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a) Show that any factor of an ergodic system is ergodic. Find an example of a non-ergodic
system with an ergodic factor.

b) Prove that the systems X = (T, B(T), mt, Ry) and Y = (T, B(T), mr, T2), where Ryz = z+«
(mod 1) and Tox = 2z (mod 1), are not isomorphic.

c¢) Now, consider systems X = (T, B(T), mr,Ty) and Y = (T2, B(T?), mq2, Ty x Ts). Prove that
they are isomorphic.

Let {ay}eeny € T. Show that there is an increasing sequence (ng)reny € N such that for every
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where for ¢ € T we denote ||t||r = min(1 — ¢, ).
[Hint: Use Poincaré’s Recurrence Theorem in a convenient group rotation.

In this exercise, we consider two explicit examples of a Haar measure. Additionally, briefly argue
why the provided groups satisfy the properties required by Haar’s Theorem.

a) Consider the group G = SL,(R), which we can view as a closed subset of Mat, ., (R) = R™.
Let A denote the Lebesgue measure on Mat,x,(R). For a measurable A C G, we define

ma(A) = A({tg|t € [0,1], g € A}).

Prove that mg is a left Haar measure on G.
Is m¢ also right-invariant? If yes, provide a proof. If not, provide an example of a right
Haar measure.

b) Consider the group H = { [8 11)] ’a € R\ {0}, b € R}. Recalling that we can define
measures in terms of how they integrate integrable functions, show that the measure mpg
defined by dmpy = —dadb defines a left Haar measure on H.

a
Is mpyg also right-invariant? If yes, provide a proof. If not, provide an example of a right
Haar measure.
Let (X, %, u, T) be an ergodic measure preserving system, and let « € (0, 1) such that e(«) is an
eigenvalue. Show that there exists a non-trivial group rotation that is a factor of (X, %, u,T).

[Hint: When a = r/q is rational (with ¢ minimal among all such rational eigenvalues), construct
a T'%invariant set B such that pu(B) =1/q.]



