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P1. Let (X, %, u,T) be a measure preserving system and f € L?(X). We say that f is a compact
function if {UZf |n € N} is compact as a subset of L? with the standard norm topology. We
denote the set of all compact functions by Hcom,.

(a) Let ¢ : L?(X) x L?(X) — L?(X) be a uniformly continuous map that commutes with T,
ie. o(Tf,Tg)=Te(f,g). Prove that if f,g € Heom, then o(f, g) € Heom.-

Let f,g € Heom and fix € > 0.We want to show that ¢(f,g) € Heom or equivalently, we want
to show that

{UFe(f,9) In € N}
is totally bounded in L?(X).

By uniform continuity, let § > 0 be such that if f1, f2,91,92 € L*(X) and ||f1 — f2|] <
8, llgr — g2l < 6, then [lo(f1,91) — ¢(f2, 92)|| <e.

Since f € Heom, by definition {UZf |n € N} is compact in L?, and hence it is totally bounded.
The same holds for g. Therefore, let {W;} and {V;} be finite covers of the orbit closures of
f and g, respectively, by balls with diameter less than ¢. In particular, for all n, there exist
i(n), j(n) such that T" f € W, and T"g € V().

Since ¢ commutes with T, it follows that T"¢(f,g9) = @(T"f,T"g) € ©(W;,V;), where
(Wi, V) = {e(w,v)|w € W, v € V;}. By construction, ¢(W;, V;) has diameter at most
e, and moreover, {Ufp(f,g)|n € N} C U” ©(W;,V;). This implies that the orbit of ¢(f,g)
is contained in the union of finitely many sets with diameter at most ¢, and thus, it is totally
bounded. Hence, ¢(f,g) € Heom, as desired. O

Now, recall that in the Jacobs-de Leeuw-Glicksberg decomposition we encountered the space

Heig = span{f € L?(X)| f is an eigenfunction}.

(b) (Optional) Prove that Heom = Heig-

First, we need to show that Heom is a closed subspace of L?(X). By applying part (a) with
o(f,g9) = f + g, we see that H.om is a subspace.

To show that it is closed, let f € Hcom. We need to show that f € Heom. Let € > 0, and take
g € Heom such that ||f —g]| < 7 Then, as the Koopman operator is an isometry, we also have
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|| f — T"g|| < 2 VYn € N. Since g is compact, its orbit is totally bounded, meaning that

there are finitely many points x1, ..., 2, such that the orbit of g is contained in | J;_, B%(xl)
By the triangle inequality, it follows that the orbit of f is contained in |J;_; Bs(x;), and since
€ was arbitrary, it follows that f is compact, as desired.

Notice that every eigenfunction is trivially compact, and so, since Hcopm, is a closed subspace,
it follows that Heig € Heom-

Showing the reverse inclusion is the hard part of this exercise. We proceed as follows. Let
f € Heom. By definition, Y = {UZf|n € N} C L*(X) is compact and invariant under the
Koopman operator. Since the Koopman operator is an isometry, the pair (Y, Ur) defines a
compact metric space endowed with an isometric homeomorphism. Moreover, it is topologically
transitive as it contains a dense orbit. Therefore, (Y, Ur) is a transitive, isometric topological
system, and so, a standard result from topological dynamics says that we can endow Y with
the structure of a compact abelian group. More precisely,we define the group law as follows:
for g,h € Y, suppose that U f — g, UF'f — h. Then, g - h := im U™ f. Moreover, we
can take f to be the identity and ¢ : Y — Y to be the rotation by the element Urf € Y.

So, we can think of Y as a compact abelian group Let v be the Haar measure on Y. For each
character x of Y, define the function fy, = [ x(y)ydv(y). It can be easily checked that f is
an eigenfunction for the Koopman operator and more generally, for any function £ € L (X),
we define the function fe = [i, &(y)y dv(y

Since we can approximate any L™ functlon by finite linear combinations of characters, we can
take £ to be the normalized indicator function of B,(f), where > 0 is chosen sufficiently
small. If we let r — 0, then it is evident that f¢ — f in L?. Therefore, we can find a sequence
of finite linear combinations of eigenfunctions which converges to f in L?, and so f € Heig. [

In the course we showed that (X, %, u,T) is a Kronecker system if and only if it is isomorphic
to an ergodic group rotation.

The system (X, %, 1, T) has a discrete spectrum exactly when L?(X) = He;g (Why?).

Therefore, having in mind part (b), another important equivalent characterisation of Kronecker
systems is that (X, %, u,T) is a Kronecker system if and only if (X, %4, u,T) is a compact
system, i.e. every f € L?(X) is a compact function.

(c) Use this equivalent characterisation of Kronecker systems to prove the following result:

Let (X, %, 1, T) be a Kronecker system, let £ € N and f € L>°(X) be real-valued. Then,
Ve > 0, the following set is syndetic:

k
{neN/HU%ifdu>/fk+ldu—5}.
X0 X

You may use the following standard lemma:s:

Lemma 1. Let X be a compact metric space, T : X — X an isometry, and let x € X.
Then, for any open neighborhood U C X of x, the set {n € N|T"x € U} is syndetic.

[Hint: Show that the set in question is a superset of a syndetic set.]
By rescaling we may assume that || f||oc < 1. Since (X, 8, u, T') is a Kronecker system, by

the equivalent characterisation, it is a compact system, and so f is a compact function.
Therefore, by applying Lemma 1 with {ULf |n € N}, the point f € {U]Lf|n € N} and the
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open ball around f of radius 72

it follows that the set M = {n € N|||[T"f — f|| < %}
is syndetic.

Using the triangle inequality and a telescoping sum, and recalling that UF is an isometry,
we notice that Vn € M and ¢ =0, ..., k, we have

T f — fl| < || T f — TR f|| 4 || 7D f - @D gy g T f — f]] = 4| T — £
€
< Zﬁ

<

™

Now, take Io(n) = [y [1r_o Ui fdu = [ fI15, U fdpand I1(n) = [y f2T15, UF fdpu.
Observe that

k
om) = 1) = [ - @pf = 1) T[0F o
i=2
Since ||f|looc < 1 and ||T™f — f|] < % for all i € {0,...,k}, by applying the Cauchy
Schwarz inequality with f - Hf:z Uzt f and URf — f, we obtain

[Io(n) = [i(n)| < - == Io(n) > I1(n) —%

k k

ni ni €

— /Xf-||Udeu2/Xf2~||Udeu—k
i=1 =2

™

By repeatedly applying the Cauchy-Schwarz inequality in the same manner with I;(n) =
[y f7H Hf:jﬂ U fdu, we obtain that Vn € M

k k k k
. . . £ . 2e
UM fdy = X UM fdu > 2 UM fdy — = > 3, UM fdy — ==
/Xngu /Xfil;[leu_/Xf [Tursan =/ [[oF a5
Z"‘Z/fkﬂdu—e.
X

This shows that M C {n e N| [y Hf:o U fdp > [y fFdp — 5}, and since M is
syndetic, this concludes the proof. ]

P2. The purpose of the previous exercise is to combine it with the Jacobs-de Leeuw-Glicksberg
decomposition and prove a celebrated result from Combinatorial Number Theory due to Roth:

Theorem 1 (Roth, 1953). Let A C N have positive upper density, i.e.

d(A) := lim sup A0l N

N—oo

> 0. (1)
Then, A contains a 3-term arithmetic progression.
A famous result in Ergodic Ramsey Theory due to Furstenberg (1977), known as Furstenberg’s

Correspondence Principle, allows us to reduce Roth’s Theorem to the following result about
measure preserving systems:



Theorem 2. Let (X, A, u,T) be an ergodic measure-preserving system and let A € B such that
p(A) > 0. Then, 3n € N such that W(ANT"ANT 2" A) > 0. In fact, we have

N
. 1 -n —2n
N_%@}OON_ n_EMu(AﬂT ANT™"A) > 0. (2)

The aim is to prove Theorem 2, and thus Theorem 1.

(a) Let (X, %, u,T) be a measure preserving system, let f € L?(X) and let f = foom + fuwm be
the Jacobs-de Leeuw-Glicksberg decomposition of f. Show that if f takes values in [0, 1],
then so does feom.-

[Hint: Use part (a) of exercise 1 with the functions min(f, g) and max(f, g).]

Let fo = Rfcom denote the real part of feo,. Since the orbit closure of fy is the real part
of the orbit closure of f.om, and R : L? — L? is a continuous map, it follows that fy is
compact.

Heom contains the constant functions, and so by part (a) of Exercise 1, fi = min(fp, 1) €
Heom and consequently fo = max(f1,0) € Heom. Notice that fo takes values in [0, 1], and
moreover, ||fo — f|| < ||feom — fl|- This further implies that

Lfe = Al < [l = FIl < [l fo = fII < [ feom — fII.

By the Jacobs-de Leeuw-Glicksberg decomposition f — feom € Huwm, and so f — feom L
Heom, which in particular means (f — feom, feom — f2) = 0. Therefore,

Hf_fcomHZ > Hf_f2H2 = Hf_fcom"'fcom_JCQH2 - Hf_fcomH2+ chom_fQHQ-

This implies that || feom — f2||?> = 0, which means that f.,m = fa € [0,1], as desired. [

(b) (Optional) Prove van der Corput’s lemma: let H be a Hilbert space and let (uy,)nen be a
bounded sequence taking values in H. Show that if

then

Note that the same statement holds for uniform Cesaro averages.

By boundedness, we can rescale the sequence, so that |lu,|| < 1. We prove the quantita-
tively precise and more useful estimate

2

1 1 1 Cy (C3H
72“71 Siz 7Z<un+haun> + =+
N H heti NngN H N

valid for any 1 < H < N and some absolute constants C7, Cy, Cs that will be calculated
throughout the proof (the constants are unimportant in general). The statement follows




easily by taking N — +oo and then H — +o0. For each h € [1, H| N Z, we have

1 1 h
— Up — —— U, < =<

2z

and averaging over all h < H, we get that

1 1 1 H
Nzun—ﬁZNzun—i—h SN (3)
n<N h<H n<N

Applying the triangle inequality and then Cauchy-Schwarz, we conclude

2

i v e =y X g e

h<H n<N n<N h<H

2

2

< %Z %Zum < .

N ﬁ Un+h|| - (4)
n<N h<H

We expand out the right-hand side as

% Z % Z <un+h1’un+h2>

n<N 1<hi,ho<H

The diagonal contribution hi = hso is equal to

Y S el < 7

n<N h<H
since all terms are bounded in magnitude by 1.

For the off-diagonal contribution, we use symmetry to get that

1

N Z % Z (Un+h17un+h2> < % Z % Z

<un+h1 y Un+ho > =
n<N 1<hi,ho<H

n<N 1<hi<ho<H

p 1 2 1

2 Z N Z <un+h1aun+h2> < H2 Z N Z <Un+h1,un+h2> ’
1<hi<he<H =~ n<N Ishi<hosH|  n<N

Observe that

1 1
N Z <un+h1 9 un+h2> - N Z <u7’L7 Un+h27h1> S
n<N hi+n<N+hy

2H
N b
n<N




where we used the triangle inequality for the first inequality and bounded trivially each
term by 1.
Using this inequality, we get that the off-diagonal contributions is bounded by

2 1 2H
0 Z N Z (Uny Unthy—hy) | + N <

1<hi<ho<H n<N

2H

2 1
i7e) Z N Z (Un, Untho—ny) | + N

1<hi<ho<H n<N

The difference hy — hy takes valuesin 1,... H — 1 and a simple counting yields that every
r in this range occurs as the difference of H — r pairs. Therefore, we may rewrite the
right-hand side as

2 2H 2 1 2H
2 Z (H—=r) |+ Z (uns Untr) TN SF@ I (Un, Ungr) Ty =S
1<r<H-1 n<N 1<r<H-1 n<N
2 1 < > " 2H n 2
H N Un, y Un4r N H

Using this, as well as the contribution from the diagonal terms, we deduce from (4) the
bound

2
EOOR DN P15 LS AP It 36

h<H n<N 1<r<H n<N

Using (3) and the triangle inequality, we deduce that

2
T | <5 Y S )| +3 (R ).

n<N h<H n<N

(c) Let (X, %, u,T) be an ergodic measure preserving system, and let f, g € L?(X). Show that
if f or g (or both) is weak-mixing, then

lim Tf-T*g =
NM—>ooN MZ I 9=0

in norm.
[Hint: Use van der Corput’s Lemma for uniform Cesaro averages with the sequence u,, =
Tnf . T2ng‘]



Following the hint, we first obtain

<un+haun> — /)V( Tn+hf X T2n+2hg . Tn? . T2n§d/$ — /){ Tn(Thf X ?) . T2n(T2hg . g) d[L
= [ p @y
—/ Fh-T"Ghd,u,
X

where we set Fj, = T"f-f, G}, = T?"¢-g. Using ergodicity and the Mean Ergodic theorem,
by taking a uniform Cesaro average in n, we obtain

N
1
If 3 D= [ F .
N_ﬂﬁasz-AJn_kf“”+m1L> f; hd“]g‘;hd“

Since both sequences h fX Frpdp and b — fX Gpdp are bounded by the Cauchy-
Schwarz inequality, and since Ye > 0, the one associated with the weak-mixing function
is smaller than ¢ in a set of full density (this follows by the definition of weak-mixing),

we obtain
1 R
lim sup — Z lim sup Z (UpthsUn)| < €.
Hotoo H (G2 Novboo [N =M =

for every € > 0. Therefore, we can apply van der Corput’s lemma to obtain that

1
y
N-Mosoo N — M

N
Z TnfT2ng:0
n=M

in norm, as desired. O

(d) Let (X, %, u,T) be an ergodic measure-preserving system and let A € £ such that pu(A) >
0. Prove that

N
‘ 1 —-n —2n
NI%WN_Mn_gMu(AOT ANT™"A) > 0.

[Hint: Use part (c) of exercise 1.]

Our efforts in this exercise sheet come to full fruition in this exercise, where we put
everything together and prove Theorem 2. The main idea is to use the Jacobs-de Leeuw-
Glicksberg decomposition on the indicator function 1 4. To that end, let 14 = fum+ feom,
from which we obtain



WANT"ANT 2"A) = [ 14 Tl -T?1adp

Ty- Tn(fwm + fcom) : TQn(fwm + fcom) d:u

I
———

Tg- Tnfwm : T2nfwm d,u + / 1y Tnfwm : T2nfcom d/J
X

+ / 1yg- Tnfcom : T2nfu)m dH + / 1g- Tnfcom : T2nfcom dH
X X

The strategy for the proof is to show that the last term has a positive average, whereas
the other three terms have an average of 0.

By part (a) of Exercise 2, we know that since f = 14 € [0,1], feom € [0,1]. Moreover,
since the constant functions are compact, we have that 1 L f,,,,. Therefore,

/ Jeom dp fcoma > = <]lAa 1) = M(A) > 0.

Therefore, feom # 0 a.e., and so by applying part (c) of Exercise 1 with k = 2, we obtain

N
N—l]lz?lmo N —-—M Z]:W/Xfcom .Tnfcom 'Tancomd,U > 0.
n=

Since foom € Heom, it is straightforward to see that also T™ fuom - T?" feom € Heom, and

we obtain that T feom - T?" feom L Huwm. In particular, for all n, T™ feom - T feom L fuwm
and thus

; n 2n
Nfl]l\}n*moN M Z/ ILA T fcom T fcomdﬂ>0 (5)

Finally, we apply part (c) from Exercise 2 to the other three terms, and obtain

N
; n 2n
Nflll\/[nlﬁoo N IlA T fwm T fwm d,LL - 0 (6)
=M
N
“T" fum - T2n com =Y
e ;;/ AT T o =0 g
N
]1 -T" com’Tzn wmd = Y.
NIJI\?LOON M - AT Jum dp =0 (8)
Adding (5), (6), (7) and (8), yields the desired result. O



