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December 21, 2025

Exercise 1. Let A a dedekind Ring that satisfies Hypothesis 3.2 in the notes and K = Frac(A). Let
L/E/K be finite galois extensions and p C A be unramified in L. Let Op,x be the intragal closure of
Ain L. Let B =P, C O/ be a prime ideal above p and *‘Br = PN E. Show that the following
holds for the Frobenius automorphism:

1. A prime p is said to split completely in L if for each prime P of L dividing p we have ey, =
fop/p = 1. Show that p splits completely in L if and only if

(B, L/K) = 1.
2. The Frobenius behaves well with respect to restriction, i.e.
Bz, E/K) = (B, L/ K)| 5.

3. Suppose Fi, Ey are Galois over K, K = Fy N Ey and that L = F1F>;. What is the image of
(B, E1FE>/K) under the isomorphism Gal(L/K) ~ Gal(F;/K) x Gal(Ez/K)

Solution. 1. The definition of (B, L/K) implies that it generates the decomposition group. How-
ever p splits completely if and only if |[Dy| = 1 = ef which is equivalent to the generator of the
decomposition group being 1.

2. For 7 € Dp/x(Br) we have 7|p(Pr) = 7|p(Pr N E) C Pr N E, the latter inclusion follows
from the fact that E/K is Galois and 7(Br) C Br. Therefore Dy x(Pr)|e C Dp/k(PE) C
Gal(E/K). The Frobenius automorphism o = (B, E/K) is uniquely characterized by the
following property:

op(z)=2V®  (mod Pg) for all 2 € OF/k-

Since o, = (B, L/K) is Frobenius we have
op(x) = 2N® (modPy),
hence for x € O x we have
op(z) —2V® e ENPL =P,
by uniqueness, or|g = og, as we wanted.

3. Follows directly from part b).

Exercise 2. We use the notation as in Chapter 4 of the lecture notes. Given a C Ok an ideal, its
ideal norm Nrg/q(a) C A is the ideal generated by the norms of the elements of a. Prove that

Nr(a) = |4/ Nrg g (a)l.



Solution. First consider a prime ideal B C Ok and a non negative integer { > 0. From the multi-
plicativity of the norm we deduce

Nrg/(B') = (Nrg/q(P))"-

Let p = PN A (recall that A is a PID, so that p = (p) for some p € A). Recall that Nr(p) = |Ox /B| =
|A/p|f®/». We claim that

Nrgq(P) = p'», (1)

where as usual fy is the inertia degree of *P (over p, we omit it from notation for this exercise) First,
note that

P9 = Nrge/o(p) C Nrge/(B) C p.
Hence, to conclude our claim, it suffices to show that
(Nrg/q(B))Ap = p* A,

By the properties of localization we have

(Nrg/q(#))Ap = Nrg, q, () Ap,

for any = € K.
Let x € B, then by Proposition 4.1 we have

|Ap/(Nroy 74, ()| = |0k p /20K |

and |A/p|"* = |0k p/PBOk p| | |Ok /70K p|, where we used that O ,/PBOk , ~ Ok /B. It follows
that vy (Nro, ,/4,(2)) > fp and since z was arbitrary we see Nrg (), C p/® A,. For the latter
inclusion we need slightly more work. By the Chinese remainder Theorem, we have an isomorphism

Ok = [ Ox/Qx0x/¥.
Nespec, O
Q#P
Let z € B B2 and let zy € Ok be so that
o = 1 (mod Q) P # Q € spec, Ok
zo = x (mod P?).

Then we have

Okp/20kp = Ok p/BOK p-
Again, by Proposition 4.1 we have
|AP/NrOK,p/Ap ()| = |0k p/20K pl-

Hence, we get
|4/ Nroy 4, ()] = |A/p| ™

and we conclude that Ny /q(B)A, = p/® A, and so the desired claim (1)
Now it is easy to conclude. For prime powers we have

Nr(p') = Nr(B)' = |4/ Nrge)o(P)|" = |4/ Nrgeq(P)'] = [A/ Negyq(B)].

The general case follows by the Chinese remainder theorem.

Exercise 3. Let f = a.b™! be a fractional ideal. We define its norm as a rational number Nr(f) =
Nr(a) Nr(b)~!. Show that this is well defined and multiplicative.



Solution. Multiplicativity follows from the mulitplicativity of the norm on ideals. To show that it is
well defined first note that the norm map is non-degenerate and therefore Nr(b) # 0. Now consider
f=ab™! =a’t’~!. Then we have ab’ = a’b and hence Nr(ab’) = Nr(a’b). Therefore we have

Nr(f) = Nr(a) Nr(b) ™ = Nr(a) Nr(b") Nr(b’) ~* Nr(b)~*
= Nr(a’) Nr(b) Nr(b") "' Nr(b) ' = Nr(a’) Nr(b') .

Hence the norm is well defined.

Exercise 4. Let K/Q be a number field of degree d with ring of integers Ok. In this exercise, we
want to find an upper bound for the quantity

#{a an ideal of Ok : N(a) < X}.
1. Let 7k : N = C be the arithmetic function given by
rr(n) := #{a an ideal of Ok : N(a) = n}.
Prove that rx is multiplicative, i.e. that
ri(ning) = rg(ni)rx(n) for (ni,ng) =1
2. Show that, for any prime p and any positive integer £, we have the bound
ri(p’) < (C+1)%
3. (difficult) Let € > 0. Show that there exists a constant C. > 0 such that

rk(n) < Cen® forall neN.

4. Conclude that for any € > 0 there exists a constant C¢ > 0 such that
#{a an ideal of Og : N(a) < X} < C.X'*e,

Solution. 1. Let n1,mno € N be positive coprime integers. Define the set
S(n) := {ideals a C Ok : Nr(a) = n},
and consider the map

) 6(711) X 6(’112) — G(nlng)
g (a,b) — ab '

We want to show that this map is bijective by constructing an inverse function h : &(ning) —
S(n1) X 6(n2). Let ¢ € &(nyng) with prime decomposition

c :plel ...prer_

Remember that the norm of a prime ideal is always some power of a prime number. Thus we
can factor ¢ as follows,

€= c10 with €= ﬁ p;¥ and ¢ := ﬁ P,
Ne(p)lms Nelor)ins
By construction, we also have Nr(¢;) = ny and Nr(cz) = na. We then define
h(c) := (c1,¢2).
It can be checked easily that the function & thus defined is indeed the inverse of g.

Now, we have
ri(nin2) = |&(nin2)| = |6(n1) x &(n2)| = [&(n1)|S(n2)| = ri (n1)rK (n2),

which is what we wanted to prove.



2. Let p be a prime, and let
pOK = p1® -+ p,r

be the prime decomposition of pOg. As in exercise 2 the norms of the prime ideals p; are all
powers of p, and more precisely

Nr(pi) = pfi with fz = [OK/pZ . Fp]

On the other hand, all ideals in O whose norm is a power of p must be a product of the prime
ideals above p, that is, a product of the prime ideals pq,...,p,. Thus, we have

S = {1 plr €Ot fily + ...+ firly =0},

where &(n) was defined in 1. Hence

rk(pé):#{(ela"wgr)ENT:fl‘gl"_”'"'—frgr:g}
S#{(fh...,éd)ENdZ£1+...+€d:€}
#{(4 ...,gd)GNd:fl,...7£d§£}

which is exactly the upper bound we wanted to show.

3. Let € > 0. Let P, be the set defined as
P, :={p prime | p < e%}.

By the definition of P. and by the well-known inequality ¢ + 1 < ef, which holds for all £ € N,
we have that

0+ 1)4
%Sl forall p¢g P. and f¢€N.
p

Next, we define the positive real number M, as follows,

d
M, := max M
AE[0,00) 262

Now, given a positive integer n with prime decomposition

1

¢ ‘0,
n=py - pr’,

it follows from the results proven in 1 and 2 that

TK(TL) T (fz + 1)d - (Zl + 1)d " (Zl + 1)d 3
= H p,eé,; < H = H 92¢l; < ME‘P ‘
i=1

ne €l
i=1 Pi i=1
pi € Pe pi € Pe

Thus
TK (TL) S Cenev

where we have set C, := Me‘Pel.

4. Let € > 0. Using the bound shown in 3, we immediately get

#{a an ideal of Ok : Nr(a) < X} = Z rr(n) < C. n® < C X't
n<X n<X

where C¢ is the same constant that appears in 3.



