Math of ML : Exercises 2*

September 15, 2025

Unless otherwise specified, in the following exercises we consider a fized design matrix
X € R™*? with rows x; and assume that it is full-rank (in particular n > d).

Exercise 1 (Geometric interpretation of least-squares). Show that the vector of predictions
X = X(XTX)"'X Ty is the orthogonal projection of y on im(X) = {Xw : w € R4}.

Exercise 2 (Empirical risk of OLS). We consider the noisy measurement model Y; =
x] w* + Z; where Z; are independent, with zero mean EZ; = 0 and variance E[Z?] = o? (the
x; are fized). What is the expected empirical risk B[Rx (0)]? Use this answer to propose an
estimator of the noise variance o> when n > d.

Exercise 3 (OLS as a maximum-likelihood estimator). In this exercise, we make the
stronger assumption that the i.i.d. noise random variables Z1, ..., Z, all follow the Gaussian
distribution Z; ~ N(0,02). Under the fived-design Gaussian noise model, letting Y =
(Y1,...,Y,), the likelihood that the observations Y were generated via the well-specified model
Y, = a:iTw + Z; is equal to

L(Y[w,0%) =] \/21*2 exp (— (% — o] w)*/(20%)).
i=1 Yixel

The mazimum likelihood estimator (W, &) is defined as
(0,0) = argmax,,cgd ,~0L(Y |w, o?).
In this exercise, you are asked to:

1. show that w coincides with the OLS estimator;

2. compute the mazimum likelihood estimator 62 for the variance. Is the estimator unbi-
ased?

Exercise 4 ((Practical exercise) Tuning ridge parameter). Recall that the ridge regression
estimator is defined by

~ . 1
Wy = argmin, cgd {nHXw - y”% + )‘HwH%} .

In Section 4 of Lecture 2, we suggested the choice of reqularization parameter \* = ||Z;*|E§E'
In particular, the suggested parameter \* scales as inverse square root of the number of
samples.

In the language of your choice, perform the following simulation for n = 500,600, 700, 800, 900, 1000:
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1. Let d = 50.

2. Choose a fized design matric X € R™ < by sampling each entry from a Gaussian
distribution N(0,1).

3. Let w* = 1/V/d € R? be the ground truth parameter of norm |w*|j2 = 1.
4. Fiz some large enough grid of A parameter values [y, ..., \g].

5. For each j =1,...,k, compute the expected excess risk of the ridge regression estima-
tor with parameter \; using the bias-variance decomposition formula (see Lecture 2,
Proposition 4.3; see also [Bach, 2024, Proposition 3.7])

For this part of the exercise, you may let the variance of the noise be equal to 0? = 1.
6. Compute AP that minimizes the excess risk among the values of X in the grid [A1, ..., Ag].

How does the computed solution APt compare with A* obtained theoretically in the lectures?
As the number of samples n increases, how fast (approrimately) does AP decrease as a
function of the number of samples n? FExplain your findings.

Exercise 5 (A non-linear estimator). In the previous exercises, we investigated the setting
where the design matrix was fixed and the observations followed the model Y; = xiTw* + Z;
for some zero-mean noise variables Z;.

In this exercise, we take a look at the setting where the design is random and the Bayes
optimal function is no longer assumed to be linear. Despite no longer assuming that the Bayes
optimal function is linear, we may still be interested in bounding the excess risk

ER(f) — inf R((w,-)), (1)

weRd

where recall that for any function f:R* — R we have
R(f) = Exyyop(f(X) - Y)%

In particular, the excess risk (1) measures how close the estimator f gets to the best linear
explanation of the data.

The aim of this exercise is to introduce a new technique for bounding the excess risk,
called average-stability analysis, and further, to show how through the calculations performed
in Ezxercise 6 it suggests a certain non-linear predictor due to Forster and Warmuth [2002].

We shall make the following two assumptions' on the unknown data generating mechanism.:

e The data samples (X;,Y;) are generated i.i.d. from a distribution P such that we have
|Y:| < m almost surely for some constant m > 0.

e For any data sample of size n (X;,Y;)_,, it holds with probability one that the matriz
S0 Xi X, is invertible (that is, we can compute the OLS estimator).

This exercise is split into three parts.

!Both assumptions can be relaxed. The bounded response variable assumption can be weakened to
assuming that the random variable E[Y?| X] is almost surely bounded by m?. We can get rid of the invertibility
assumption completely, by replacing matrix inverses by their corresponding Moore-Penrose inverses.



1. Denote a data sample of n 4+ 1 points by Sp+1 = (Xi,Y;)?jll and let Sq(;jl) denote the
sample Sp11 without the j-th input-output pair (X;,Y;). Show that we may rewrite the

expected risk of any estimator f = f[Sp] as follows:

A~

ESnfR(fA[Sn]) = ESn+1 (f[Sn] (Xn—l—l) - Yn+1)2-
Show that for any estimator f = f[(X1,Y1),...,(Xn,Yy)] we have

o 1 n o 9
B, X0 = Bsu | 7g 2 (8121560) - %))
7j=1

2. Let w = w[Sp+1] be the OLS estimator computed on the sample Syp41. Using the previous
part of this exercise, show that the excess risk (1) can be upper bounded by

BR(f)- inf R((w,) < B,y |- SIS ~ ¥9)? — (X 0{S] - V)

weR4

3. Using part 2 of this exercise, suggest an estimatorf such that

. ) 2m?2d
ER(f) = nf R({w) <=

You may use the fact that for any j=1,...,n+1,

X @[Spi1] = (1= hy) X @[SS7] + h;Y5,

where h; € [0, 1] is the j-th leverage score’ defined by

n+1 -1
hj =X (Z XZ-X;> X;.

=1

Exercise 6 (Optional: Stability of OLS predictions). Prove the fact used in part 3 of the
previous exercise. That is to say:

Let the fized design matriz X € ROTDX4 contain n+1 rows xlT andlety = (Y1,...,Y,41) €
R"*! denote the vector of observed response variables. Let i = (X T X)™'X Ty denote the
OLS estimator computed on the (n + 1) data points.

Consider removing the data point (x;,Y;) and computing the OLS estimator

g = (XX ) Xpves
where X(_j) € R™*? is q matriz obtained by removing the j-th row of X, and Y—j) ER" isa
vector obtained by removing the j-th entry of y.
Show that for any j =1,...,n+ 1 it holds that

z) W= (1= hj)z] by + hyY;,

where hj € [0,1] is the j-th leverage score defined by
hj =z, (X' X) 'a;.

Hint: use the Sherman-Morrison® formula, stating that for any invertible square matrix
¥ € R¥™4 gnd any vector © € R we have
Y lgz Tyt

1
S4a’) =vlo
( o 1+ 1

’https://en.wikipedia.org/wiki/Leverage_(statistics)
3https://en.wikipedia.org/wiki/Sherman-Morrison_formula
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