Solutions to Exercise Sheet 3
Algebraic Number Theory

January 4, 2026

Exercise 1 (Quadratic reciprocity law). With this exercise we give a first (of many) proof' of the
quadratic reciprocity law. We define the Legendre symbol.

(2): @ e

(“) _ {1 if it exists b € (Z/pZ)* : b = a,

p ] =1 otherwise.

The quadratic reciprocity law says that for all distinct odd prime numbers p, q it holds that

(-

First we prove/recall the Euler’s criterion:
1. Show the Euler’s criterion, valid for every odd prime p and a € Z coprime to p:

(a) =" (modp)

p

Now we are ready to prove the theorem:
2. Consider the group G = ((Z/pZ)* x (Z/qZ)*)/U, where U = {+(1,1)}. Show that the following
two subsets of (Z/pZ)* x (Z/qZ)* are both a system of representatives for G:
-1
S1 = {(i (modp), j (modq)) | 1 Si<p-1,1<j< =)

pg—1
2

Sz = {(k (modp), k (modq)) | 1 <k < , (k,pq) = 1}.

3. Taking the product of all elements of G show that

((p —nrE (]‘D,(q — (2)) U= (-1 - ) () v

4. Conclude.

Solution. 1. Consider the map
. 2
Fr—Fy oo
This is a group homomorphism and its kernel is £1. Hence the image {x € F, |3y € F, : y* = z}
has cardinality % (recall that the p is odd).

IThis proof is due to G. Rosseau



Let a € F, then (apz;1 . 1)((1177_1 +1) =a?~! —1 =0 (mod p). In particular o't =41 (mod p)
for every a € F,,.

If a = b% is a square, then "z = bP~! =1 (mod p). The polynomial X7 —1e¢ F,[X] has
at most p—;l solutions and since the squares are also exactly pZ;l we see that they exhaust all

possible solutions. Hence if a is not a square, then a7 =1 (mod p).

2. It is clear that two distinct elements of S; define two distinct equivalenct classes. The cardi-

nality of S; is easily computed to be % = |G, hence S is a system of representatives.

We have that S5 = {k(modpq),1 < k < %ﬁl, (k,pq) = 1} is a system of representatives for
(Z/pgZ)* /{£1} ~ G (chinese remainder theorem) and Sy is the image of S} under this isomor-

phism, hence a system of representatives.
3. Let a =[], 2. We compute « using first the representatives Si:

o q=1 qg—1

a= J[ G4)=(p-1"7 (modp),(~——
1<i<p—1
1<<azt

)P~ (mod ¢))U.

Notice that ((%)!)2 = (—1)%1(q — 1)! (mod q) and so

a=((p— D! (modp), (—1)"7 "7 (¢ = 1)I"*" (modq))U
Now compute we compute a using So. The product
-1 . -1 . “1,0— . p—-t .
[0 i x T (p+i) x - x Ty (5 = Dp+ ) [L2 (5p +4)
1x2g%x---x p—;lq

(=g T
= 2 = -0 (1) moap)

and similarly for (mod gq), therefore

H k (modp) =

keSsa

o= (=1 (1) modn). (4- 07 (2) (moda))

4. Comparing the two expressions we deduce

e (2). (o

and so the desired reciprocity law

Exercise 2. Let K/Q be a quadratic extension, i.e., dimg K = 2. Denote by O the ring of integers
of K. For this exercise, you may use the following criterion without proof. Let z € K, then

2z € Og <= char,(X) € Z[X]
where char,(X) € Q[X] is the characteristic polynomial of the Q-linear map
[xz]: K = K
defined by [xz](k) = zk, k € K.
1. Show that K = Q(v/D) for some D € Z squarefree.”

2Recall we call an integer n € Z squarefree if there is no prime p so that p?|n.



2. For z = a + bv/D, compute char, (X) .

3. Show that Ox = Z[V/D] if d = 2,3 mod 4 and O = Z[H%@] if d=1 mod 4.
Recall that the group of units is defined by
Ox ={2€ 0k | Fw €Ok : 2w =1}

4. Let K = Q(v/D) for some D € Z squarefree, D < 0. We call such a field an imaginary quadratic
field. Find O in this case. In particular show that O has 2,4 or 6 elements and characterize
when each situation occurs.

Solution. 1. Let K = Q(a). Let p(X) = X2+aX +b be the minimal polynomial of a. Completing
the square we can write p(X) = (X — )% + (b — %) Let ¢(X) = X2 — (b— ‘1—2) =p(X + %)
Then a — § is a root of ¢(X), that is f = +,/g € Q, with ¢ = b — % € Q. We observe that
Q(a) = Q(\/q). Write ¢ = rzuD, where r, D,u € Z, (rD,u) = 1 and D is square free. Then clearly

we have Q(,/g) = Q(v/D).

2. Consider the ordered basis (1,/D) of Q(v/D)/Q. Then the multiplication by z = a 4+ bv/D in
this basis is given by the matrix
a bD
b a /)’

The characteristic polynomial is therefore char,(X) = (X —a)? —b?D = X? —2aX + (a®> — D).

3. We use the statement in the assignment. Let z = a + bv/D, then z € O if and only 2a and
a?> — b2D € Z. Clearly we have Z[\/E] C Ok so we study if Ok can be bigger.

’

We see that z € Ok implies that a = % for some o’ € Z. Write b = b?/ for some b',r € Z, r > 0,

coprime. Then the second condition implies that r?(a’? — 4n) = 4(bd) for some n € Z. Suppose
that (a’,2) = 1, then since 4 { (a’? + 4n) it follows that 4|r? and so 2|r. Also r?|4b'?d implies

that 2[4 (since ¥’ is coprime to  and d is square free), hence r = 2 and a 4 bv/D € Z[#].
Suppose 2|a’. Then we see that 72|b?d and so r = 1 and in this case we see a + bv/D € Z[V/D].
This shows Og C Z[%}.

We see that % € Ok if and ony if i — % € Z, and this happens if and only if D = 1 (mod 4).
So we conclude the claim for D =1 (mod4). If D = 2,3 (mod4) we have

1++vVD
2

Z[VD] c Ok € Z]

=

J,

however since Z[v/D] has index two in Z[HQ/B] we conclude that O = Z[v/D].

4. Recall the norm map N(z) = Ng/q(z) = det([xz]), z € K. The norm map is multiplicative and
N(1) = 1. In particular, we see that the units have norm 1. On the other hand, it is easy to
compute that N(a 4 bv/D) = a® — b*D and so in this case a + bv/D implies that

1= N(a+bVD) =a*+b*D|. (1)

Suppose D = —1, then by the previous subexercise we have Ok = Z]i] and so in this case (1) is
for a,b € Z and |D| = 1. There are readily only four solutions which are +1 and +i and each of
them is a unit.
Suppose D = —3, then by the previous subexercise we have Og = Z[#] and (1) becomes
1 =a?+ 302, for a,b € %, which has 6 solutions a = +1,b =0or a = j:% and b = :I:%. Each of
the solutions give a unit (easy to verify or ague directly that if 2 € Ox has norm 1, then it is a
unit).
Suppose D < =5 and N(z) = § + @ € Z[%]. Then N(z) =1 implies that

4= a®+b*D|.

We see that if b # 0, then the right hand side is bigger than 5 and so equality can not happen.
Hence the unique solutions is @ = +2, that is z = £1. It is clear that £1 are both units in Og.



Exercise 3. The aim of this exercise is to classify which prime ideals are inert, split and ramified in
a quadratic extension. Let K = Q(v/D) be a quadratic extension. We know that O = Z[«], for some
a € Ogk. Let p be a prime.

1. Since Ok is a Dedekind domain we can factorise (p) = pO into prime ideals. Show that exactly
one of the following holds,

e The ideal (p) is prime in Og. In this case we say (p) is inert.
e The ideal (p) splits into two distinct prime ideals in Og. In this case we say (p) is totally
split.

e The ideal (p) is a square of a prime ideal in Ok. In this case we say (p) is ramified.

2. Prove that
O /9O ~ FylX] /1im

where p1, € Z[X] is the minimal polynomial of @ and fig is its reduction (modp).
3. Use the above statement to first find the inert primes in terms of D.

4. Prove that p is a ramified prime iff Ok /pOk has nilpotents. Find the ramified and split primes
in terms of D.

Solution. 1. 3 First note that the inclusion Z < O induces an inclusion Z/p < O /pOf . Hence
Ok /pOf is naturally a non trivial Z/p-vector space. We claim that it has dimension 2, which
would imply |Ok /pOx| = p?. Since Ok = Z[wp], for wp as in the previous exercise, we see that
Ok /pOk is generated, as Z-module, by at most two elements. Hence Ok /pOk is generated, as
Z/pZ vector space, by at most two elements and we see that dimz,,7> Ox/pOx < 2. For the
other inequality, we have that 1+ pOx and wp + pOy (recall wp = /D if D = 2,3 (mod 4) or
wp = 1%5 if D =1 (mod4)) are Z/pZ-linearly independent. In fact, let Ay, Ay € Z/pZ so that

M (14 Ok)+ Xa(wp +Or) =0+ Ok
, that is there exists * = a + bwp € Ok, a,b € Z, so that
A+ Xowp = pa + pbwp.
By uniqueness of the linear combination, we see that Ay = pa and Ay = pb and so \; = Ay =

0 (mod p).

Now we go back to the question, if (p) = pOk is inert there is nothing to show. Suppose
(p) =11, 551 for some pairwise distinct prime ideals 3; and {; > 1 or n > 1. Then we have by
the Chinese remainder theorem

Ok /pOk =~ H Or /Bl
=1

and [[/_, |Ok/B%| = |Ok/pOk| = p? (otherwise pOx would be maximal and hence prime).
Suppose n > 1, then, since |OK/ﬂf-i| # 1, the only possibility is that n = 2 and pOg = $152,
with |Ox /Bi| = p. Suppose I; > 1, then since |Ox/B1| | |Ox /8| and |0k /B1| < |0k B we
see that |Ox /B1| = p and |Ox /B"| = p®. Also we deduce that I; = 2, since O /32 is between
O /B and Ok /B%. Also, we see that n = 1 in this case.

2. We have
Z[X]/(pa) = Z[o] = Ok,

via the evaluation map. In fact if f € Z[X] is so that f(a) = 0, then u,|f in Q[X]. Since u, is
monic one can see that p,|f already in Z[X] (check it!). Hence we have

Ok /pOk ~ Z[X|(p, pa) =~ Fp[X]/(Ha),

where the second arrow is the reduction (mod p) of the coefficients.

3Thanks to Marilyne Plumey and Felix Shenyi Shang for pointing out a mistake in previous Solutions



3.

If D = 2,3(mod4), we use a = v/D and we have y, = X? — D and iz = X2 — D (mod p).
From the first subexercise, p is inert in O if and only if fi,, is irreducible in Fp,[X] and the latter
happens if and only if 715 does note have roots in F, and, finally, this happens if and only if D is

not a square (mod D), i.e. (p,D) =1 and (%) = —1. Suppose now D =1 (mod4), in this case

we use ap = %. Then 1o(X) = X% — X + 152 In particular, we deduce as before that p is
inert in O if and only if X2 — X + % does not have roots in F,[X], and this happens again
if and only if D is not a square in Fp.

From the first subexercise we know that if p is ramified, then Ox /pOx ~ O /B? for some prime
ideal 8 and so it contains a nilpotent element, namely 8. On the other hand Ok /81 x Ok /B2
and Ok /f for prime ideals 3, 81, S2 do not contain nilpotent elements.

In particular, we deduce that p is ramified if and only if iy is a square in F,[X].

Suppose first D = 2,3 (mod 4), fig(X) = X? — D (mod p) is always a square if p = 2. If p > 2,
then it happens if and only if D = 0 (mod p). We conclude, in this case, that p is split, if p > 2
and D # 0 (modp) and D is a square mod p.

Now we consider the case D = 1 (mod4). Then fiq(X) = X? — X + 152 is a square if any only
if D = 0(modp). We conclude, that the ramified primes p|D and the split primes are p { D so
that D is a square (modp).

Exercise 4 (A PID that is not Euclidean). Let a := %. The goal of this exercise is to prove that
Z[a] is a Principal Ideals Domain (PID), but not en Euclidean domain.

An integral domain A is called Euclidean if there exists a function f: A ~\ {0} — Z>¢ satisfying
the following property: for all a € A, b € A~ {0}, there exist ¢, € A so that a = ¢b+r and r =0 or
f(r) < f(b). If such a f exists, it is called a Euclidean function.

First, we show that Z[a] is not Euclidean. Aiming to a contradiction, we assume that Z[a] is
Euclidean.

1.
2.

4.

Show that a2 —a+5=10

Denote by |-| the usual absolute value in C. Show that |a|?> € Z for every a € Z[a] and deduce
that Z[a]* ={z € Z]a] | Fw € Z[a] : 2w = 1} = {£1}.

Let f be a Euclidean function of Z[a]. Let zp € Z[a] be so that f(z) = min{f(z) | z €
Z[a] \ Z][a]*}. Show that Z[a]/(zp) has at most 3 elements.

Show that X2— X +5 is irreducible in both F3[X] and F3[X] and deduce the desired contradiction.

Next, we show that Z[a] is a PID. Consider Z[a] C C and define

U={z+a€C||z| <1,a € Za]}

the union of all open disks of radius 1 with center an element of Z[a].

9.
6.

Show that if z € C\ U, then |im(z) — ”T‘/E\ > ? for all n € Z.

Show that if 21,29 € C\ U, then 21 + 2 € U.

We say that a pair (a,b) € Z[a] x (Z[a] ~ {0}) has (DR) property, if there exists g,r € Z[a] so that
a=gb+r and |r| < b

7.

8.

Prove the following statements
e (a,b) has (DR) if and only if § € U.
e If (a,b) does not have (DR), then (2a,b) has (DR).
o If (a,b) does not have (DR), then (aa,b) or ((1 — a)a,b) has (DR).

Show that 2 is coprime to o and 1 —« in Z[a], that is, there is no irreducible element that divides
both 2 and « (resp. 2 and 1 — «).



9. Conclude that Z[a] is a PID.

Solution. 1.

—1842ivI9 2+ 2iV/19
B 1 T TPF

2

a“—a+5 0.

2. Let 2,y € Z. We have |m+y%‘/ﬁ|2 = (95—1—%)2—&—%?2 =z +ay+5y? € Z. If u € Z[a]*, then
|ul|l in Z and so it is 1. If u € Z[a] and |u| = 1, then wu =1 and @ € Z[a].

The equation (z + %)2 + % =1, x,y € Z has only two solutions z = 1. In fact, if y > 0, then

By2 > 1.

3. Let z € Z[a]. Then, since Z[a] is Eculidean, we can write z = gzo + r for some r either 0 or
f(r) < f(z0). f r =0, then z € (zp). If  # 0, then since f(r) < f(zo) implies that r € Z[a]*
and so r € {£1}.

4. From the previous subexercise we deduce that Z[a]/(z9) ~ F2 or Z[a]/(20) ~ F5. In particular
the polynomial f(X)= X2 — X + 5 has a solution (the image of o+ (29)) in Fy or F3, hence to
show the desired contradiction we show that this is not the case.

Over Fy we have that f(X) = X? + X + 1 which does not have roots in Fy. Over F3 we have
that f(X) = X? — X +2 and it has no roots in F3.

5. Let z € C~\ U. Then for all a € Z[a] it holds that |z —a|] > 1. Let m =€ Z be so that
lre(z) — 2 —m| < . Hence

2
v VAl
_nT9|2Z 2 — ((m+ 2y +n’ 29

jim((2) -

P-323
4~ 4
and so the claim.

6. Suppose 21,22 € C~ U. After translating by elements of Z[a] we may assume that 0
im(z1),im(z2) < v/19/2. Using the previous subexercise we get v/3/2 < im(z;),im(2s)

(v/19 — /3) /2. Then we see
V3 < im(z) +im(z) < V19 — V3.

INIA

We have so

fim(z1) + im(z2) — vVI9/2| < max([v3 — vI9/2], ||VIO — V3 - v19/2))

)

V3
<5

as you can check. Hence z; + 25 € U.

7. Suppose (a, b) has (DR), that is there are ¢, 7 so that a = gb-+r, |r| < [b|. Then ¢ = g+7 € U. On
the other hand suppose ¢ € U. Then thereis ¢ € Z[a] so that [ — ¢| < 1. Hencer = a—gb € Z[a]
satisfies |r| < |b].

From the previous subexercise we have ¢ ¢ U implies that ¢ + ¢ = 2¢ € U and so (2a,b) has
(DR). Similarly if (aa,b) and ((1 — «)a,b) do not have (DR), then § = af + (1 — )% € U and

so (a,b) has DR.

8. Suppose 7 € Z[a] so that 7|2,«. Then Z > |r|? divides both 4 and |a|?> = 5 but this is not
possible. Notice this also show that =22+ a(1 —a) =1

9. Let a C Z[a] an ideal. If a = 0 there is nothing to show. Let ag € a \ {0} be an element of
minimal absolute value. Let a € a. If (a,ag) has (DR), then we deduce that ap|la by minimality
of ag. Suppose (a, ag) does not have (DR). Then we may assume wlog that (2a, ag) and (aa, ag)
have (DR), write then 2a = gaap + ro and aa = guap + 7. Again by minimality of ag we deduce
ro = 0 =r,. Hence ag|2a and ap|aa and so agla = ((—2)2a + a(1 — a)a).



Exercise 5 (A Diophantine equation ). In this exercise, we determine the solution (x,y) € Z? to the
equation
2?4+ 1=y (2)

1. Let A be a PID and n > 2 and integer. Suppose u,v € A are coprime elements so that uv is a
n’th power in A. Show that, up to multiplication by units, also u and v are n’th powers.

2. Prove that, up to multiplication by units, the only two irreducible elements dividing 2 in Z[i] are
1+7iand 1 —1

3. Suppose = € Z is odd. Show that x2 + 1 can not be a cube.
Hint: Check it (mod4)

Now suppose (x,y) € Z? is a solution to (2):
4. Show that z + i,z — i € Z[i] are coprime.
5. Deduce that there exists a,b € Z such that z +i = (a + ib)3.
6. Conclude that the only solution to (2) in Z2 is (0, 1).

Solution. 1. Since A is a PID it is in particular a UFD. Since uv is a n’th power we can write
uv = ony - - -y, for my, ..., my prime elements and o a unit. Since u and v are coprimes, then
m; divides either u or v. After relabeling 7, ..., m,, if necessary we may assume that there exists
0 < j < m so that ¢ > j if and only if m;|v. And so by the uniqueness of the factorization we
deduce u = o'r{ -+ 7} (or u = 0" if j = 0) and v = "7} -+ 7}, (or v = 0" if j = m), with
o',0" units.

2. We have (1 +i)(1 —4) = 2. If (a + bi)|2 is a non unit then Z > |a + ib|?||2|? = 4. However since
(a+bi) is not a unit, it follows |a + ib|?> = a® +b? = 2. The unique solutions are a = 41, b = +1.

3. For z odd we have 22 + 1 =2 mod (4). However the only cubes mod 4 are 0, #1.

4. We know that if (z,y) € Z? is a solution, then z is even. Suppose (a + bi)|(z + i), (x — 1), then
(a + bi)|2i. Hence we see that a + bi is, up to unit, equal to 1 +¢ or 1 —i. But 1+ ¢ does not
divide x + 4, indeed (1 + ¢)(a + bi) = (a — b) + i(a + b) and in particular @ — b and a + b have
same parity, while  and 1 not.

5. Since (z2+1) = (z+14)(x —i) = y> we deduce from the first point that there exists (a+ib) € Z][i]
so that (a + ib)® = = +i.

6. Suppose we have a solution (x,y), then there exists a,b € Z so that x +i = (a+1ib)3. We expand
the cube and see that
z+i=(a® - 3ab?) + 3iba® — ib®

and so 1 = b(3a® — b?). This forces b = 1. If b = 1, then we get 2 = 3a? which has no integer
solution. If b = —1, then we get 0 = —3a? which has the unique solution a = 0. Hence x = 0
and y = 1 is the unique solution.



