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Exercises — week 13

Exercise 1. Using a short exact sequence.
Let t: D — X be an effective Cartier divisor on an integral scheme X. As
there is a short exact of sheaves

0— O(-D) = Ox — 1t.0p — 0.
In consequence there is a long exact sequence in cohomology,
(...) = H(X,0(-D)) = H(X,0x) = H(D,0p) — (...)
Let k be a field. Consider P} = Proj(k[zo, ..., xs5]). We consider the closed
subscheme
X =V (23 + z129).
You can freely use that X is a Cartier divisor in Pz with ideal sheaf isomor-
phic to Opi(—Z).
(1) Show that
HY(X,0x) =0
if i > 0 and that H(X,Ox) = k.
(2) Show that for 1 < j < 3 we have

H'(X, 0x(~j)) =0
for all ¢ > 0.

Exercise 2. Stability properties of (very-)ample sheaves under tensor prod-
uct. Let X be a Noetherian scheme. Let £ and M be invertible sheaves on
X.

(1) If £ is ample and M is globally generated, show that £ ® M is
ample.
(2) If £ is ample and M is arbitrary, deduce that there is a n such that
L ® M is ample.
(3) Show that if £ and M are ample, then £ ® M is ample.
Now suppose that X is an A-scheme where A is a Noetherian ring.

(4) If £ is A-very ample and M is globally generated, then £ ® M is
A-very ample.

(5) If £ is ample, then there is a ng > 0 such that £" is A-very-ample
for all n > ny.

Exercise 3. A Cech cohomology computation. Let k be a field. Let U =
Ai \ 0. Compute the cohomology of Oy on U. After showing that Oy is
ample, deduce that Serre vanishing does not hold for U.
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Exercise 4. Curves in P. Let k be a field. Let C = Vi (F) for F €
O]P)%(d)(ﬂj)]%) forad>1.

(1) Show that H(C, O¢) = k.
(2) Deduce that any C; and Cj of the above form intersect.
(3)

3) Deduce that H(C,0¢) is a k-vector space of dimension W
using the long-exact sequence from exercise 1.
Remark. We say that 01—1)2& is the arithmetic genus of C. Curves of

degree 3 have arithmetic genus 1. Smooth ones are called elliptic curves.
Any smooth curve C over an algebraically closed field k with H(E, Og) = 1
can be realized as a smooth cubic in IP’%, see for example Hartshorne I11,4.6.

Exercise 5. Blow-ups, revisited. Let X be a scheme and 7 a quasi-coherent
ideal sheaf. We define the blow-up of X at Z to be

m: Blz(X) =Proj(PI") — X
n>0

n

where Proj denotes the relative Proj of the graded Ox-algebra @, ~,Z".
Note that for every open affine Spec(A) C X, where Z corresponds to I,
the pullback of the above is the blow-up Proj(€D,,~, ™). The affine blow-up
previously introduce in the exercises.

(1) Show that O(1) of this relative Proj is the ideal sheaf corresponding
to the exceptional divisor (the pullback of V(Z) along 7). Note then
that by construction, the exceptional divisor of a blow-up is always
Cartier. We denote O(1) accordingly by O(—FE) below. We also
recall that from the Proj construction we have a canonical surjective
map of sheaves

T — O(1) = O(~E).

(2) Resolving indeterminacies. Suppose now that X is an S-scheme. Let
L be a line bundle on X. Let sq,...,s, € L(X) be global sections.
Let

U=|JD(si) > P%
i=0
be the induced morphism.
(a) Base locus. Show that there is a unique ideal sheaf Z C Ox
such that ZL is the image of the natural map

O;l?(n-l—l) (805--5n) r
The associated closed subscheme V' (Z) is denoted by V (so, ..., sn)
and is called the base locus of sg, ..., s,. Furthermore, realize

(because L is locally free), that the natural map Z® L — ZL is
an isomorphism. Show also that

X\V(@) = D(sy).
=0
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(b) Resolving maps. Show that you can extend the partially defined
map X --» P§ (totally defined on U) to a map

Blz(X)
gl
X

Hint: In this case, show that O(—FE) @ 7*L has n + 1 induced
global generating sections m*s; as summarized below

n
———————— > P

w8+ To0mon), s 7ry o i T @t L — O(—E) @ L.
X

(3) Application to curves. Let C be a regular curve over k. Let C' --» P}
be a partially defined map on a non-empty open set of C. Show that
there is a unique extension of the map to C' — P}. Hint: show that
blowing-up a Cartier divisor is an isomorphism.

Exercise 6. An example of resolution. Consider k an algebraically closed
field and X = Pi. Let xg, 21 € O]P)i (1). Then, it defines a partially defined
map
U =P\ Vi(xg,71) — P}
(1) Show that on k-rational points, this map is to be understood as
[)\02 A1 /\2] — [)\0,)\1].

Consider the blow-up of P7 at Z the ideal sheaf defining Vi (zo,z1) =
[0: 0: 1] — this is the ideal sheaf of the base locus of xg,z1, see Exercise
5.b.a. We denote this blow-up by 7: B — }P’i.

(2) Write £2 = z and 7! = y. Show that the exceptional divisor E of

this blow-up is isomorphic to }P’}C. More precisely, by computing the
blow-up locally in
D+($2) = Ai,yv
understand that the exceptional divisor naturally identifies to the
projective space of lines through the origin of Ag,yﬂ In particular,
any k-rational point of the exceptional correspond to such a line.
(3) Using Exercise 5, consider the resolved map

B — P;.

Show that a k-rational point of the exceptional corresponding to a
line L through [0 : 0 : 1], say given by [p-A1: - Ag: 1] for p € k and
(A1, A2) € k2\ 0 is sent to [A1: Ag] by this resolved mapﬂ

Hint: work locally on D4 (x2). Then understand explicitly the
map on standard blow-up charts. Another method is to show that
the intersection of E with the closure of 7=Y(L \ [0: 0: 1]) in B is

INote also that the P where we project is naturally understood as Ai,y \ 0/Gm, .

20ne could summarize as follows: the line in the exceptional is sent to itself by the
resolved map. This is explained by the fact that the resolved map from the blow-up of
A? at 0 to P} (resolving the quotient map A? \ 0 — P}) is equal to the tautological line
bundle of Pj.



precisely the point corresponding to L. Then, because the projection
18 constant along L, conclude.



