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P1. Let (X,%,u,T) be a measure preserving system and let f € L?*(X). Let us be the spectral
measure of f with respect to Ur, and let Prf be the orthogonal projection onto the closed
subspace of T-invariant functions in L?(X, u1). Show that:

(a) s ({0}) = I|Prfll5-
(b) If the system is ergodic, then: ps({0}) =0 if and only if [ f du = 0.

(c) ps(T) = [I£13.

(a) We want to compute

Notice that

N-1
Ligy(z) = lim — > e(na),
n=0

N-1

s ({0}) = ngnooﬁz / na) dpg(a) = Jim < ST f)

n=0

Now, write f = Prf+ forg Where forq is the coboundary part of f. Using the mean ergodic
theorem and orthogonality, we get that

N-1

({O}) hm % Z <TnPTfa PTf> + <Tnfergv PTf> + <TnPTf, ferg> + <Tnfergv ferg>
'
= ]\}i_r)noo N nzo <PTf7 PTf> <Tnferg7 ferg>

= (Prf,Prf)=|Prfl|s.

O
(b) Recall the mean ergodic theorem for the ergodic case. If T is ergodic, then Prf = [ f dp.

Thus ) )
o= [rau| = ([ran).




from which the equivalence follows. O

(c) Using the spectral theorem we have that

W(T) = /T dug = (ULF. ) = (f ) = |12

O

In the following 3 exercises, H is a separable Hilbert space, and for any w € H, we denote by H,, the
subspace generated by w, and we define x,(z) = e*™"®. We define a unitary operator U : H > H.
Recall that the spectral measure g, of w with respect to U is a finite Borel measure on T = R\ Z,
uniquely determined by the following property

(UMw,w) = /Txn(x)duw(az) Vn € Z. (1)

Additionally, one can show that using this measure we obtain a unitary isomorphism H,, = Liw (T)
where the action of U on H, corresponds to the action of M,, on sz (T) and w corresponds to
1e Liw (T), and where M, is the unitary operator given by M,, : f € Liw (T) — x1f € L2 (T).

P2. Let w,z € H. Show that there exists a complex signed measure i, . such that

(U™w, z) :/Xnd,uw,z Vn € Z.
T

1
Recalling the polarization identity: (w,z) = 1 S8 _oi¥|lw + ¥ 2|2, one can identify a suitable
1
candidate for the sought-after measure p,, .. Set p, . = 1 Zi:o i* 11y, ik

By the spectral theorem, for n € Z we obtain

3 3
1 . 1 . . .
/T i =334 / Xotayins = 3 3 UM+ )0 i),

Next, we observe that for any k& we have the following expression

(U™ (w +i*2),w +i*2) = (U"w, w) + i*(U"z,w) + i H (U w, 2) + (U"z, 2).

Note that 22:0 ik = Zi:o i?k = 0. Therefore, the first, second and fourth term drop out and
we obtain

3

1
A‘X”dﬂw’z =1 Z(U“w,z) = (U"w, z),

k=0

as desired. O

P3. Let A € T, 0 # w € H. Show that w is an eigenvector of U for eigenvalue y1(\) if and only if
tw = ||w||?6x, where dy is the Dirac measure at the point \.



For the forward direction, assume that w is an eigenvector of U with eigenvalue y1(\). By the
unitary isomorphism, this implies that 1 is an eigenvector of M,, with eigenvalue A, which
gives that

M1 =\"L.

Note that X7 = Xn, so MY, 1 = x;,1, and thus py-a.e., A" = x, holds. This implies that

T T

Define the measure v := [|w|[?d), from which we observe that A\"||w||* = [ xndv. Recalling
that every character of T is of the form x,,, we have shown that the measures v and u,, agree on
characters, which implies that they agree on trigonometric polynomials. By Stone-Weierstrass
they agree on C(T). By density, they agree on L?(T), which contains characters, and so
pw = ||w]|*8, as desired.

For the other direction, we assume that p,, = |[|Jw||?d for A € T. Since we have a point-mass
measure, this implies that py,-a.e., xn = xn(A) for all n. In particular, x; = x1(A) holds
pw-a.e., which shows that 1 is an eigenvector of M,, with eigenvalue x1(A). By the unitary
isomorphism H,, = Liw (T), this implies that w is an eigenvector of U with eigenvalue xi()),
as claimed. O

P4. In this exercise, we give a slightly different proof of Wiener’s lemma.

Let p be a finite Borel measure on T and pp(p) == [1 Xndp.
(a) Show that p has at most countably many atoms which we denote by z1, z2,. ...

This follows directly from g being a finite measure as this implies that for any § > 0 the
set of atoms z with p({z}) > ¢ is finite, which in turn gives the claim (by applying this

with § = l) O
n
(b) We define the function Dy € C(T) by

N
Dy = Z Xn-
n=—N

Show that Dy is real-valued and that it can also be written as

2N +1 ifx=0eT
Dy (x) = q sin ((N + 3)27z) 0
sin ()

Moreover, show that it satisfies

/TDN(a:)dx =1



The case x = 0 follows immediately from the definition of Dy.

For x # 0, we recognise that Dy is a geometric series and using the standard relation

29 —_e —10
sin(f) = — we obtain our claim
1
N . | |
DN(JI) _ Z (627rz:c)n _ 672me(1 4ot (62mm)2N)
n=—N

— 6727riNx (627riac)2N+1 -1

e27rix -1
e2mi(N+3)z _ o—2mi(N+3)z

eT(’i$ _ e—7riz

sin ((N + 3)27z) .

sin (7x)
Finally, for the integral we proceed as follows
N N N
/ Dy (x)dz = / Z Xn(z)dz = Z / Xn(z)dz = Z Iioy(n) = 1.
T T, —N n=nN"YT n=—N
O
(c) Show that any finite measure v on T satisfies the following

1 N
i n(V) = . 2
Jim o ZNP (v) = v({0}) (2)

—

‘We have

N

1
d Dydv.
2N+1n;Np"(V 2N+1 Z /Xn V= /QNH Ndv

1
By part (b), we know that IN T 1DN converges to 0 for x # 0 as N — oo, it is bounded

by 1 and is equal to 1 for £ = 0. Therefore, by the Dominated Convergence Theorem, we
obtain

N
Jim 2N ; /T]l{o}du = v({0}).

O]

(d) Denote by A = {(t,t)|t € T}. Let v be the push-forward of the product measure p x p
on T? under the map (t1,t2) € T? — t; —ts € T. Show that v({0}) = p x u(A) and

pa(v) = |pn(p)?.

By definition, for any measurable set A C T, we have v(A) = u x u(D~1(A)), where D is
the difference map D : (t1,t2) € T2 + t; — ta € T. Observe that D~1({0}) = A, so the
first claim follows immediately.

For the second claim, note that for any simple function f = 14 for A C T measurable,



the following identity is satisfied:

/deu—/TQfoDd(uxu).

Therefore, this identity also holds for any linear combinations of simple functions, and
therefore for any L'-function, which follows by density. In particular, we can take f = y,
and using Fubini’s Theorem, we conclude

pn(v) = /Txndu = /TQ Yn o Dd(p x 1)
= [ [ xatts = t)uten)dute

/ / o (11X (E2) a1 ) (1)

= pa(1)Pn(1e)
= |pn(p)[*.
O
(e) Show that u x u(A) =322, u({x;})? and deduce Wiener’s lemma:
. 1 S >\ 2
Jin gy 3 Il = Loncte) Q

Using Fubini’s Theorem once again, we have

b (L) = /T /T 1 (b1, ) dp(tr)du(ts) = /T u({t2})dp(ts).

By part (a), the last integrand is non-zero on the countable set of atoms we identified,
and so we obtain

/ u({t2))dpa(ts) / Zn{x (t2) ({12} dp(t2)

= ZM({%})2
i=1

as desired. Finally, using parts (c) and (d), we deduce Wiener’s lemma

1 N 1 N
l’m 2 — 1,[[
Nveo 2N + 1 ZN [Pn ()] Nvso 2N + 1 ZN?’”(”)
n=— n

—uy
= px p(d)

o0

= Z ({xz})

=1




