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P1. Let (X,4%,u) be a probability space, &/ C % be a o-algebra and f € L'(X,%,u) be a real-
valued function. Let m = infyex f(y) and M = sup,cx f(y). Show that E(f | &/)(z) € [m, M]
for almost every = € X.

Notice that it is enough to prove just the lower bound as the upper bound follows from taking
—f. For € > 0, define

Ac={z e X |E(f | &)(z) <m—¢€} € .

Then, notice that
mp(A) < [ fau= [ B | )i < o= (),

which implies p1(A¢) = 0. Then we notice that

() Aix = {z € X |E(f | #)(x) < m}
keN

has measure zero, concluding.

P2. Let (X, %, ;1) be a probability space, &/ C 2 be a o-algebra and f € L'(X, %, ). Show that
E(f | &) ()| <E(|f] | o)(x)
for almost every xz € X.

By splitting f into its real and imaginary parts, we may assume that it is real-valued. Let
A € o be the set in which the desired inequality fails, and let Ay = {x € A | E(f | &) > 0}



and A_ ={x € A|E(f| /) <0}. Assume by contradiction that p(A) > 0. Then we have

J B V) - /|<f|w>rdu+/ E(f | )] dps

‘/ flﬂfdu' ‘/ f\%du‘
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§/A+|f|du+/A|f|du

:/ E(\fl\ﬂf)dlﬂr/ E(|f] | ) d
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— [ 11 ) du< [ B 2] di
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which is a contradiction, concluding.

P3. Let (X, o, 1) be a probability space, # a sub-c-algebra of 7, and x — u, the disintegration of

1 with respect 2.

(a) Prove that for all A € &, py(A) = 1a(zx), for u-almost every z € X.

Let A € A, notice that x — p,(A) and z — L4(x) are HB-measurable. Thus, it suffices
to prove that for every B € 4,

/B a(A) dp(z) = /B 14(2) dpu(z).

By definition of conditional expectation we have that

/ Ho(A) du(z) = / (14 | #)(x) du(x) = / L4 dp = p(AN B).
B B B

(b) Prove that the measures p, are constant on almost every fiber, namely that for u-almost
every ¢ € X,
fy = fbz, for pg-almost every y € X.

Let F be a countable family of bounded Borel functions on X that is dense in L*(v) for
every probability measure on X. It suffices to prove that for f € F, for p-a.e. x € X,

/ fdpy = / fduy, for p, — almost every y € X.
X X

For a given z € X, both sides of this relation are functions of y with respect %. Thus it
suffices to check that for every A € #

/ / F dpydpia(y) = pa(A / f dpe.

Again, both sides of the equation are functions of z, measurable with respect %. Thus,




it suffices to prove that for B € 4

/B/A/Xf d/‘yd”x(y)d/‘(w)_/BMI(A)/deuxdu(a;).

Notice that by definition of conditional expectation applied twice

/ / / [ dpydpa (y)dp(z / / (nA / fdﬂy) dps(y)dp()
= [ 1@ [ 1 (o)
[ [t

= fdp(z).

ANB

Meanwhile, the right side:
) [ 1 duscduta) = [ 1@ | #)(@) dute)
= f du(z),
ANB

where we used the previous part in the first equality.

(c¢) Now suppose that (X, .o/, u,T) is an invertible measure-preserving system and that 2 is a
T-invariant sub-o-algebra. Prove that

Tz = pre,
for p-almost every x € X.

The result follows from the definition of conditional expectation, namely the relationship

/B fdp = /B E(f | #) du(w),

the invariance of 4 under T', and the invariance of y under 7" imply that

/Bfonuz/BlE(fI%)onu(w),

which simultaneously implies that E(f o T | ) =E(f | ) o T p-a.e..




