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December 21, 2025

Exercise 1. Let A a dedekind Ring that satisfies Hypothesis 3.2 in the notes and K = Frac(A). Let
L/E/K be finite galois extensions and p ⊂ A be unramified in L. Let OL/K be the intragal closure of
A in L. Let P = PL ⊂ OL/K be a prime ideal above p and PE = P ∩ E. Show that the following
holds for the Frobenius automorphism:

1. A prime p is said to split completely in L if for each prime P of L dividing p we have eP/p =
fP/p = 1. Show that p splits completely in L if and only if

(P, L/K) = 1.

2. The Frobenius behaves well with respect to restriction, i.e.

(PE , E/K) = (PL, L/K)|E .

3. Suppose E1, E2 are Galois over K, K = E1 ∩ E2 and that L = E1E2. What is the image of
(PL, E1E2/K) under the isomorphism Gal(L/K) ≃ Gal(E1/K)×Gal(E2/K)

Solution. 1. The definition of (P, L/K) implies that it generates the decomposition group. How-
ever p splits completely if and only if |DP| = 1 = ef which is equivalent to the generator of the
decomposition group being 1.

2. For τ ∈ DL/K(PL) we have τ |E(PE) = τ |E(PL ∩ E) ⊂ PL ∩ E, the latter inclusion follows
from the fact that E/K is Galois and τ(PL) ⊂ PL. Therefore DL/K(PL)|E ⊂ DE/K(PE) ⊂
Gal(E/K). The Frobenius automorphism σE = (BE , E/K) is uniquely characterized by the
following property:

σE(x) ≡ xN(p) (mod PE) for all x ∈ OE/K .

Since σL = (PL, L/K) is Frobenius we have

σL(x) ≡ xN(p) (modPL),

hence for x ∈ OE/K we have

σL(x)− xN(p) ∈ E ∩PL = PE ,

by uniqueness, σL|E = σE , as we wanted.

3. Follows directly from part b).

Exercise 2. We use the notation as in Chapter 4 of the lecture notes. Given a ⊂ OK an ideal, its
ideal norm NrK/Q(a) ⊂ A is the ideal generated by the norms of the elements of a. Prove that

Nr(a) = |A/NrK/Q(a)|.
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Solution. First consider a prime ideal P ⊂ OK and a non negative integer l ≥ 0. From the multi-
plicativity of the norm we deduce

NrK/Q(P
l) = (NrK/Q(P))l.

Let p = P∩A (recall that A is a PID, so that p = (p) for some p ∈ A). Recall that Nr(P) = |OK/P| =
|A/p|fP/p . We claim that

NrK/Q(P) = pfP , (1)

where as usual fP is the inertia degree of P (over p, we omit it from notation for this exercise) First,
note that

p[K:Q] = NrK/Q(p) ⊂ NrK/Q(P) ⊂ p.

Hence, to conclude our claim, it suffices to show that

(NrK/Q(P))Ap = pfPAp.

By the properties of localization we have

(NrK/Q(x))Ap = NrKp/Qp
(x)Ap,

for any x ∈ K.
Let x ∈ P, then by Proposition 4.1 we have

|Ap/(NrOK,p/Ap
(x))| = |OK,p/xOK,p|

and |A/p|fP = |OK,p/POK,p| | |OK,p/xOK,p|, where we used that OK,p/POK,p ≃ OK/P. It follows
that vp(NrOK,p/Ap

(x)) ≥ fP and since x was arbitrary we see NrK/Q(P)p ⊂ pfPAp. For the latter
inclusion we need slightly more work. By the Chinese remainder Theorem, we have an isomorphism

OK
∼−→

∏
Q∈specp OK

Q̸=P

OK/Q×OK/P2.

Let x ∈ P∖P2 and let x0 ∈ OK be so that

x0 ≡ 1 (modQ) P ̸= Q ∈ specp OK

x0 ≡ x (modP2).

Then we have
OK,p/xOK,p = OK,p/POK,p.

Again, by Proposition 4.1 we have

|Ap/NrOK,p/Ap
(x)| = |OK,p/xOK,p|.

Hence, we get
|Ap/NrOK,p/Ap

(x)| = |A/p|fP

and we conclude that NK/Q(P)Ap = pfPAp and so the desired claim (1)
Now it is easy to conclude. For prime powers we have

Nr(Pl) = Nr(P)l = |A/NrK/Q(P)|l = |A/NrK/Q(P)l| = |A/NrK/Q(P
l)|.

The general case follows by the Chinese remainder theorem.

Exercise 3. Let f = a.b−1 be a fractional ideal. We define its norm as a rational number Nr(f) =
Nr(a)Nr(b)−1. Show that this is well defined and multiplicative.
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Solution. Multiplicativity follows from the mulitplicativity of the norm on ideals. To show that it is
well defined first note that the norm map is non-degenerate and therefore Nr(b) ̸= 0. Now consider
f = ab−1 = a′b′−1. Then we have ab′ = a′b and hence Nr(ab′) = Nr(a′b). Therefore we have

Nr(f) = Nr(a)Nr(b)−1 = Nr(a)Nr(b′)Nr(b′)−1 Nr(b)−1

= Nr(a′)Nr(b)Nr(b′)−1 Nr(b)−1 = Nr(a′)Nr(b′)−1.

Hence the norm is well defined.

Exercise 4. Let K/Q be a number field of degree d with ring of integers OK . In this exercise, we
want to find an upper bound for the quantity

#{a an ideal of OK : N(a) ≤ X}.

1. Let rK : N → C be the arithmetic function given by

rK(n) := #{a an ideal of OK : N(a) = n}.

Prove that rK is multiplicative, i.e. that

rK(n1n2) = rK(n1)rK(n2) for (n1, n2) = 1.

2. Show that, for any prime p and any positive integer ℓ, we have the bound

rK(pℓ) ≤ (ℓ+ 1)d.

3. (difficult) Let ϵ > 0. Show that there exists a constant Cϵ > 0 such that

rK(n) ≤ Cϵn
ϵ for all n ∈ N.

4. Conclude that for any ϵ > 0 there exists a constant Cϵ > 0 such that

#{a an ideal of OK : N(a) ≤ X} ≤ CϵX
1+ϵ.

Solution. 1. Let n1, n2 ∈ N be positive coprime integers. Define the set

S(n) := {ideals a ⊂ OK : Nr(a) = n},

and consider the map

g :
S(n1)×S(n2) → S(n1n2)

(a, b) 7→ ab
.

We want to show that this map is bijective by constructing an inverse function h : S(n1n2) →
S(n1)×S(n2). Let c ∈ S(n1n2) with prime decomposition

c = p1
e1 · · · prer .

Remember that the norm of a prime ideal is always some power of a prime number. Thus we
can factor c as follows,

c = c1c2 with c1 :=

r∏
i=1

Nr(pi)|n1

pi
ei and c2 :=

r∏
i=1

Nr(pi)|n2

pi
ei .

By construction, we also have Nr(c1) = n1 and Nr(c2) = n2. We then define

h(c) := (c1, c2).

It can be checked easily that the function h thus defined is indeed the inverse of g.

Now, we have

rK(n1n2) = |S(n1n2)| = |S(n1)×S(n2)| = |S(n1)||S(n2)| = rK(n1)rK(n2),

which is what we wanted to prove.
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2. Let p be a prime, and let
pOK = p1

e1 · · · prer

be the prime decomposition of pOK . As in exercise 2 the norms of the prime ideals pi are all
powers of p, and more precisely

Nr(pi) = pfi with fi := [OK/pi : Fp].

On the other hand, all ideals in OK whose norm is a power of p must be a product of the prime
ideals above p, that is, a product of the prime ideals p1, . . . , pr. Thus, we have

S(pℓ) = {p1ℓ1 · · · prℓr ∈ OK : f1ℓ1 + . . .+ frℓr = ℓ},

where S(n) was defined in 1. Hence

rk(p
ℓ) = #{(ℓ1, . . . , ℓr) ∈ Nr : f1ℓ1 + . . .+ frℓr = ℓ}

≤ #{(ℓ1, . . . , ℓd) ∈ Nd : ℓ1 + . . .+ ℓd = ℓ}
≤ #{(ℓ1, . . . , ℓd) ∈ Nd : ℓ1, . . . , ℓd ≤ ℓ}
= (ℓ+ 1)d,

which is exactly the upper bound we wanted to show.

3. Let ϵ > 0. Let Pϵ be the set defined as

Pϵ := {p prime | p ≤ e
d
ϵ }.

By the definition of Pϵ and by the well-known inequality ℓ + 1 ≤ eℓ, which holds for all ℓ ∈ N,
we have that

(ℓ+ 1)d

pϵℓ
≤ 1 for all p ̸∈ Pϵ and ℓ ∈ N.

Next, we define the positive real number Mϵ as follows,

Mϵ := max
λ∈[0,∞)

(λ+ 1)d

2ϵλ
.

Now, given a positive integer n with prime decomposition

n = p1
ℓ1 · · · prℓr ,

it follows from the results proven in 1 and 2 that

rK(n)

nϵ
≤

r∏
i=1

(ℓi + 1)d

piϵℓi
≤

r∏
i=1

pi∈Pϵ

(ℓi + 1)d

piϵℓi
≤

r∏
i=1

pi∈Pϵ

(ℓi + 1)d

2ϵℓi
≤ Mϵ

|Pϵ|.

Thus
rK(n) ≤ Cϵn

ϵ,

where we have set Cϵ := Mϵ
|Pϵ|.

4. Let ϵ > 0. Using the bound shown in 3, we immediately get

#{a an ideal of OK : Nr(a) ≤ X} =
∑
n≤X

rK(n) ≤ Cϵ

∑
n≤X

nϵ ≤ CϵX
1+ϵ,

where Cϵ is the same constant that appears in 3.
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