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P1. Let (X,B, µ, T ) be a measure preserving system and let f ∈ L2(X). Let µf be the spectral
measure of f with respect to UT , and let PT f be the orthogonal projection onto the closed
subspace of T -invariant functions in L2(X). Show that:

(a) µf ({0}) = ∥PT f∥22.
(b) If the system is ergodic, then: µf ({0}) = 0 if and only if

∫
f dµ = 0.

(c) µf (T) = ||f ||22.

In the following 3 exercises, H is a separable Hilbert space, and for any w ∈ H, we denote by Hw the
subspace generated by w, and we define χn(x) = e2πinx. We define a unitary operator U : H 7→ H.
Recall that the spectral measure µw of w with respect to U is a finite Borel measure on T = R \ Z,
uniquely determined by the following property

⟨Unw,w⟩ =
∫
T
χn(x)dµw(x) ∀n ∈ Z. (1)

Additionally, one can show that using this measure we obtain a unitary isomorphism Hw
∼= L2

µw
(T)

where the action of U on Hw corresponds to the action of Mχ1 on L2
µw

(T) and w corresponds to
1 ∈ L2

µw
(T), and where Mχ1 is the unitary operator given by Mχ1 : f ∈ L2

µw
(T) 7→ χ1f ∈ L2

µw
(T).

P2. Let w, z ∈ H. Show that there exists a complex signed measure µw,z such that

⟨Unw, z⟩ =
∫
T
χndµw,z ∀n ∈ Z.

P3. Let λ ∈ T, 0 ̸= w ∈ H. Show that w is an eigenvector of U for eigenvalue χ1(λ) if and only if
µw = ||w||2δλ, where δλ is the Dirac measure at the point λ.

P4. In this exercise, we give a slightly different proof of Wiener’s lemma.

Let µ be a finite Borel measure on T and pn(µ) :=
∫
T χndµ.

(a) Show that µ has at most countably many atoms which we denote by x1, x2, . . . .

(b) We define the function DN ∈ C(T) by

DN =
N∑

n=−N

χn.
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Show that DN is real-valued and that it can also be written as

DN (x) =


2N + 1 if x = 0 ∈ T
sin

(
(N + 1

2)2πx
)

sin (πx)
if x ̸= 0

Moreover, show that it satisfies ∫
T
DN (x)dx = 1.

(c) Show that any finite measure ν on T satisfies the following

ĺım
N→∞

1

2N + 1

N∑
n=−N

pn(ν) = ν({0}). (2)

(d) Denote by △ = {(t, t) | t ∈ T}. Let ν be the push-forward of the product measure µ× µ on
T2 under the map (t1, t2) 7→ t1 − t2. Show that ν({0}) = µ× µ(△) and pn(ν) = |pn(µ)|2.

(e) Show that µ× µ(△) =
∑∞

i=1 µ({xi})2 and deduce Wiener’s lemma:

ĺım
N→∞

1

2N + 1

N∑
n=−N

|pn(µ)|2 =
∞∑
i=1

µ({xi})2. (3)
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