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Exercise 1 (Dirichlet series, analytic properties). Let (an)n be a sequence of complex numbers and
consider the series, for s ∈ C,

∑∞
n=1

an

ns . This is called Dirichlet series.

1. Let σa((an)n) = inf{σ ∈ R |
∑∞

n=1
|an|
nσ < ∞} and suppose that σa((an)n) < ∞. Show that

{s ∈ C | re(s) > σa} → C; s 7→
∞∑

n=1

an
ns

is well-defined.

2. Let σc((an)n) = inf{σ ∈ R |
∑∞

n=1
an

nσ converges}. Show that, if σc((an)n) < ∞, then

σc((an)n) ≤ σa((an)n) ≤ σc((an)n) + 1.

3. Suppose that σc((an)n) < ∞. Recall complex analytic arguments to say that the function

L((an)n, •) : {s | re(s) > σc((an)n)}; s 7→ L((an)n, s) =

∞∑
n=1

an
ns

is holomorphic and its derivative is given, for re(s) > σc((an)n), by L
′((an)n, s) = −

∑∞
n=1

(logn)an

ns .1

4. Suppose now that an ≥ 0 for all n. Show that if
∑∞

n=1
an

nσ converges for some σ > 0 and
L((an)n, s) can be analytically extended in a neighborhood of σ, then there exists ϵ > 0 so that∑∞

n=1
an

nσ−ϵ converges.

Solution. 1. We have |ns| = nre(s). Hence for s with real part re(s) > σa the series is absolutely
convergent.

2. Denote σc((an)n) = σc. Since absolute convergence is stronger than conditional convergence
(by triangle inequality) we have σa((an)n) ≥ σc. Suppose s ∈ C satisfies re(s) > σc + 1. Then
re(s) − 1 > σc. Let ϵ > 0 be so that re(s) − 1 > σc + ϵ. Then an

nre(s)−1−ϵ → 0 as n → ∞ and in

particular, there is C > 0 so that for all n we have |an| ≪ Cnre(s)−1−ϵ

∣∣∣an
ns

∣∣∣ = |an|
nre(s)

≤ C
nre(s)−1−ϵ

nre(s)
≤ C

n1+ϵ
.

Hence the series converges absolutely for s ∈ C with re(s) > 1 + σc and so 1 + σc ≥ σa.

3. The argument coming from complex analysis is called Weiestrass theorem and it is the following:
Suppose we are given a sequence of holomorphic functions fm : Ω → C, where Ω is a non empty
open subset of C. Suppose that fm converges pointwise to a function f and that the convergence,
when we restrict each fm to a compact subset K ⊂ Ω is uniform, for any compact K ⊂ Ω. Then
f is holomorphic and f ′

m → f ′, moreover the convergence is uniform on compact subsets.
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To apply this theorem, we need to show that for re(s) > σc((an)n) the convergence of the series

Lm(s) =
∑m

n=1
an

ns

m→∞→ L(s) =
∑∞

n=1
an

ns is uniform on compact subsets. Denote σc = σc((an)n).
Let K ⊂ {re(s) > σc} be a compact set and let

r = min
z∈K

|re(z)− σc| > 0.

This min exists since K is compact and it is strictly positive.

Fix a reference point s0 ∈ C with re(s0) > σc and re(s0)− σc < r/2. We denote

Lt(s0) =
∑

1≤n≤t

an
ns0

Since (Lm(s0))m converges, there is a C > 0 so that for all m one has |Lm(s0)| ≤ C. Let s ∈ K.
By summation by parts,

LM (s)− LN (s) =

M∑
n=N+1

an
ns

=
∑

N<n≤m

an
ns0

1

ns−s0

=
1

Ms−s0

∑
N<n≤M

an
ns0

+ (s− s0)

∫ M

N

 ∑
N<n≤t

an
ns0

 1

ts−s0+1
dt

=
1

Ms−s0
(LM (s0)− LN (s0)) + (s− s0)

∫ M

N

(Lt(s0)− LN (s0))
1

ts−s0+1
dt.

The first term on the right hand side is bounded∣∣∣∣ 1

Ms−s0
(LM (s0)− LN (s0))

∣∣∣∣ ≤ 2C

M re(s−s0)
≤ 2C

Mr/2

uniformly on s ∈ K. The second term on the right hand side is bounded∣∣∣∣∣(s− s0)

∫ M

N

(Lt(s0)− LM (s0))
1

ts−s0+1
dt

∣∣∣∣∣ ≤ 2C sup
z∈K

|z − s0|
∫ ∞

N

1

tr/2+1
dt

≤ 2C sup
z∈K

|z − s0|N−r/2.

The sup is finite since K is compact. Hence, we see all at once that for all s ∈ K the sequence
(LM (s))M is a Cauchy sequence and that the convergence is uniform for all s ∈ K. The statement
about derivative follows from Weierstrass and d

ds
1
ns = − logn

ns .

4. Call L(s) = L((an)n, s). Since L(s) is holomorphic around σ there are a σ′ > σ so that the
Taylor series of L centered around σ′ has convergence radius larger than σ′ − σ. Let ϵ < σ′ − σ,
then

L(σ − ϵ) =

∞∑
k=0

L(k)(σ′)

k!
(σ − σ′ − ϵ)k.

By the exercise before, iterated in k, we have

L(k)(σ′) =

∞∑
n=1

(−1)k(logn)kan
nσ′ .

Hence,

L(σ − ϵ) =

∞∑
k=0

(−1)k(σ − σ′ − ϵ)k

k!

∞∑
n=1

(log n)kan
nσ′ =

∞∑
k=1

(σ′ − σ + ϵ)k

k!

∞∑
n=1

(log n)kan
nσ′ .

Now the terms in the summation are all positive, hence we can rearrange the sums

L(σ − ϵ) =

∞∑
n=1

an
nσ′

∞∑
k=0

(log n(σ′ − σ + ϵ))
k

k!
=

∞∑
n=1

an
nσ′ e

log(n)(σ′−σ+ϵ) =

∞∑
n=1

an
nσ−ϵ

,

showing that
∑∞

n=1
an

nσ−ϵ is convergent.
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Exercise 2. Let Q(ζn)/Q be a the n’th cyclotomic extension. Assume that ζQ(ζn)(s) = ζ(s)
∏

χ (modn)
χ̸=1

L(χ, s),

where on the left is the Dedekind zeta function of Q(ζn)/Q and the product on the right is ranging

over all the non-trivial2 characters in Ẑ/nZ×

Show that for all non trivial χ ∈ Ẑ/nZ× we have L(χ, 1) ̸= 0.

Solution. We know, from the class number formula, that ζQ(ζn) has a simple pole at s = 1 and that
ζ(s) as well. If some of the L(χ, 1) = 0 for χ non-trivial, then the function ζ(s)

∏
χ̸=1 L(χ, s) would

have a removable singularity at s = 1, which is not the case.
We can also argue without appealing to the class number formula. From the last exercise we

deduce that a Dirichlet series defined by a non-negative sequence must have a singularity at s = σc,
the abscissa of conditional convergence. On the other hand, we see that if L(χ, 1) = 0 for some non-
trivial χ, then ζ(s)

∏
χ̸=1 L(χ, s) would be holomorphic around s = 1 and so σc ≤ 0 but this is readily

false for ζQ(ζn)(s).

Exercise 3. Merry Christmanas and Happy new year

2Non-trivial was missing in first formulation, I am sorry.
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