Topics in Machine Learning : Mock Exam

Instructor: Lénalc Chizat
TA: Guillaume Wang

December 2025

e No documents are permitted. Duration: 3 hours.

e Most questions can be solved independently; within an exercise, you may assume results from
earlier parts.

e It is not necessary to answer all questions to obtain the maximum grade (the exam is inten-
tionally long).

1 Questions on the course material (9 points)

Answer each of the following questions with no justification.

1.1. (2 points) For a classification dataset (2;,%;)i<n where z; € R? and y; € {—1,1}, write down
the (unregularized) logistic regression objective. Under what conditions does a minimizer exist?

Solution: From lecture 9,

1 ¢ T
F(0) =~ log(1+e 7).

i=1

A minimizer exists if and only if the dataset is not separable, i.e., if for all # € R?, there exists i
such that ;0" z; < 0 (if the negation of this condition holds, then the infimum of the objective
is 0 and is not attained).

1.2. (2 points) Recall that the F; and F5 norms of a function f : R? — R are defined by
117, = int { s Ve £(0) = [ n(@)ot6)ar(e)}
11, = nt { ey o ) = [ o(670) duto)}

for an activation function o and a reference probability measure 7, where ||u|Tv = [ga [du(6)].
Does it hold that || f||5, < || f]lg, for all f? or that || f|lg, < ||f]lg, for all f?

Solution: It holds || f||5, < ||f|l, for all f, and the converse inequality is not true in general,
(this can be shown using Jensen’s inequality, see lecture 6).



1.3. (2 points) Consider a 1D regression dataset (z;,¥;)i<n. Denote by X € R™ the vector of
covariates and by Y € R" the vector of labels. Write the expression of the estimator for linear
regression, including an intercept term.

Solution: In one dimension, the estimator of linear regression solves the following optimization
problem:

By € argmin||Y — By + Xﬁ1H2-
BER?

Solving the gradients yields: By = Y where ¥ = LS Y and B =(XTX)IXT(Y - 7).
Another solution is to add the intercept in the input matrix, writing X := [1, X] the (n x 2)
matrix where the first column is (1,...,1)T € R”, we have 3, = (X TX)"'XTY.

1.4. (2 points) Recall that a random variable X is called sub-Gaussian with parameter o2 if
VA € R, E[rXEX)] < A0?/2,

If (X4,...,X,) is a collection of independent random variables and X; is sub-Gaussian with
parameter o7 for each 4, give a sub-Gaussianity parameter for S, = % S X

Solution: S, is sub-Gaussian with parameter # S, o2, see the proof of Proposition 2.2 in
lecture 3.

1.5. (1 point) Write down the definition of a-strongly convexity for a differentiable function on RY.

Solution: A differentiable function f : R — R is called a-strongly convex if

Va,y €RY, f(2) = fy) — Vi) (@ —y) = Slle -yl

2 Mean estimation (20 points)

Let P(R) be the set of all distributions supported on R. For 02 < oo, let P, = {p € P(R) :
Ez ,[(Z—Ez.,[Z])?] < 02} be the subset of P(R) containing all distributions with variance bounded
by o2. For any p € P,» and any real number 6 define its population risk by

Rp(0) = Bze,p[(0 - 2)7].

Let S, = (Z1,...,Zy) be a collection of n i.i.d. samples from the same distribution p € P2, denoted
in what follows by S,, ~ p®". Then, for any real number @, its empirical risk with respect to the
sample S, is defined by

n

Rs,(0) = Y (0- 2%

2.1. (2 points) For a given p € P2, give the expressions of 05 = argming g R,(f) and of R,(67).



2.2. (1 point) For a given data sample S, = (Zi,...,Zy), give the expression of GERM(S,) =
argmingcpRs, (6).

2.3. (1 point) Prove that for any p € Py> and any 6 € R we have R,(0) — R,(65) = (6 — 65)>.

2.4. (2 points) Prove that for any o2-sub-Gaussian random variable X and any 0 < § < 1, it holds

P (|X _EX|> /202 log(2/5)) <.

2.5. (2 points) Let P% be a subset of sub-Gaussian measures in P,> defined as

2 2
P — {p € Poz : YA € R, Bgnplexp(A(Z — Ez~,[Z])] < exp (A; )} '

Prove that for any p € P*%, any ¢ € (0,1), and any integer n > 1, it holds that

P, por (R@(S,) - 2,(07) > ZLEC) <




2.6. (2 points) Prove that for any p € P,2 it holds that

2
lim Pg,en (RP(@ERM(Sn)) — R (07) > %8(2/5» <5

n—oo

Hint: by the Central Limit Theorem, the random variable G,, = n=Y/23"" (Z; — Ez,[Z])

converges in distribution to a Gaussian with variance o2.

2.7. (2 points) Prove that for any p € P,2, any § € (0,1), and any integer n > 1, it holds that

2
E * g
Pg,~pon (:RP(QSSM) —Ro(07) = n_é) <4

2.8. (3 points) Prove that there exists a universal constant! ¢ > 0 and a natural number ng such that
for any integer n > ng and any confidence level 6 € (0, 1) there exists a distribution p,, 5 € P2
such that

P (R s 5~ R,,,05,) 2 5 ) 26

IThat is, a constant that does not depend on the problem parameters n, 8, o2, p.



2.9. (3 points) Let m,k be positive integers and suppose that n = mk. Fix any p € P,2 and let
Sy, ~ p®™. Divide the sample S,, into m datasets of size k each, such that for I € {1,...,m} we
define S!, = (Zxu—1)41,-- -, Zw). Prove that

20
vk

Hint 1: first prove that a random variable U ~ Binomial(m,1/4) satisfies P(U > m/2) <
exp(—m/8).
Hint 2: consider the events E, = {’@ERM(Sﬁ) - EZN,,[Z]‘ > % .

Pg, . on (‘median[éERM(Si), . OERM (g EZN,,[Z]‘ > ) <exp(—m/8).



Solution: Define the event

E = {‘median[@ERM(S}L), ..., BERM(gmy) EZNP[Z]’ > 2—0} .

Ea

For [ € {1,...,m} define the events
20
g:{pmM@p—Ezww”zvi}

If the event F happens, then at least m/2 of the events F1, ..., E,;,, must happen. By Cheby-
shev’s inequality, P(E;) < 1/4, and moreover, the events Ej, ..., E,, are independent. Hence,

P(E) < P(U > m/2),

where U ~ Binomial(m, 1/4). The bound stated in the hint follows via Hoeffding’s inequality,
which yields the desired result.

2.10. (2 points) Fix any § € (0,1). Using the result of the previous question, design an estimator
05 (i.e., the estimator is allowed to depend on ¢) such that for any distribution p € P,2 and any
integer n > 1 it holds that

~ . o%log (1/4
Pg. . pon (m,,(o(,m(sn)) —R,(0) > c“i(/)> <

where ¢ > 0 is a universal constant.

Solution: Take m = [8log(1/0)] in the previous question.

3 Linear neural networks (25 points)

Let § = (U, V) € R™ x R™*4 be the weights of the neural network fs(x) = U Vx, where x € R?.
In particular, V is the weight matrix of the first layer, m is the width of the network, the activation
function is the identity and the second layer weights are given by U. Consider the function F :
R™ x R™*4 — [0, 00) defined by

1 . 2
i=1
where z1,...,z, € R? are arbitrary fixed points and w* € R? is some fixed vector. In what follows,

_1ixwm T
denote ¥ = = > | xx;

3.1. (Gradient flow dynamics)

(a) (2 points) Is the function 6 — F(6) convex? Either give a proof or provide a counterex-
ample for some specific choice of problem parameters m,d,n, w* and x1,...,2,

Solution: Take m =n =d=x; = w* = 1. Then, U,V € R and we have

F(6) = F((U,V)) = %(UV _12



(b) (2 points) Let 0y = (U, Vo) and consider the gradient flow dynamics
d

—0, = —VF(6).

g’ = ~VE®)

Compute %Ut and %Vt, where 0; = (U, V4).

(c) (2 points) Let w; = V,"U;. Show that
L

'

where K; = V;TVt + IdUtT U; and 1, is the d x d identity matrix.

= —KtE(wt — w*), (4

~—




(d) (2 points) Compute % F(6;) in terms of wy, w*, ¥ and K.

3.2. (Finite width analysis with deterministic initialization) In this part, let m > d + 1. Consider
the deterministic initialization

1 led
Uy = ER™ and Vj = I e R™*,
O(m—1)x1

O(m—d—1)xd

where 0,xp is an a x b matrix with all entries equal to zero and I is the d x d identity matrix.

(a) (4 points) Let z € RY be a vector such that z"2; =0 for all i = 1,...,n. In this question,

we aim to show that zTw; = 0 for all ¢ > 0.

i. Let N, = 2" w,. Compute dtNt

71. Show that for all ¢ > 0 we have VTVtz = V Voz.

iii. Let Ay = U Voz and By = V,TVpz. Let Ct = (A4, By). Compute %Ct to obtain an
ordinary differential equation (ODE) that must be satisfied by C; for all ¢ > 0. Show
that C;, = (A, By) = (0, By) is a particular solution of the obtained ODE.

1. The ODE for C; obtained in the previous question has a unique solution for the initial
value Cy = (Ag, By) (you do not need to prove this fact). Hence, the particular solution
obtained in the previous question is the unique solution. Use this fact to deduce that
zTw, =0 for all t > 0.

8



(b) (1 point) By the previous question, by restricting our analysis to the range of ¥, we can
assume for the remainder of this problem without loss of generality that the matrix ¥ has
full rank. Assume furthermore that w* # 0.

Show that there exists some t* > 0 and € > 0 such that F(6;+) < F(0) —e.

(c) (2 points) For a matrix A € R**% let [|Al|r denote its Frobenius norm defined by || A% =
S Y02, A2 Prove that for all ¢ > 0 it holds that [|V;|3 — d = [[U4]3 — 1.



(d) (2 points) Show that there exists some ¢ > 0 (allowed to depend on any problem parameters
other than t) such that ||U||3 > ¢ for all ¢ > ¢*. Deduce that for all ¢ > ¢* the matrix
K; — cl; is positive semi-definite (that is, all eigenvalues of K; — ¢l are non-negative),
where recall that K; is defined in (4).

(e) (2 points) Show that F'(;) converges to a global minimum. What can you say about the
solution we, = limy_yoo wy (in particular, think of the case where ¥ is not full rank and
there exists an infinite number of optimal solutions)?



Hint: for proving that 6, converges to a minimizer first prove that 4 F(6;) < —¢'F(6;) for

all ¢ > t* and some constant ¢’ > 0 independent of ¢; conclude the proof using Gronwall’s
inequality.
Solution: Let . 0

G(wy) = %HX(U& — w3 = §||\/§(wt —w*)|3.

Then, G(w;) = F(6;) and we have from (5)

d 2 *
= Gw) = —[[VEZ(w, — w5 < —¢"[|Z(w; —w")|3

< —"|[VE@w, — w3 = —¢"'G(wy),

/11

where ¢ > 0 because Y is full rank. By Gronwall’s inequality, for any ¢t > t* we have

G(wy) < exp(—=c"(t —t*))G(wy) < exp(—c” (t — t*))G(0).

Thus, G(wy) — 0 as t — oo and 0 is a global optimum of G.

As we have shown before, w; stays in the span of the data. Since as t — oo, the predictor
(wy, -) interpolates the data, it follows that w; converges to a minimum ¢5 norm solution.

3.3. (Random initialization and infinite width analysis) We now consider the random initialization
where (Uo)i and (f/o)ij are i.i.d. N(0,1/m) random variables. We aim to show that as m — oo,
gradient flow with the above random initialization converges to the previous dynamics with
deterministic initialization.

(a) (1 point) Define
Jm = (UO %) c Rmx(d-‘rl)

and let J;™ € R™ be the k-th column of J™. Show that for any k, k', (J;*) T (J%) converges
almost surely to 0y ks, where §g pr = 1 if &k = k" and 0y x» = 0 otherwise.

Solution: The result follows immediately by the law of large numbers.

(b) (2 points) Show that for all ¢ > 0 the vector Uy is spanned by the columns of J™.

Let (V2)¢°! be the i-th column of V. Show that for all # > 0 and all i € {1,...,d} the vector
(Vt)l‘-’ol is spanned by the columns of J™.

Solution: Denote & = X(w; — w*) Then, we have
d -~ ~ 4
U= V& =— P\ (6)

i=1

Notice that as long as the columns of v, belong to the span of the columns of J,,, so does
the time derivative %Ut. Similarly, we have

d ~ -
V=Tl (7

If (:]t belongs to the span of the columns of Jy,, then so does the columns of the derivative
%Vt (each column is proportional to Uy).

Observing that Vj and Uy trivially satisfy the column span condition, the result follows.

11



(c) (3 points) To simplify the analysis, assume that the columns of .J,, are orthonormal (this
is only true approximately, but this assumption will considerably simplify our analysis that
follows). Using the previous part of this question, we may write

~ d+1 ~ d+1
Op=) alt)Ji" and (Vi)' =3 By,
k=1 k=1

where a(t) € R¥™! and g(t) € R@+xd,
Show that (a(t), 5(t)) evolves according to the same dynamics as (Uy, V;) under the deter-
ministic initialization of part 2 of this question with m = d + 1.

Deduce that evolution of the predictors w; = ﬁtT V, and w; = VtT U, is the same.

12



