
Exercise Sheet 8

Algebraic Number Theory

December 8, 2025

Exercise 1. Let K := Q(θ) be a number field for some algebraic integer θ ∈ C, and assume that its
ring of integers is given by OK = Z[θ]. Let p be a prime number. We denote by Pθ ∈ Z[X] the minimal
polynomial of θ, and by P̄θ ∈ (Z/pZ)[X] its reduction mod p. Given a divisor Q | P̄θ, we furthermore
define the ideal I(Q) ⊂ OK to be

I(Q) := pOK + F (θ)OK ,

where F ∈ Z[X] is any polynomial such that F ≡ Q mod p.

1. Show that
OK/I(Q) ∼= (Z/pZ)[X]/(Q),

and deduce that I(Q) is prime if and only if Q is irreducible.

2. Write P̄θ as
P̄θ = Q1

e1 · · ·Qr
er ,

where the Qi ∈ (Z/pZ)[X] are pairwise distinct, irreducible, monic polynomials. Show that the
prime factorization of the ideal pOK is then given by

pOK = I(Q1)
e1 · · · I(Qr)

er .

Solution. 1. From the previous Exercise Sheet, Exercise 4, we have the ideal I(Q)/pOK ⊂ OK/pOK

corresponds to (Q)/(P̄θ) ⊂ Z/pZ[X]/(P̄θ). Hence

OK/I(Q) ≃ (OK/pOK)/I(Q)/pOK ≃ (Z/pZ[X]/(P̄θ))/((Q)/(P̄θ)) ≃ (Z/pZ[X])/(Q),

by the isomorphism theorems.

2. By the Chinese remainder theorem we have

OK/pOK ≃ (Z/pZ)[X]/(P̄θ) ≃
r∏

i=1

(Z/pZ[X])/(Qei
i ) ≃

r∏
i=1

OK/I(Qei
i ) ≃ OK/

r∏
i=1

I(Qi)
ei

And this shows the desired result. Notice that I(Qei) = I(Q)ei . Assume this is false and let
k ≤ ei be minimal so that I(Qk) ̸= I(Q)k. Then k > 1. Notice that I(Q)k ⊂ I(Qk), in fact

let F so that Qk and let x ∈ pOK and a ∈ OK , then (x + F (θ)a)k =
∑k

j=0

(
k
j

)
xk−jF (θ)jaj =∑k−1

j=0

(
k
j

)
xk−jF (θ)jaj + F (θ)kak ∈ I(Qk). Hence, I(Qk) = I(Q)l for some l < k. However

this implies, by minimality of k, that I(Qk) = I(Ql), which then implies Qk = Ql and this is a
contradiction.

Exercise 2. In this exercise we will prove the Dedekind recipe I. As in the statement let A ⊂ Q be a
Dedekind domain. Let B be the integral closure of A in a finite separable extension K of Q. We may
assume K = Q[z] for z ∈ B. Let n = [K : Q]. First we prove some preliminaries

1. Prove that for every p ∈ spec(A)
DBp/Ap

= DB/A,p.

Hint: By DB/A,p we mean the localization of DB/A at p, that is DB/AAp. Also note recall that
Ap is a PID, and we have a result for the Discriminant ideal in this case.
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2. Let B ⊂ B. Prove that B is an Ap-basis of Bp if and only if

vp(disc(B)) = vp(DB/A).

In particular, B is free with A-basis B if and only if (discB) = DB/A.

Hint : Use Exercise 3 from Sheet 7.

Next, we start the actual proof of Dedekind recipe 1, so let Pz(X) ∈ A[X] be the minimal polynomial
of z. Consider a prime p ⊆ A s.t.

vp(disc(z)) = vp(DB/A).

3. Prove that Bp ≃ Ap[X]/(Pz) and DB/AAp = (disc(z))Ap.

4. Prove that the stated bijection between the ideals, that is prove that

{irreducible factors of P̄z} → specp B; P 7→ (pBp + P (z)Bp) ∩B

is a bijection, where P is any polynomial so that P (mod p) = P̄ .

Hint: Show first that Bp/pBp ≃ kp[X]/(P̄z), where kp = A/p.

We still need to show the statement about the inertia and the ramification degrees. So let P̄ an
irreducible factor of P̄z and let P ∈ specp(B) the corresponding prime ideal. Also let e be the biggest
power of P̄ that divides P̄z.

5. Show that for any commutative ring A and any two ideals I, J one has

A/(I + J) ≃ (A/I)/((I + J)/I)

and use it to deduce that deg(P̄ ) = fP/p.

6. Recall that BP is principal, so write PBP = (π). Show that

pBP = (πeP/p)

and that
eP/p = min {n ∈ N | ∀x ∈ (BP/pBP) not a unit : xn = 0}

7. Show that e = eP/p.

Hint: Write P̄z =
∏

i P̄
ei
i Use that BP/pBP ≃

(
kp[X]/(P̄z))

)
P

to find the minimal n as in the

previous subexercise.

Solution. We denote d = [K : Q].

1. We have

DBp/Ap
= ⟨discK/Q

(
z1
q1

, . . . ,
zd
qd

)
| zi ∈ B, qi ∈ A∖ p⟩

and

DB/A,p = ⟨1
q
discK/Q(z1, . . . , zd) | q ∈ A∖ p, z1, . . . , zd ∈ B⟩

Notice that discK/Q

(
z1
q1
, . . . , zd

qd

)
= 1

q1···qd discK/Q(z1, . . . , zd). The equality of the two sets is

now clear.

2. As Ap is a PID, we know that
DBp/Ap

= disc(E).Ap

for any Ap-basis E of Bp (Proposition 2.14 in the lecture notes). In particular, if B is an Ap-basis
of Bp, then

disc(B).Ap = DBp/Ap
= DB/A.Ap
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and hence, by unique prime factorization of ideals in Ap and using that p.Ap is the unique
non-zero prime ideal, we find that

vp
(
disc(B)

)
= vp

(
DB/A

)
.

So suppose now that
vp(DB/A) = vp

(
disc(B)

)
.

Hence,

disc(B).Ap = (p.Ap)
vp(disc(B)) = (p.Ap)

vp(DB/A)

= DB/A.Ap = DBp/Ap
.

Let E be an Ap-basis of Bp. Let M ∈ Matn(Ap) be the matrix that express B as linear combi-
nations of E . Then disc(B) = det(M)2 disc(E). However we have by assumption that

disc(B)Ap = DBp/Ap
= disc(E).Ap

and so we deduce that det(M) ∈ A×
p , that is B is a Ap-basis.

We turn to the last claim. Suppose first that B is free with A-basis B. In particular, B is an
Ap-basis for every prime ideal p. Hence, vp(DB/A) = vp(disc(B)) and so by the uniqueness of
the factorization we deduce that (disc(B)) = DB/A.

For the opposite implication, suppose that
(
disc(B)

)
= DB/A. Then, in particular, vp

(
disc(B)

)
=

vp
(
DB/A

)
for all non-zero primes p ∈ Spec(A) and thus B is an Ap-basis of Bp for every non-zero

p ∈ Spec(A). By Sheet 8 Exercise 2 it follows that B is a free A-module and, as shown there in
the proof, B is an A-basis of B.

3. Recall that disc(z) = disc(1, . . . , zn−1). From the second point we have, that (1, . . . , zn−1) is a
Ap-basis of Bp. In particular, Bp = Ap[z] ≃ Ap[X]/(Pz). Also, since ideals in Ap are uniquely
defined by their vp-valutation, it is clear that (disc(z))Ap = DB/AAp.

4. We have Bp = Ap[z]. Hence we can use Exercise Sheet 7, Exercise 4 (in the notation of the
exercise, B = Bp and A = Ap) we have

Bp/pBp ≃ (Ap/pAp)[X]/(Pz (mod pAp)),

where we momentarily denote Pz (modAp) the image ofAp[X] ∋ Pz 7→ Pz (mod pAp) ∈ Ap/pAp[X].
From the class we canonically have Ap/pAp ≃ A/p induced by the map A ↪→ Ap → Ap/pAp and
under this map Pz (mod pAp) to P̄z. Hence we get the desired isomorphism

Bp/pBp ≃ kp[X]/(P̄z),

which concretely takes a polynomial P̄ ∈ kp[X], take a P ∈ A[X] that maps onto P̄ , and maps
[P̄ ] ∈ kp[X]/(P̄z) to P (α) + pBp ∈ Bp/pBp.

In particular, we have restricting to prime ideals, that

{ irreducible factors of P̄z} → spec(Bp/pBp); P̄ 7→ (P (α)Bp + pBp)/pBp.

Also, the set spec(Bp/pBp) is in natural bijection with the set of prime ideals P of Bp so that
pBp ⊂ P and the latter is in bijection with the set specp(B), more concretely

spec(Bp/ pBp) −→ specpBp
(Bp) −→ specpB(B)

Ī 7−→ I + pBp 7−→ (I + pBp) ∩B,

where I is any ideal so that its image under Bp → Bp/pBp is Ī. In particular, we get the desired
bijection.

5. The first assertion is classical from Isomorphism theorems and we actually used it already repeat-
edly. The inertia degree fP/p is the degree of the extension B/PB over A/pA. Let P ∈ A[X]
that maps to P̄ ∈ kp[X], then

B/PB = B/(pB + P (z)B) ≃ (B/pB)/(pB + P (z)B)/pB ≃ (kp[X]/(P̄z))/(P̄ ) ≃ kp[X]/(P̄ ).

By classical field theory, the right hand side is a field extension of degree deg(P̄ ) of kp and so
the claim.
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6. Write pB =
∏

P′ ̸=P∈specp(B) P
′eP′/pPeP/p , then

pBP =
∏

P′ ̸=P∈specp(B)

P′eP′/pBPPeP/pBP = PeP/pBP = (πeP/p),

where the secon equality comes from the fact that for P′ ̸= P, then P′BP = BP (since it contains
invertible elements).

Let n < eP/p, π is not a unit in BP/pBP, since πeP/p = 0 and πn /∈ pBP and so eP/p ≤
min {n ∈ N | ∀x ∈ (BP/pBP) not a unit : xn = 0}. The other inequality is easy verified as well.

7. We conclude by showing that
e = eP/p

using the above characterization. We have that

eP/p = min{n ∈ N : xn = 0 ∀x ∈ BP/pBP, x not a unit}.

Note that localization commutes with taking quotients i.e.

BP/pBP ≃ (B/pB)P

and you have seen that
B/pB ≃ Bp/pBp.

We have then that

BP/pBP ≃ (Bp/pBp)P ≃
(
kp[X]/(Pz)

)
P
= (kp[X]/(P z))(P )

Applying the Chinese Remainder Theorem finally shows that

BP/pBP ≃

∏
Q̄

kp[X]/(Q̄eQ)


(P )

≃
∏
Q̄

(kp[X]/Q̄eQ)(P ),

where the product is taken over all irreducible factors Q̄|P̄z. Notice that for Q̄ ̸= P̄ we have
(kp[X]/Q

eq
)(P̄ ) is 0, in fact Q̄ei /∈ (P̄ ) and 1·Q̄eQ = 0 ∈ kp[X]/(Q̄eQ) so 1 ≡ 0 ∈ (kp[X]/(Q̄eQ))P̄ .

Hence
BP/pBP ≃ (kp[X]/P̄ e)(P̄ ) ≃ kp[X]/(P̄ e).

We can conclude using the previous subexercise.

Exercise 3. Let K/Q be a number field of degree d, let θ be an algebraic integer of degree d, and let

P (X) = Xd + ad−1X
d−1 + . . .+ a1X + a0

be its minimal polynomial. Furthermore, suppose that P is Eisenstein with respect to the prime p,
that is

p | aj for 0 ≤ j ≤ n− 1 and p2 ∤ a0.

The goal of this exercise is to show that then p ∤ |OK/Z[θ]|.

1. Assume to the contrary that p divides |OK/Z[θ]|. Show that in this case we can find ξ ∈ OK ,
such that pξ ∈ Z[θ] and ξ ̸∈ Z[θ].

2. Write
pξ = b0 + b1θ + . . .+ bd−1θ

d−1 with bi ∈ Z,

and let j be the smallest index such that p ∤ bj . Prove that bjθ
d−1 ∈ pOK .

3. Show that NK/Q

(
bjθ

d−1/p
)
̸∈ Z.

4. Conclude by finding a contradiction.
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Solution. 1. By Cauchy’s theorem there must exist ξ ∈ OK such that its equivalence class ξ+Z[θ]
is of order p in OK/Z[θ]. In other words, we have ξ ̸∈ Z[θ] but pξ ∈ Z[θ].

2. Since pξ ∈ Z[θ], we can write it in the form

pξ = b0 + b1θ + . . .+ bd−1θ
d−1

for some b0, . . . , bd−1 ∈ Z. Furthermore note that not all bi are divisible by p, since otherwise we
would have ξ ∈ Z[θ]. So there is a smallest index j such that p ∤ bj . Then we can write bjθ

d−1

in the following way,

bjθ
d−1 =

(
pξ − b0 − . . .− bj−1θ

j−1
)
θd−j−1 −

(
bj+1 + . . .+ bd−1θ

j−d−2
)
θd.

By definition of bj we have

pξ − b0 − b1θ − . . .− bj−1θ
j−1 ∈ pOK ,

and since P is Eisenstein at p we also have

θd = −ad−1θ
d−1 − . . .− a1θ − a0 ∈ pOK .

Thus
bjθ

d−1 ∈ pOK ,

as we wanted to show.

3. We have

NK/Q

(
bjθ

d−1

p

)
=

bj
d

pd
NK/Q(θ)

d−1 =
bj

da0
d−1

pd
̸∈ Z,

since p ∤ bj and p2 ∤ a0.

4. As we have shown in 2, bjθ
d−1/p ∈ OK and thus

NK/Q

(
bjθ

d−1

p

)
∈ Z.

This obviously contradicts the result we have shown in 3. Hence we can conclude that p does
not divide |OK/Z[θ]|.

Exercise 4. Let p be a prime, let ℓ ≥ 1, let ζ be a primitive pℓ-th root of unity, and let K be the
cyclotomic field K := Q(ζ). In this exercise we want to determine the ring of integers of K.

1. Show that

Φ(X) :=
Xpℓ − 1

Xpℓ−1 − 1
∈ Z[X]

is the minimal polynomial of ζ.

Hint: Show that Φ(X + 1).

2. Let ξ := ζp
ℓ−1

. Prove that∣∣NQ(ξ)/Q(ξ − 1)
∣∣ = p and

∣∣NK/Q(ξ − 1)
∣∣ = pp

ℓ−1

.

3. Verify that
(ξ − 1)Φ′(ζ) = pℓζ−1.

4. Prove that ∣∣discK/Q

(
1, ζ, ζ2, . . . , ζϕ(p

ℓ)−1
)∣∣ = ps with s := pℓ−1(ℓp− ℓ− 1).
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5. Conclude that OK = Z[ζ] .

Hint : For prime p, you may like to consider Z[ζ] = Z[ζ − 1]]

Solution. 1. First of all note that

Φ(X) = 1 +Xpℓ−1

+X2pℓ−1

+X3pℓ−1

+ . . .+X(p−1)pℓ−1

,

so Φ(X) is indeed a polynomial in Z[X] of degree ϕ(pℓ) = pℓ−1(p−1). Now, since ζ is a primitive
pℓ-th root of unity, we have that

ζp
ℓ

= 1 and ζp
ℓ−1

̸= 1,

and thus

Φ(ζ) =
ζp

ℓ − 1

ζpℓ−1 − 1
,

which shows that ζ is indeed a root of Φ(X).

In order to show irreducibility, we will apply Eisenstein’s criterion on the polynomial Φ(X + 1).
Let Φ(X) ∈ Fp[X] be the reduction of Φ(X) mod p. Because of

Xpj

= (X + 1)p
j

− 1 for j ≥ 0

in Fp[X], it follows that

Φ(X + 1)Xpℓ−1

= Φ(X + 1)((X + 1)p
ℓ−1

− 1) = (X + 1)p
ℓ

− 1 = Xpℓ

,

and thus
Φ(X + 1) = X(p−1)pℓ−1

.

This shows that all but the leading coefficients of the polynomial Φ(X + 1) are divisible by p.
Furthermore, a direct calculation shows that the constant coefficient of Φ(X + 1) is equal to p.
Hence we can apply the Eisenstein criterion and we see that Φ(X + 1) is indeed irreducible. By
consequence, so is Φ(X).

2. By what we have shown in 1, the minimal polynomial of ξ (which is a p-th root of unity) over Q
is given by

1 +X +X2 + . . .+Xp−1.

Thus the minimal polynomial of ξ − 1 is

1 + (X + 1) + (X + 1)2 + . . .+ (X + 1)p−1,

and since the constant coefficient of this polynomial is equal to p, we get

NQ(ξ)/Q(ξ − 1) = p.

Using this result we can also deduce

NQ(ζ)/Q(ξ − 1) = NQ(ξ)/Q(ξ − 1)[Q(ζ):Q(ξ)] = pp
ℓ−1

,

where we have made use of the fact that [Q(ζ) : Q(ξ)] = pℓ−1.

3. We have
(Xpℓ−1

− 1)Φ(X) = Xpℓ

− 1

which by taking the derivative with respect to X gives

pℓ−1Xpℓ−1−1Φ(X) + (Xpℓ−1

− 1)Φ′(X) = pℓXpℓ−1.

The identity in question follows immediately by evaluating both sides at ζ.
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4. By Sheet 6 Exercise 1 we have∣∣discK/Q

(
1, ζ, ζ2, . . . , ζϕ(p

ℓ)−1
)∣∣ = NK/Q(Φ

′(ζ)).

so that by the identity proven in 3,

∣∣ discK/Q

(
1, ζ, ζ2, . . . , ζϕ(p

ℓ)−1
)∣∣ = NK/Q

(
pℓ

ζ(ξ − 1)

)
=

NK/Q(p
ℓ)

NK/Q(ζ)NK/Q(ξ − 1)
.

Noting that

NK/Q(p
ℓ) = pℓϕ(p

ℓ), NK/Q(ζ) = 1 and NK/Q(ξ − 1) = pp
ℓ−1

the identity in question follows.

5. Let B be a basis of OK , and let M be the matrix representing the tuple

1, ζ, ζ2, . . . , ζϕ(p
ℓ)−1

in this basis. Then we have the relation

discK/Q

(
1, ζ, ζ2, . . . , ζϕ(p

ℓ)−1
)
= (detM)2 discK/Q(B).

We have
| det(M)| = |OK/Z[ζ]|,

and by 4, ∣∣ discK/Q

(
1, ζ, ζ2, . . . , ζϕ(p

ℓ)−1
)∣∣ = ps,

for some positive integer s. Together this shows that the only prime divisor of |OK/Z[ζ]| is p.
On the other hand, as shown in 1, the polynomial Φ(X + 1) satisfies the Eisenstein condition
at p. It follows that p does not divide ∣∣OQ(ζ−1)/Z[ζ − 1]

∣∣ ,
and since obviously Q(ζ − 1) = Q(ζ) and Z[ζ − 1] = Z[ζ], we see that p does also not di-
vide |OK/Z[ζ]|. So, we must have

|OK/Z[ζ]| = 1,

or, in other words, OK = Z[ζ].
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