o“/2) —1— 5 /\2 k:' E(X - EX)*

Taking the limit A — 04 on both sides, we conclude that
Var(X) — o2 <0,
which is what we wanted to show.

3. We will apply Markov’s inequality. For any A € R we have
p <X _EX > /202 1og(2/5)) P (exp()\(X —EX)) > exp(\/202 log(2/0) )
< Eexp(A(X — EX)) exp(—Av/20210g(2/6))
< exp(A202/2) exp(—Ay/202 10g(2/6)).
Optimizing over X (i.e., taking A\ = /21og(2/6) /o) yields
P (X —EX > /202 1og(2/5)) <5/2. (1)
Similarly, we can prove that
P (EX — X > /202 log(2/5)) <5/2. 2)
Taking the union bound over the events (1) and (2) concludes the proof.
4. For any A € R, by independence of the random variables X1, ..., X, we have
Eexp <)\ i )\Z-Xi> = ﬁ Ex, exp(A\ X;).
i=1 i=1
Using the fact that X; is a?—sub—Gaussian, it follows that

Eexp ()\ Zn: )\zXz> ﬁ )\2)\2 2 )

=1

= exp ()\2 (Z A?af) /2) .
i=1

Hence, the random variable _,_; M2o? is T%-sub-Gaussian, where

n
2 _ 2 2
T = E Ao}
i=1



5. Applying the hint, we have for any A > 0:

1
E max X; < —logEexp <)\ max Xi>
i=1,..n A i=1,..n

1
= XlogE max exp (AX;)
1
XlogE Z exp (AX;)

i=1,...,n

<

1 n
< X log Z Eexp (AX;).

i=1
Applying the sub-Gaussianity property for each of the summand inside the logarithm
yields, for any A > 0:

E .
(2

1 1
max X; < Xlog (nexp()\202/2)) = Og)fn) + Ao?/2.

Optimizing the above bound over X\ > 0 yields the desired result.

6. We may either proceed as in the previous part of this exercise, or use the (equivalent)
approach of the union bound (here the union bound will play the role of bounding
mazimum by the sum). We have, by the union bound

P (s X V2Iog(0/6)52 ) = P (Uicr,. { i > VEIox(a/d)02})

i=1,..,n
<> P ({x > Valogw))

1=

i=1

where the last step follows from (the proof of, particularly, see (1)) part 3 of this exercise.

The next two exercises showcase examples of non-trivial (and very useful!) sub-Gaussian
random variables.

Exercise 2 (Hoeffding’s Lemma). Let X be a random variable such that a < X — EX <b.
Let (X\) = logEexp(AMX — EX)). By Taylor’s theorem, for any X\ € R there exists some
cx € [=A\, A] such that
)\2
D(A) = (0) + A(0) + T4 (e)- (3)
1. Compute ¥ (0) and ¢'(0).

2. For any ¢ € R, show that V" (c) is equal to the variance of some random variable
supported on [a,b].

3. Using the fact that variance of a bounded random variables is bounded, deduce that X is
(b — a)?/4-sub-Gaussian (this result is known as Hoeffding’s lemma,).
Solution 2. Let Y = X — EX.
E[Y exp(\Y)]
"'\ = —"F" """~ 4

and
E[YZexp()\Y))] _E[Y exp(A\Y)]?

Elexp(\Y)] Elexp(AY)]?

P(A) =

3



1. We have ¥ (0) =log1 = 0; from (4), we also have 1'(0) = EY = E[X — EX]| = 0.

2. Let P be the distribution of Y. Let Uy be a random variable with distribution Q) defined

by
exp(Au)

E[e)‘y]

Notice that Uy is supported on [a,b] because Y is supported on [a,b]. Then, we have

Qx(du) =

P(du).

Var(Uy) = EU} — E[U)]?

_ / " 20 (du) < / b UQA(d“)>
_ /ab “26;)?55\%)13(‘1“)‘ _ </ab ump(du))
="(N).

2

2

3. Using (3) with the two previous parts of this exercise, we have for any A € R
Lo
PY(N) = 5/\ Var(Uy, ).

Since for any A € R the random variable U,, is supported on [a,b], its variance is at
most (b— a)?/4 (to see this, note that for any random variable U supported on [a,b] it
holds that Var(U) = inf,er E[(U — 2)?] < E[(U — (b+a)/2)?] < (b—a)?/4). Hence,

YO < G0~ a)’/4,

which is what we wanted to show.

Rk: Note that since a and b only come into the result via |b — a|, the condition a <
X —EX < b a.s. is effectively equivalent to saying that X belongs a.s. to some interval I of
length |b — al.

Exercise 3 (Bounded differences/McDiarmid’s inequality). Let f: Z™ — R be a function of
bounded variation, that is, a function such that for any i € {1,...,n}, and any z1,. .., zn, 2, €
Z, we have

‘f(zl)' . 'azi—17z’iazi+17"')zn) - f(Z].’" '7Z’i—17z£72i+1)' "7Zn)| S C.

Let Zy,...,Z, be independent (and not necessarily identically distributed) random variables
on Z. Then, the random variable U = f(Z1,...,Zy,) is sub-Gaussian with variance proxy
nc?/4.

Hint: The idea is to decompose U into a telescoping sum of conditionally independent
random variables:

U—EU = Uy —Un_1) + ... + (Us — Uy) + (U — Up),

where U; = EZ§+1,-~-7Z;f(Z1’ s Ziy Zi s o Z)). Conclude the proof by a repeated application
of Hoeffding’s lemma. You may begin the proof by writing U —EU = U, — Uy = (U, —Up—1) +

(Upn—1 — Up) and conditioning on the values of Z1, ..., Zn_1.



Solution 3. Observe that
Elexp(A(U — EU))] = E[exp(A(Uy, — Up))].

We claim that for any i € {1,...,n} it holds that
1
B oxp\T: = 00)] < exp ( 3023/4) B oo\ Uica = Gl (6)

We will now prove (5). We have

Ex, . x,[exp(AU; — Up))]
=Ex, .. x;[exp(A\(U; —Ui—1 + U;—1 — Up))]
=Ex, .. x,_, Ex, [exp(AU; — U1 + Ui—1 — Up))| X1, ..., Xi1]
=Ex, . x, , exp(A(Ui—1 — Up))Ex, [exp(A(U; — U;—1))| X1,..., Xi-1] . (6)

Now observe that

EXZ. [exp()\(Ui — Ui,1)|X1, . ,Xifl]
= EXZ. [exp()\(Ui — EXi [UZ|X1, e ,Xz;l])|X1, . ,Xifl] .

By the bounded variation assumption on the function f, we have, conditionally on the values
OfX17 ey X’i—17

Ui - EXZ [UZ|X1) s )X’i—l]
=Ex,,..x, [UX1,...,Xi] = Ex,[Ui| X1,..., X 1]

S EX’i+11"'1XTL [supf(Xl, e ,Xz',l,xi,XiJrl, . .,Xn)‘Xl, e ,X1:| — EXi[Ui|X17 e ,Xz;l]
z;
= EXZ',...,Xn l:sup f(X17 v 7Xi—17$i7Xi+17 v 7Xn)’X17 vee 7Xi—1:| - EXl [Ul’Xh s 7Xi—1]
z;
=Ex,  x. {Sllpf(Xla s X1, i, Xig1, ., X)) — (X, 7Xn)’X17---7Xi—1:| -
z;

Similarly,
Ui — Ex,[Ui| X1, ..., Xi1]

2 EXi,---7Xn |:191;1ff(X1, N ,Xi_l,xl-,Xi+1, oo ,Xn) - f(Xl, e ,Xn)‘Xl, cee ,Xi_1:| .

Hence, conditionally on X1,...,X;_1, the random variable U; — Ex,[U;| X1, ..., X;—1] lies in
a bounded interval of length at most c. Therefore, by Hoeffding’s lemma (cf. Exercise 2) we
have

1
EXi [exp()\(Ui — EXi [Uz’Xl, ey Xi—l])’le e ,Xi_l] S exXp <2)\262/4)

Plugging the above into (6) proves the inductive hypothesis (5). Applying the inductive
hypothesis (5) a total of n times yields

Eexp(A(U — EU)) < exp <;A2(nc2/4)> :

thus proving that U — EU is sub-Gaussian with variance proxy nc?/4.



In the following exercise, we demonstrate how the bounded differences inequality can be
applied to obtain generalization error guarantees (applicable for any algorithm) and excess risk
guarantees (applicable for empirical risk minimizers) that hold with high probability—while
the lecture only covered an in-expectation guarantee.

Exercise 4 (High-probability generalization and excess risk guarantees).

Let Zy = (X1,Y1),...,Z, = (Xp,Y,) be i.i.d. random variables. Let £ : R x R — R
be a loss function such that for any y,y" we have |€(y,y')| < lo. For any function f, let
R(f) = EBUY, f(X)) and R(f) = LS 0, f(Xi)). Let F be an arbitrary class of predictors
and let L = {ly: (x,y) — Ly, f(x)): f €T}

Using the bounded differences inequality proved in Exercise 3, show that for any ¢ € (0,1)
the following deviation inequality holds:

Jes feg

P <sup [R() - &)} = Bsup {R(F) - R(P)} + oo 21%2”‘”) <6 ()

(Hint: U = sup res{R(f) — j%(f)} is a deterministic function of the datapoints Zy, ..., Zy.)
Deduce the following two inequalities:

1. For any statistical estimator that selects a predictor f = f(Zl, ooy Zy) from the class F
it holds, with probability at least 1 — §, that
N P, log(1/d
R(f) < R(F) + 2Rad, (£) + too 2228110, (®)

n

where recall that

Rad,(L) =Ez,, 2.Ec ., [iugZ&f(Yi,f(Xi))] .
€7 =1

2. Let f (erm) ¢ argminfegj%( f) be any empirical risk minimizer among the functions in
the class F. Let f* € argmincgR(f) (for simplicity, we assume that such f* exists).

Prove that

R(FE™) < R(F*) + 2Rad, (L) + 2o 210%22/5) 9)

Solution 4. Define

U=F(Z,...,2,) = sup{fR(f) fﬁ%(f)}.
feF

We will apply the McDiarmid’s inequality to the random wvariable U defined above. Be-
fore doing so, we will prove that f satisfies bounded differences property. Indeed, fix

Ziy.. s Zic1, Ziga, .. Zy and let z;, 2, be arbitrary. Let R denote the empirical risk function
supported on the samples Zy,...,Z; 1, zi, Zir1 and let R’ denote the empirical risk func-
tion supported on the samples Zu, ..., Z;i—1,%}, Ziy1. Assume, without loss of generality, the

existence of functions f, f' € F such that
f € argmaz;cgR(f) — R(f) and f' € argmaz;csR(f) — R'(f).
Then, we have
F(Zy,...,Zi-1,%iyZig1y- . Zn) — F(Z,..., ZH,zg, Zivlye s Zn)
<R(f) = R(f)
L 0y, Fls)) — €0l f(2)))

loo.

IN

n
2
n



Similarly, we have

2
F(Zl, .. .,Zifl,zi,ZZ#l, .. ,Zn) — F(Zl, e ,Zi—lazz/‘,Zi+1a .. ,Zn) > _5€oo

Hence, the random variable U satisfies the bounded differences property with ¢ = %ﬁoo.
Applying McDiarmid’s inequality to U (cf. Ezercise 8 and Ezercise 1 part 3, specifically (1))
yields the desired bound (7).

It remains to do the final two parts of this exercise.

1. This part follows almost immediately by (7). Indeed, by the inequality (7), for any
0 € (0,1), with probability at least 1 — & it holds that

210g(1/5) .

R(f) = R(f) < sup {R(f) = R(f)} < Bsup {R(f) = R(f) } + Lo

fegF feg

(10)

We have seen in the lectures that the following deterministic inequality always holds
(proved by symmetrizing the empirical process):

Esup {R(f) — R(f)} < 2Rad, (£).
fex

Plugging in the above inequality into (10) completes the proof.
2. In this exercise, we need to exploit the fact that f (erm) returns not any function, but a
function that minimizes the empirical risk. Indeed, the following deterministic inequality
holds

R(FE™) = R(f7)
= (R(frm) — RFE™)) + (RFCE™) = RN+ (R)) = R()

-~
uniform convergence <0 (specific to erm) concentration for a fized function

< sup {R(f) = R() | +R(F7) = R(F). (11)
fesr

The random variables £(Y;, f*(X;)) are contained in the interval [—ls, lxo], hence, by Hoeffd-
ing’s lemma, the random variable (Y5, f*(X;)) is 0% sub-Gaussian. By Exercise 1 part 4 it
follows that R(f*) — R(f*) is (2, /n sub-Gaussian, and hence, we have

p (:iz(f*) SR > b 21"{?”) <§/2. (12)
By the previous parts of this exercise, we also have
p <sup {R() = R(N)} > 2Radn(£) + o W) <§/2. (13)
feg n

By the union bound over the events (12) and (13), the decomposition (11) yields, with
probability at least 1 —§:

R(FT) — R(F7) < 2Raddy (£) + 2o 2B

which is what we wanted to show.



Exercise 5 (Rademacher complexity of a set of points). For a subset S C R", we define the
unnormalized Rademacher complexity as

URad(S) := E.supe ' u
u€eS

where € = (£1,...,en) is a vector of independent Rademacher random variables (each taking
value +1 or —1 with probability 1/2).

1. What is the link between the definition in class of Rad(F) for a hypothesis class F and
URad?

2. Compute URad({u}) for an arbitrary u € R™
3. Compute URad(HC) where HC = {—1,+41}" is the unit hypercube

4. Give an upper bound on URad({1,—1}), where 1 € R™ is a vector with all entries equal
to 1.

Solution 5.
1. We have Rad(F) = 2E,,, . o, URad({(f(z1), ..., f(zs)) : f € F}).
2. Ece'u=Y,uE.c =0.

3. For any realization of the random signs €, the choice ¢ € HC mazximizes the supremum
Supyepc € u. Thus, URad(HC) = n.

4. By Jensen’s inequality, we have URad({1,—1}) =E| >, &| < VE| Y &) = v/n.

In the upper bounds (8) and (9) we pay for the Rademacher complexity of the “loss class”
L. Whenever the loss function £ : Y x Y — [0,00) is L-Lipschitz in its second argument, that
is, whenever, for any y,y1,y2 € Y it holds that

1(y, y1) — Ly, y2)| < Lly1 — yal,

we can pay, up to factor L, for the complexity of the class of predictors F. Showing how to
achieve this is the purpose of the next exercise.

Exercise 6 ((x) Talagrand’s contraction principle). Let V C R"™ be a set of points and let
¢ : R — R be an L-Lipschitz function. Define oV = {(¢(v1),...,p(v,))T : v € V} C R™.
Prove that

URad(¢ o V) < LURad(V).

Hint: Observe that

URad(¢oV) =E., ., |Es sug {51¢(v1) + Z eiqb(vi)} lea, ..., sn”
ve i=2
1 n 1 n
=E; ¢, [2 ilelg {¢(vl) + ;5i¢(vi)} T3 ilelg {—¢(U1) + Z;EW(W)}] .

Using the L-Lipschitzness property of ¢, deduce that

URad(¢ o V) < E.sup{Lejv; + Z gip(vi)}.
veV i—2



Solution 6. Following the hint, we have

1
URad(¢oV) =E., ., |=sup { v1) + Zszgi) v;)

2 veV

5 SUP { dv1) + 5i¢(vi)}]
2 yev i—2

=Eey,..en ;sug { ) + Zszcb vi } 5 { ¢(ur) + Zacﬂw)}]
ve ;
eip(v Z&(ﬁ u; }]
=2
<E., ., % sup {L\vl —uy| + Z€,¢ (vi) + Zsld) (u;) H ,

v,ueV i—9 i—9

- EE2,.‘.,€n 1 sup {¢(U1) - ¢(U1> T

2vu€\7

where the last step follows via the Lipschitz property of the function ¢. Next, we observe that
L|vy — u1| may be replaced by L(vy — uy) in the above supremum because we are allowed to
interchange the roles of u and v. Hence,

1
URad(¢poV) <Eg, .. |z sup { Llvy —ui| + Zslqﬁ v;) + Zsng u;)
_2 vuey 1=2 =2
1
=E. ¢, |z sup { Lvi — Lug +Z€l V; +ZEZ¢ u;)
_2 vuey =2 =2
RN L P S cplo) b+ L A
= ven | = sup s Lug gip(v;) —sup ¢ —Luy gid(v;
€92 & -2 Uev —~ 2 (2 2 Uev — (2 (2
=E., ..E; sup {levl + Zelqb v; } lea, .. .,5n]
=2
=E¢ oo sup {Lelvl + Zsm v } :
=2
Repeating the same argument for the variables with index i = 2,...,n yields

URad(¢ o V) < LURad(V),

which finishes our proof.



