
Dr. Domenico Valloni EPFL, fall semester 2025
Dr. Alapan Mukhopadhyay AG II - Schemes and sheaves
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Solutions – week 4

Some notation. We introduce some notation needed for exercise 1 below.
Let A and B be N-graded rings. Let d ≥ 1. We define the graded ring

A(d) =
⊕
n≥0

And

and vd : A
(d) → A for the canonical inclusion as a subring. This subring is

called the d-Veronese subring.
We say that a ring map ψ : A → B is homogeneous of degree d if for n ≥ 0
An maps to Bdn

1. For example for the usual grading on Z[x] show that
x 7→ xd is homogeneous of degree d. Also, vd is homogeneous of degree d.

Exercise 1. Functoriality of Proj. Let A and B be N-graded rings. Let
ψ : A→ B be an homegeneous map of degree d for some d ≥ 1.
To the contrary of Spec, the functoriality of Proj is not evident. The reason
is that ψ−1(p) for a prime p ∈ Proj(B) may contain the irrelevant ideal A+.

(1) Show that

U(ψ) = {p ∈ Proj(B) | ψ(A+) ̸⊂ p}
is open. Namely show that it is the union of opens D+(ψ(f)) for all
homogeneous f ∈ A+.

(2) Find an example where U(ψ) is a non-empty open strict subspace of
Proj(B).

(3) Show that ψ−1 defines a map of schemes rψ : U(ψ) → Proj(A). Do
this by defining a map D+(ψ((f)) → D+(f) for all homogeneous
f ∈ A+ and then glue.

(4) Show that if there exists a k0 such that for all k ≥ k0 the map
Ak → Bdk is surjective then U(ψ) = Proj(B). Show moreover that in
this case rψ is a topological closed embedding with image V+(ker(ψ)).

(5) Show that if there exists a k0 such that for all k ≥ k0 the map
Ak → Bdk is an isomorphism then rψ is an isomorphism.

(6) Deduce that for any d ≥ 1 and for vd : A
(d) → A the map rvd is an

isomorphism.

Solution key. (2) For example ι : Z[x, y] → Z[x, y, z] the inclusion. Then
U(ι) = D+(x) ∪ D+(y). In particular (X,Y ) = [0 : 0 : 1] is not in
this open.

(3) We use that U(ψ) is a gluing

U(ψ) =
⋃

a∈A+ hom.

Spec(B(ψ(a)))

1Note that this means that the map factors through the d-Veronese subring.
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with gluing data is given by, at the dual level of ring of functions by
the natural maps

B(ψ(a))

B(ψ(a′)) B(ψ(aa′))

So to define a map out of U(ψ), it suffices to define a map from each
Spec(B(ψ(a))). To do this we glue the map induced by ψ

Spec(B(ψ(a))) → Spec(A(a)).

This glues because the following commutes as every map is giving
by the natural extension-restriction of ψ to these rings

A(a) B(ψ(a))

A(aa′) B(ψ(aa′))

A(a′) B(ψ(a′))

(4) We first show that U(ψ) = Proj(B). Let p ∈ D+(b) any point of
Proj(B) and some homegeneous b ∈ B+. Note that bdk0 is in the
image of ψ by hypothesis, which concludes.

To show that the map is a closed immersion, it suffices to show
that locally

Spec(B(ψ(a))) → Spec(A(a))

is a closed immersion. But therefore it suffices to show that the
underlying map of rings is a surjection. Because D+(a) = D+(a

N )
for any N ≥ 1 we can suppose that deg(a) ≥ k0. But then an
element of B(ψ(a)) is of the form b

ψ(a)n with deg(b) = dndeg(a). But

as Andeg(a) → Bdndeg(a) is surjective by assumption, we win.
Now we are left to show that the image is V+(ker(ψ)). It suffices

to show that it’s the image when intersecting to every D+(a). But
D+(a) ∩ V+(ker(ψ)) = V (ker(ψ(a))), which concludes.

(6) Same local trick. It suffices to show that it’s locally an isomorphism.
Enlarging degrees is again harmless.

□

Exercise 2. Basic properties of PnA.
Let A be a ring and A[x0, . . . , xn] the polynomial ring in n+1 variables over
A. We define PnA := Proj(A[x0, . . . , xn]).

(1) Show that Γ(PnA,OPn
A
) = A.

Note: this is a first instance of a more general fact about projec-
tive varieties and can be thought of as an algebraic instance of the
maximum modulus principle in complex analysis. See (3).
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(2) Assume that A = k, where k is an algebraically closed field. Show
that the closed points of Pnk are identified with (n + 1)-tuples [a0 :
. . . : an] satisfying the following properties:

• ai ∈ k for all i,
• not all ai are 0, and
• two (n+ 1)-tuples [a0 : . . . : an] and [b0 : . . . : bn] are identified
if there exists c ∈ k∗ such that bi = c · ai for all i.

In other words, the points are identified with (kn+1 \ 0)/k×, i.e.
linear subspaces of dimension 1 of kn+1.

(3) Let A = k be a field and B be a k-algebra. Show that every mor-
phism of k-schemes Pnk → Spec(B) is constant at the level of topo-
logical spaces with image a closed point which is k-rational.

(4) Let d be a positive integer and setm :=
(
n+d
d

)
−1. Use Exercise 1 and

monomials of degree d to define an everywhere defined morphism2,
that we call a d-th Veronese embedding of PnA

ψd : PnA → PmA .
(5) Let k be an algebraically closed field. Describe the image of a second

Veronese embedding ψ2 : P1
k → P2

k. Furthermore, using part (2),
describe the closed points of the image as triples [a0 : a1 : a2].

This was an hand-in exercise a previous year and solutions are attributed to
students who wrote them.

Solution key. (1) (Kangyeon) Let s ∈ Γ(PnA,OPn
A
). Then the restric-

tion s|D+(xi) is induced from f ∈ OSpec(S(xi)
)(Spec(S(xi))

∼= S(xi)
∼=

A[y1, · · · , yn] in the following way: if f(y1, · · · , yn) ∈ A[y1, · · · , yn],
then any p ∈ D+(xi) is sent to f(x0/xi, · · · , xi−1/xi, xi+1/xi, · · · , xn/xi) ∈
S(p). Thus it is of the form gi(x0, x1, · · · , xn)/xmi

i where gi ∈ A[x0, x1, · · · , xn]
is homogeneous with deg gi = mi ∈ Z≥0. Now for p ∈ D+(xi) ∩
D+(xj) = D+(xixj), we must have

gi(x0, x1, · · · , xn)
xmi
i

=
gj(x0, x1, · · · , xn)

x
mj

j

in S(p). As S(xixj)
∼= OSpec(S(xixj)

)(Spec(S(xixj))) is isomorphic to

OProj(S)(D+(xixj)), we see that above fractions are equal in S(xixj).
In other words,

(xixj)
n(gi(x0, x1, · · · , xn)x

mj

j − gj(x0, x1, · · · , xn)xmi
i ) = 0

in S. This forces

gi(x0, x1, · · · , xn)x
mj

j = gj(x0, x1, · · · , xn)xmi
i

as xixj is not a zero-divisor, and we see that xmi
i | gi(x0, x1, · · · , xn).

Thus by degree argument, gi(x0, x1, · · · , xn)/xmi
i ∈ A and they are

all equal by (1), so that s is induced from a ∈ A in a way that
s(p) = a/1 ∈ S(p). This map is obviously a ring homomorphism,

2Induce a map using Proj from an homogeneous map of degree d that sends monomials
of degree 1 to all monomials of degree d.
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which we have just shown to be surjective. Moreover different a ∈ A
give different element of Γ(PnA,OPn

A
), for if a/1 = 0 ∈ S(p) for every

p ∈ Proj(S), then the annihilator I of a is not contained in any
p ∈ Proj(S), so that I ∈ V (S+), and in particular x0a = 0 in S,
which forces a = 0. This we have an isomorphism A→ Γ(PnA,OPn

A
).

(2) (Mathis) Let x ∈ PnA be a closed point. x is contained in some
D+(xi) which is affine, so that x corresponds to a maximal ideal

of k[x0, ..., x̂i, ..., xn]
φi∼= k[x0, ..., xn, x

−1
i ]0. By weak nullstellensatz,

this corresponds to an ideal (x0 − a0, ..., xn − an) for some aj ∈
k, j ∈ {0, ..., n} \ {i}. This corresponds via φi to the homoge-
neous ideal (x0/xi − a0, ..., xn/xi − an). We thus associate the tuple
[a0, ..., 1, ..., an] to x with the 1 in the i-th coordinate. Suppose we
associate to it another tuple [b0, ..., 1, ..., bn] with 1 in the j-th coor-
dinate for x ∈ D+(xj). We have

φ−1
j ◦ ι−1

ji ◦ ιij ◦ φi(x0 − a0, ..., xn − an) = (x0 − b0, .., xn − bn)

= φ−1
j ◦ ι−1

ji (x0/xi − a0, ..., xn/xi − an)

= φ−1
j ◦ ι−1

ji ((x0/xj)aj − a0, ..., (xn/xj)aj − an, (xi/xj)aj − 1)

= (ajx0 − a0, ..., ajxn − an, ajxi − 1)

= (x0 − a0/aj , ..., xn − an/aj)

We deduce that bk = ak/aj (note we could divide by aj since x ∈
D+(xj) is equivalent to aj ̸= 0). This shows that the assignment of
x to the class of [a0, ...1, ..., an] under multiplication by k× is well de-
fined (ie independent of the chosen affine containing x). By construc-
tion not all coordinates are 0 (the non-zero ones correspond to the
affines in which x belongs) and they all belong to k. The assignment
is injective since if x, y are assigned to the same tuple [a0, ..., an],
then locally in some common affine D(xi) (such an affine must exist
by hypothesis since the set of non-zero ai corresponds to the affines
containing x, y), x and y both correspond to the same maximal ideal
so are equal. It is surjective for given a tuple [a0, ..., an], wlog we
have a0 ̸= 0 so we can take a representative [1, b1, ..., bn], and taking
the closed point of D+(x0) corresponding to (x1 − b1, ..., xn − bn)
gives a point associated to this tuple class

(3) (Dév) Using the Spec and global sections adjunction, we know that
maps Pnk → Spec(B) are in natural bijection with mapsB → OPn

k
(Pnk),

and by point (2), the global sections are isomorphic to k. Putting
this together with the fact that we are working with schemes over
Spec(k), we see that the set of maps Pnk → Spec(B) is in natural
bijection with section of the k-algebra structure map k → B. Now
we know that these are exactly the k-rational points B. Finally, us-
ing the naturality of the isomorphisms exhibiting Spec as adjoint to
global sections, we get that the maps Pnk → Spec(B) factor through
Spec(k) and must map to k-rational points of B.

(4) (Kangyeon) There arem+1-number of monomials of degree d in S =
A[x0, · · · , xn]. Thus we have a homogeneous ring homomorphism
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of degree d φ : S′ = A[x0, · · · , xm] → S by sending each xi to a
monomial of degree d. Then for k ≥ 0 each S′

k → Skd is surjective;
each monomial of degree kd can be split into k number of monomials
of degree d, which are images of x0, · · · , xm, so the original monomial
is in the image of S′

k. If k = 0 this is trivial. Thus from this we induce
a morphism of schemes from PnA to PmA .

(5) (Mathis) We use homogeneous coordinates according to part 3 of
this exercise. We pick the choice of bijection F as in the previous
part to be x0 7→ x20, x1 7→ x0x1, x2 7→ x21. Let x ∈ P1

k be de-
scribed by homogeneous coordinates [a : b]. It thus corresponds to
the homogeneous ideal (ax1 − bx0) in A[x0, x1]. The degree 2 part
of this ideal is (ax21 − bx0x1, ax1x0 − bx20) so that it maps through
ψ2 to (ax2− bx1, ax1− bx0) If a ̸= 0 this is (ax2− b2/ax0, ax1− bx0)
which corresponds to the coordinates [a : b : b2/a] = [a2 : ab : b2].
If b ̸= 0 we have (ax2 − bx1, ax0 − a2/bx1) which corresponds to
[a2/b : a : b] = [a2 : ab : b2]. Similarly c ̸= 0 gives the coordinates
[a2 : ab : b2].

□

Exercise 3. Finite covers of P1
C. Let n ≥ 1. Consider the self map cn of

C-schemes on Proj(C[x, y]) = P1
C induced by Proj from the C-algebra map

x 7→ xn and y 7→ yn on C[x, y].
(1) Compute the preimage by this map of D+(x) and D+(y), show it’s

affine.
(2) Compute all the fibers of the map.

Solution key. (1) The preimage ofD+(x) andD+(y) isD+(x
n) = D+(x)

and D+(y
n) = D+(y). The map on ring of functions is given the C-

algebra map given by sending y
x 7→

( y
x

)n
and x

y 7→
(
x
y

)n
. Now note

that C[tn] ⊂ C[t] is finite free of degree n. A basis being 1, t, . . . , tn−1.
(2) The generic fiber is C(xy ) because the generic point’s unique preim-

age is the generic point for dimension reasons. But let us also de-
duce as follows. Locally this amounts to compute the tensor prod-
uct=pushout of

C[x/y] C[x/y]

C(x/y)

x/y 7→(x/y)n

But note that localizing C[x/y] at the multiplicative (C[x/y])n \ 0
(where the power n here means elements of this ring that are the
n-th power) is the same as localizing by the multiplicative subset
C[x, y] \ 0. Indeed inverting an element or it’s n-th power is the
same. As for the fiber of closed points, say (t− λ) where t = x/y or
y/x seen in D+(x) or D+(y), we get

Spec(C[t]/(tn − λ)).
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So if λ = 0, we get a single non-reduced point and n-copies of
Spec(C) otherwise.

□

Exercise 4. Ramifications of a self map of P1.

• We say that a map of schemes f : X → Y is finite locally free if there
is a covering of Y by open affines Spec(Ai), with affine preimage
Spec(Bi), such that induced map Ai → Bi turns Bi into a finite free
Ai-module. When for every i the dimension of Bi is the same, say
d, we say that the map is finite locally free of degree d.

• We say that a finite locally free map X → Y is ramified at y ∈ Y if
the geometric fiber Xy is not reduced.

(1) Show that the self map cn from exercise 3 is finite locally free of
degree n and identify it’s ramification points.

(2) Let R be a ring. Show that the map induced on P1
R = Proj(R[x, y])

by the R-algebra self map x 7→ ax + by and y 7→ cx + dy is an
automorphism if ad− bc ∈ R×. We denote this map m(a,b,c,d).

If R = C and if we identify P1
C(C) = C ∪ ∞, how is this map

expressed on C-rational points?
(3) Consider the composition

P1
C

cn−→ P1
C

m(1,−1,1,1)−−−−−−−→ P1
C

c2−→ P1
C.

Show it’s finite locally free of fixed degree. What is the degree?
What are the ramification points? Compute scheme theoretic fibers
at all ramification points.

This was an hand-in exercise a previous year and solutions are attributed to
students who wrote them.

Solution key. (1) (Kangyeon) The preimage ofD+(x) ∼= Spec(C[x, y](x)) ∼=
Spec(C[t]) (by identifying t = y/x) under cn is D+(x

n) = D+(x) =
Spec(C[s]) and the same for y. The induced morphism of C-algebras
C[t] → C[s] is given by t 7→ sn. Thus C[s] is freely generated by
1, s, · · · , sn−1 as C[t]-module, and the same for y. Thus cn is locally
finite free of degree n.

Let p ∈ P1
C be a point. If p ∈ D+(x) ∼= Spec(C[t]), the

fiber is locally of the form Spec(C[s] ⊗C[t]
¯k(p)). Since p is a closed

point the form (t − λ) or the generic point (0), we compute each
geometric fiber. In the first case, k(p) = C[t]/(t− λ) ∼= C is already
algebraically closed, hence the tensor product is C[s]/(sn − λ). If
λ = 0 this is not reduced, and otherwise it is reduced, as sn − λ =∏n−1
k=0(s − n

√
|λ|e2πik/n) is radical. For the generic point, k(p) =

Frac(C[t]) = C(t), hence the tensor product is C[s] ⊗C[t]
¯C(t) =

(C[t])[u]/(un − t) ⊗C[t]
¯C(t) = ¯C(t)[u]/(un − t) = ¯C(t), which is

reduced. Similarly we can deal with D+(y), and since reducedness
can be checked at the level of stalks, we see that the only ramified
points correspond to λ = 0 in both cases. In other identifications,
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they correspond to the prime ideals (x) and (y), or the points [1 :
0] = 0 and [0 : 1] = ∞.

(2) (Kangyeon) The R-algebra map is homogeneous of degree 1, and
admits inverse if u := ad− bc ∈ R×. Indeed, x 7→ u−1(dx− by), y 7→
u−1(−cx+ay) is the inverse (which is also homogeneous of degree 1),
as one can easily check by computation. Thus this surjective map
induces a morphism P1

R → P1
R by the functoriality of Proj, which

has inverse induced by the inverse described above. Hence this is an
automorphism.

(3) (Mathis) We first show the following technical lemmas.
f : X → Y is finite locally free of rank d iff all induced maps of

stalks OY,f(p) → OX,p make OX,p into a free OY,f(p) module of rank
d

Proof. The =⇒ direction is trivial since localisations of free modules
are free. For the converse, first note that f is finite locally free of
rank d iff each y ∈ Y has an affine open neighborhood U such that
f−1(U) → U is finite locally free of rank d. Thus wlog we may
assume X = Spec(A) and Y = Spec(B). Consider f(p) ∈ Y . We
have that Bf(p) → Ap makes Ap into a free rank d module over

Bf(p). Consider a basis {ai/bi}di=1 ⊂ Ap over Bf(p). Then if we

let g =
∏d
i=1 bi, we get that Ag is free of rank d over S−1B with

S = f#({1, g, g2, ...}). Thus if we consider U ⊂ Y corresponding to
S−1B about p, preimage contains D(g), and thus up to shrinking we
may assume it is contained in D(g). We conclude that f : X → Y
is finite locally free of rank d. □

Let f : X → Y and g : Y → Z be finite locally free maps of rank
m,n respectively. Then g ◦ f is finite locally free of rank mn.

Proof. Follows directly from the previous lemma: a free module C of
rank m on B, which is itself a free module of rank n on A, will be a
free module of rankmn on A (one can also just check multiplicativity
at the level of residue field extensions).

□

Note that

(
1 −1
1 1

)
∈ GL2(C). We can now use that cn is fi-

nite locally free of rank n, c2 finite locally free of rank 2, and that
m(1,−1,1,1) is finite locally free of rank 1 (since it is induced by au-
tomorphisms of rings), to deduce that c2 ◦ m(1,−1,1,1) ◦ cn is finite
locally free of rank 2n.

Now to compute fibers of f = c2 ◦m(1,−1,1,1) ◦ cn we can note that
(writing m = m(1,−1,1,1) for short)

Spec(C)×f,P1
C
P1
C
∼= ((P1

C ×c2,P1
C
Spec(C))×m,P1

C
P1
C)×cn,P1

C
P1
C

Thus since m is an automorphism, we can note that the points that
ramify will be c2 ◦m([0, 1]), c2 ◦m([1, 0]) (since those ramify under
cn) as well [0, 1], [1, 0] (since those ramify under c2). In C ∪∞ this
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corresponds respectively to the points(
0− 1

0 + 1

)2

= (−1)2 = 1,

(
∞− 1

∞+ 1

)2

= (1)2 = 1, 0, ∞

where we have slightly abused of notation. We should expect the
generic point to be unramified. Indeed we can explicitly compute
its fiber using the same computation as in exercise 1: pulling back
through c2 gives Spec(C(z)) ∪ Spec(C(z)). Pulling back through m
does not change the fiber structure. Finally pulling back through cn
gives

⊔2n
i=1 Spec(C(z)).

There are thus only three ramified points: 0, 1,∞. It remains to
compute their fibers. The fibers of 0 and∞ under c2 are Spec(C[x]/(x2))
up to isomorphism. We can further pull back throughm and still pre-
serve this fiber structure up to isomorphism. Now since (c2◦m)−1(0)
and (c2 ◦m)−1(∞) do not contain ramified points of cn, we can pull
back through cn to get some λ ̸= 0 such that (P1

C)0,f is given by Spec
of

C[x]/((x− λ)2)⊗C[x] C[x1/n] ∼= C[x, y]/((x− λ)2, yn− x) ∼= C[y]/((yn− λ)2)

(note how this still only has length 2). A similar thing thing holds
for (P1

C)∞,f

For 1, this is a non ramified point of c2 and thus its fiber is
Spec(C[x]/(x2 − 1)) ∼= Spec(C) ∪ Spec(C), corresponding to −1 and
1. Pulling further back throughm preserves the fiber structure, with
each copy of Spec(C) corresponding to 0 and∞. Finally pulling back
through cn yields Spec(C[x]/(xn) ∪ Spec(C[x]/(xn)).

(3) The following calculation of fibers is more explicit. (Léo)
Let the composition above be written φ : P1

C → P1
C, and the map

of rings from which it is induced be φ̃ : C[x, y] → C[x, y] sending
x 7→ (xn − yn)2 and y 7→ (xn + yn)2.

We now want to find the ramification points. Let p = (βx−αy) be
fixed and non-the zero ideal. Recall that φ−1(V+(p)) = V+(φ̃(p))

3.
The following commutative square below is a pullback

V+(φ̃(p)) P1
C

V+(p) P1
C

φ

Moreover, one has that V+(p) ∼= Spec(k(p)). It is therefore enough
to find out if V+(φ̃(p)) is reduced to determine wether p is a ramifi-
cation point or not, as one will have

(
P1
C
)
p
∼= V+(φ̃(p)).

• α ̸= β : Moreover we assume that α, β ̸= 0. Without loss of
generality, we may assume β = 1 and thus write p = (x− αy).
We first show the following result.
Claim. One has V+(φ̃(p)) ⊆ D+(x).

3where φ̃(p)) denotes the ideal generated by the image.
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Proof. Let q ∈ V+(φ̃(p)) ∩ V+(x), i.e one has

x, φ̃(x− αy) = (1− α)(x2n + y2n)− 2(1 + α)xnyn ∈ q.

But this implies that y2n belongs to q and since the latter is
prime, that y ∈ q. Since q does not contain the irrelevant ideal,
we get a contradiction, and thus that the intersection must be
empty.

□
Recall that

V+(φ̃(p)) ∼= Proj
(
C[x, y]

/
(φ̃(x− αy))

)
as schemes. Since one also hasD+(x) ∼= Spec

(
C
[ y
x

]) ∼= Spec(C[t])
with t sent to y

x , we get that

V+(φ̃(p)) ∼= Spec

(
C[t]

/(
t2n − 21+α

1−α t
n + 1

))
.

Using the Chinese remainder theorem, one can rewrite

C[t]
/(

t2n − 21+α
1−α t

n + 1
)
= C[t]

/(
tn − (1+

√
α)

2

1−α

)
× C[t]

/(
tn − (1−

√
α)

2

1−α

)
which will be reduced, as one can use the Chinese Remainder
theorem to get that both rings are isomorphic to a product of
multiple copies of C. It follows that p = (βx − αy) is not a
ramification point.

• α = β : We have φ̃(x− y) = −4xnyn. Once again, one has

V+(x
nyn) ∩ V+(x+ y) = ∅

i.e V+(x
nyn) ⊆ D+(x+ y). Let t := x−y

x+y . We have

D+(x+ y) ∼= Spec
(
C[x, y](x+y)

) ∼= Spec (C[t]) .

With this identification, one has

V+(x
nyn) ∼= Spec

(
C[t]

/
(1 + t)n(1− t)n

)
.

As one has

C[t]
/
(1 + t)n(1− t)n ∼= C[t]

/
(1 + t)n × C[t]

/
(1− t)n

which is not reduced, we get that (x−y) is a ramification point,
whose fiber is(

P1
C
)
(x−y)

∼= Spec
(
C[t]

/
(1 + t)n

)⊔
Spec(

(
C[t]

/
(1− t)n

)
.

• α = 0: We only do this case, as the case β = 0 is symmet-
ric and will only result in a change of sign. Again, one has

V+

(
(xn − yn)2

)
∩ V+(x) = ∅, we once again have

V+

(
(xn − yn)2

)
⊆ D+(x).
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This gives us(
P1
C
)
(x)

= V+

(
(xn − yn)2

)
∼= Spec

(
C[t]

/
(1− tn)2

)
and thus that (x) is a ramification point, as the affine scheme
in the RHS is not reduced.

□


