Solutions to Exercise Sheet 1

October 10, 2025

Exercise 1. Let p be a prime number that satisfies p = 1 (mod4). Explain and verify the assertions
of the following one-sentence proof! of the fact that p can be written as a sum of two squares:
The involution of the finite set S = {(z,y,z) € N3 : 2% + 4yz = p} defined by
(r+2z,2z,y—x—2) ife<y—=z
(z,y,2) = Qy—2,y,2—y+2) fy—z2<z<2y
(@ —2y,2-y+zy) ifz>2y
has exactly one fized point, so |S| is odd and the involution by (x,y,z) — (x,z,y) also has a fixed
point.
Solution. First, the set S is clearly finite. Second, we show that the map takes values in S. Let
(z,y,2) € S. Then
(x+22)% +4dz(y—a—2) =2 +4yz=p
2y—=z)+4y(z—y+2)=2"+4dyz =p
(x—2y)? +dy(x —y +2) = 2® + 4yz = p.
Next, we show that the map is in fact an involution. Let (z,y,z) € S so that 2 < y — z. Then
x+ 2z > 2z and so
(v,y,2) = (+2z,z,y—z—2)—= (x+22—2z,24+2z2—2+y—2a—z,2) = (z,9, 2).
Let (z,y,z) € Ssothat y — 2z <2 <2y. Theny— (z—y+2)=2y—x—2< 2y —x <2y and so
(@,9,2) > Qy—zy 2 —y+2)—= 2y - Qyu—2),y,2y -z —y+ (@@ -y +2) = (,9,2)

The last case follows similarly as the first one.
Next, we show that the map has a unique fixed point. Notice that x — 2y < z < x + 2z, hence the
unique case that can produce a fix point is the middle one.

(Z',y,Z) = (nyx,y,znyrZ) =T =Y.
Hence we need to show that S contains a unique point of the form (x,z, z). Since p = 1 (mod 4) there
exists a unique k € Z so that p = 1 + 4k. We see so that the tuple (1,1,%k) € S and it is unique since
(z,z,2) € S = x|p and one easily see that z = 1 and so z = k.
We conclude that |S| is odd, call the above map ¢. Say that (x,y,2) ~, (z/,¢’,2") if and only if

(z,y,2) = u(2',y,2"). Then ~, is an equivalence relation and every equivalence class has two elements,
except for the equivalence class of (1,1, k) and so we have

Sl= > lkll=1+2 > 1,
[ales/~. [a)e(S/~) {111k}

which is odd.
Consider the involution n: S 3 (z,y,2) — (2, 2,y). As before we define ~,, the equivalence relation
(,y,2) ~y (&', Y, 2') & (x,y,2) =n(2’,y’,2’). This is again an equivalence relation and so

1S|="> =]l
[z]€S/~y

and if 7 has no fixed point the latter is even. Hence we deduce that there is a fixed point, that is there
exist 2,y € N so that (z,y,y) € S, that is 2% + 4y = p.

IThe proof is due to Don Zagier [ ]



Exercise 2 (Pell equation). Let d > 2 be a square-free integer. Let K = Q(v/d) and A = Z[/d].
Given an element z = 2 +yvd € Q(v/d) we let Z = x — yv/d and Nr(z) = z-Z. We also define the Pell
equation

v —dy* =1 (1)

1. Prove that Nr(z122) = Nr(z1) Nr(z2) for every 21,20 € K.
2. Let A* be the group of units of the ring A. Show that
A* ={z€ A:Nr(z) = £1}.
and show that the set of solutions of (1)
AW =z —a+bVde A:Nr(z) =1}
has index at most two in A*.

3. Show that the map
AW = (R, 4); a+bVd — log|a + bVd|

is a group homomorphism with kernel {£1} and its image is a discrete subgroup of (R, +).
4. Show that a discrete subgroup of (R, +) is cyclic.

5. Conclude that the group of solutions of the Pell equation A™) satisfies AN = (£2z;) for some
29 € AW, that is A®) can be generated by two elements, one of which being —1.

Such a zg is call fundamental solution of the Pell equation. There exist algorithms to find the funda-
mental solution, for the moment we will limit ourselves to find non-trivial (that is (z,y) # (£1,0))
solutions.

6. Let « =R~ Q and n > 1 be an integer. Show that there exist a € Z and b € {1,...,n} so that

N
T St
In particular, deduce that there exist infinitely many pairs (a,b) € Z (b # 0) with ged(a,b) =1
and
o= ?l< L
a-< 2
Hint: For the first assertion: consider the n  +  2-number

B = {{0},{a}, - ,{na},1} C[0,1] , where {z} = = — |z] is the fractional part of z. What can
you say about ming,ep |z — y|?

7. Show that there exists n € Z satisfying 1 < |n| < 2v/d+ 1 and so that 2> — dy?> = n has infinitely
many solutions (z,y) € Z with z,y positive. Show also that there exist two distinct solutions
(z1,11) and (z2,y2) with z; = z2 (modn) and y; = y2 (mod n).

_ z+Vdy c AX

8. Let (z;,v:), i = 1,2, as in the previous subexercise. Show that zy = et/ and it is a
2 2

non-trivial (that is, zg # £1) solution of the Pell equation.
Solution. 1. Nr(z122) = 2129Z122 = 2171 2022 = Nr(21) Nr(22).

2. Suppose z = a + bv/d € A*. Then there exists w € A so that zw = 1. Taking the norm we see
Nr(z) Nr(w) = 1 and Nr(z) = a® — b?d € Z. Hence, Nr(z) = +1.
Now, suppose that z is so that Nr(z) = +1. Then z(+%z) =1, and £z € A. That is, z € A*.
Nr induces a map A*/A®M ~ {£1}.



3. Call the map ¢. The facts that ¢ is a group homomorphism and ker(¢) = {%1} are clear

We show now that the image of ¢ is discrete. Since Im(¢) is a group, to show that it is

discrete it is sufficent to produce a open ball B,.(0) around the identity element in 0 € R so that
B,.(0) NIm(¢) = {0}. Then, with the same r we will have B,(¢(z)) NIm(¢) = {¢(2)}.

Let B,.(0) be an open ball of radius r > 0. We claim that A() N ¢~ (B,.(0)) is finite. Suppose the
claim is true, then with ' = 1 min{|@(21) — ¢(22)| |21, 22 € AV N $~1(B,(0)), ¢(21) # d(22)}
we see that B,/(0) NIm(¢) = {0} which is what we want to show.

Let us prove the claim. The condition a 4+ bv/d € ¢~*(B,.(0)) is equivalent to |log|a + bVd|| < 7,

which is equivalent to
e <|a+bVd| < e (2)

. Since a + bv/d € AD) we have that
e "a—bVd <1=|(a+bVd)(a—bVd)| <e|a+bVd.

In particular,
e <la—bVd <e. (3)

Fixed r > 0, there are only finitely many a,b € Z satisfying (2) and (3): this can be done by case
distinction. Suppose a + bv/d and a — bv/d are both positive. Then (2) and (3) imply together
that

2e"<2a<2", e —e <2WVd<e —e .

The other cases are similar.

4. Let G C (R, +) a discrete subgroup. If G is trivial there is nothing to show. So suppose G # {0}.
Let z € G be an element so that |z| = min{|y|, vy € G ~ {0}}. After changing =z with —z if
necessary we may assume that > 0. We claim that G = (z). Let y € G. Then there exists
m € Z so that

mz <y < (m+1)z.

Then G>r = (m+1)r —y < z and r > 0. By minimality of z we have r = 0 and y = (m + 1)z.

5. AM /{£1} ~ Im(¢). Hence the claim.

6. We follow the hint. Let B be as in the hint. We have r = mingzyep |z —y| < n%rl, otherwise

order order the elements of B in ascending order 0 =ag < a; <--- < apq1 = 1. Then

n n+1
1
1:jgoaj+1—aj>;m21.

The equality » = —~ happens if and only if a; =

T #ﬁ’ 0 <1i < n+1, but if this is the case,
then a € Q, which we are excluding. Hence r < %_H Let I3 > Iz be so that r = |[{l1a} — {laa}|.
Notice that |a(ly —l2) — (|Lie) — [lea])| = [{hha} — {laa}| = r < n%_l, hence the statement is
true with a = |lha — |loa) and b=1; — ls.

We construct a sequence (1), C Q so that

aj+1 ay a; 1
o= B - - <

biy1 b b

The induction base is given by what we have done before. Notice that in the construction

above m < b%. Now suppose we have constructed ‘;—11, ey ‘g—ll. Let m be an integer so that
#ﬂ < |o— 3. Use what we have done before to find aj1, bip1 > 0 so that o — Z:H <
m < |ov — ¢t|. This shows the induction step.

7. Since V/d is irrational, there exist infinitely many coprime pairs (z,y) so that

1
V-2 < .
Yy Yy



Notice that

1
0 < |2 — dy?| = |(z — Vdy)||z + Vdy| < §|x+\/&y| S\/&+|§| <2vVd+1

In particular, by pigeonhole principle there exists 1 < n < 2v/d — 1 so that infinitely many pairs
(x,y) € Z%, with 2 and y coprime, satisfy 22 — y?d = n. Notice that we may always substitute x
with —z and y with —y to assume that both are positive. Again, by pigeonhole principle, since
there are only finitely many congruence class modulo n there will be infinitely many, and hence
at least two, distinct solutions that are congruent modulo n.

8. We have

o = (21 + Vdy1)(z2 — Vdys) _ BTy — dy1ys + Vd(z2y1 — 2192)
n n

We have x175 — dy1y2 = 23 — dy? = 0 (mod n) and zoy; — 1y2 = 11y1 — 2191 = 0 (mod n), hence
zo € A. Since N(zp) = 1 we deduce zp € A*. By construction we have zy # %1.

Exercise 3. Let j := (—1 +1/3)/2 = >7/3,
1. Show that Z[j] is an Euclidean ring and thus principal.

2. Let p > 2 be a prime number. Prove that we have a ring isomorphism
Z[j]/(p) = FpX]/(X? + X +1).

3. Deduce that p > 5 is not prime in Z[j] if and only if —3 is a square modulo p.

4. Show that —3 is a square modulo p if and only if p = 1 (mod 3).
Hint: If —3 is a square mod p, construct an element of order 3 in F;.
5. Conclude that a prime p > 5 is of the form a? — ab+ b? with a,b € Z if and only if p = 1 (mod 3).
Solution. 1. Let z,q € Z[j], ¢ # 0. Then % € Q(j) and we can write it as 2 = z + yiv/3. Let
a,b € Z so that |[x —a| < 1/2 and |y — b] < 1/2. If at least one of the two inequalities is strict,
then

z

G

hence z = g(a + ibv/3) + r with |r| < |q|.

If both |2 — a| = 1/2 and |y — b| = 1/2 it follows that z € 1 + Z and y € 1 + Z, hence 2 e Z[j]
and we can take r = 0.

(a+ibV3)* = (z—a)® +3(y —b)* < 1,

2. Consider the following map
Z[X] = Fp[X] = Fp[X]/ (X2 + X 4 1),

where the first arrow is the reduction mod p of the coefficients and the second arrow is the
canonical projection. This map is clearly surjective and its kernel is (p, X2 + X +1).

We also have
Z[j]/(p) = (Z[X]/(X* + X +1))/(p) = Z[X]/(p, X* + X + 1),
hence the claim

3. p is not prime in Z[j] if and only if Z[j]/(p) is not an integral domain. The latter happens,
by the above isomorphism, if and only if X? + X + 1 € F,[X] is reducible. The polynomial
X2+ X 41 € F,[X] is reducible if and only if it has a root in F,[X] and this happens if any only
if 1 —4 = -3 is asquareinF,



4. Now suppose that p > 5. Suppose first that —3 is a square modulo p. Hence there exists a € F;
sothat a? +a+1=0. Thena? = —a—1and a® = —a> —a=a+1—a = 1. Since a,a® # 1
(p > 5) we see that a has order 3. Hence, 3|p — 1.

Suppose on the other hand that p =1 mod 3. Since F) is cyclic, there exists a € F) so that
ord(a) = 3. Then
0=a*>—1=(a—1)(a*+a+1)

and so a is a root of X? + X + 1 and so —3 is a square (mod p).

5. First notice that
a® —ab+b* = (a + jb)(a + 52b) = |a + jb|?

In particular if p = a? — ab + b?, a,b € Z, then p is not prime in Z[j] and so p = 1 mod 3.
Suppose p = 1 mod 3, then p is not prime in Z[j] and so there exists q1,¢2 € Z[j] ~ Z[j]* so
that p = q1q2. Then p? = |p|?> = |q1¢2|* = |q1|*|¢q2|?. Since |¢;|? € Z and ¢; are non-units we see
that |q1|? = p, hence p is of the desired form.

Exercise 4. Let F be a field of characteristic # 2. We define the ring of quaternions over F, denoted
by Hg, as the vector space over F given by

He = F®o Fi® Fj & Fk,
together with the ring structure given by
2=2=k*=-1, ij=-ji and k=1ij.
1. For ¢ = = + yi + zj + wk, we define § := z — yi — zj — wk. Prove that

Qt+e=qa+3¢ ad @E=¢q.
2. For q € Hg, we define the norm of ¢ as Nr(q) := gg. Prove that

Nr(q) = 22+ 4+ 22 +uw?eF and Nr(g1g2) = Nr(q1) Nr(g2).

3. Show that Hf is a division ring if and only if the norm map Nr : HE — F is non-degenerate, i.e.
if Nr(q) =0« ¢=0.

4. Let p # 2 be a prime. Show that Hg, is not a division ring.
Hint: Prove that the two sets A= {2? +1:2 € F,} and B = {—2? : 2 € F,} satisfy AN B # 0.

Solution. First notice that ki = j and jk =1i.
1. Skipped.

2. For ¢ = x + yi + zj + wk we have
Nr(q) = qq
= (z+yi+ zj + wk)(z — yi — zj — wk)
=22+ 9? 4+ 22 +w? +i(yr — 2y — 2w — (—w2))+
+i(=ez+ 2z — (—yw) + (—wy)) + k(—2w + we + (—2y) — (—2j))
g Y. e S

For the second statement notice that F commutes (with respect to the multiplication) with every
element of H. Therefore

Nr(q192) = @1@2 9192 = @2 Nr(q1)g2 = Nr(q1) Nr(gz).

3. Suppose Hg is a division ring. Let ¢ # 0. Then there exists ¢ € Hg so that ¢¢ = 1. Then
1 = Nr(¢'q) = Nr(q') Nr(q), hence Nr(q) # 0. This shows that Nr is non degenerate. Suppose
that Nr is non degenerate. Let ¢ # 0. Then Nr(gq) # 0 and we have ¢ - qu(q) = 1. Hence ¢ has an
inverse.




4. Suppose that the claim in the Hint is true. Then there are x,z € F, so that 2+ 224+1=0,
hence Nr(z + zi +j) = 0 and so the norm is degenerate.

Consider the group homomorphism F* 5 2 22. Tts kernel is 1 and so its image has cardinality
r-1. Adding 0 = 0% we get that |{22 | z € F,}| = 251, Hence |A| = |B| = Z*. In particular,
they must intersect.

Exercise 5. Let H C Hg be defined by
H:={(a+bi+¢+dk)/2:a,b,c,d€Z,a=b=c=dmod 2}.
1. Show that H is a subring of Hg and that Nr(H) C N. This ring is called Hurwitz’s ring.

2. Prove that H is a (non-commutative) Euclidean ring: For every z,y € H with y # 0, there exists
z,w € H such that * = yz + w and Nr(w) < Nr(y). (This implies in particular that every
left /right ideal is principal.)

3. For every z € H, we have Nr(z) =1 < z € H*.

4. Let p # 2 be a prime. Prove that there is a ring isomorphism
H/pH = He,

and conclude that there exists € H such that Nr(z) = p. [Hint: Use 4(d) to conclude that pH
is not a right maximal ideal in H.]

5. Let p be an arbitrary prime. First prove that 4p can be written as a sum of four squares, and
then use this to show that also 2p can be written as a sum of four squares.
Hint:

a—2b c+d

a+b2 2 2 CidQ
P (TP (R (5

2

1
I

6. Prove that every prime p is a sum of four squares. Conclude that for every positive integer n
there exist a, b, ¢, d such that
n=a’>+b+c+d.

Solution. Let Hy = {a + bi+¢j+ dk | a,b,¢,d € Z}. Tt is clear that Hy is a ring.

1. Every element x € H can be written as a sum 2 = y+ §(14+i+j+k) with y € Hg and € € {0,1}.
In particular to show that H is a ring it suffices to show that (a+bi+cj+dk)-+(1+i+j+k) € H
for every y € Hy and (3(14+i+j+k))? € H. For the latter we have

(%(1+i+j+k))2:i(—2+2i+2j+2k):%(—1+i+j+k)eH.
For the former, with y = a + bi + ¢j 4+ dk, we have
y'%(1+i+j+k):%(afbfcfd+i(a+b+cfd)+j(a+c+dfb)+k(a+b+dfc))_
Since 1 = —1 (mod 2) one sees that
a—-b—c—d=a+b+c—d=a+c+d—b=a+b+d—c(mod2)

and so the desired result.

Let z = %(a—ki—i—j +k)eH,a=b=c=d(mod2). If a,b, c,d are all even, then a?,b?, %, d* are
all 0 (mod4). If a,b,c,d are odd. Then a?,b%, c¢?,d?> =1 (mod4) and so in each case we see that

1
N(z) = Z(a2 +b? + 2 +d*) e NU{0}.



2. From Exercise 4 we know that Hg is a division ring. In particular, given z,q € H, ¢ # 0, we
consider z - ¢~* (which exists since Hq is a division ring). Write z-¢~! = £ + %i+ j + %k. Let
a,b,c,d € Z, all of the same parity, so that |z — a|, |y — b|,|z — ¢|,|Jw —d| < 1. Then

o1 S b N2 N2
N(z-q 2(a—|—b1—|—q+dk))—4((a: a)+(y—0)°+(z—¢)*) <1.

If the inequality is strict we set r = z — q%(a +bi+¢j+dk)), otherwise we see that x = a+1,y =
b+1l,z=c+1l,w=d=+1,thatis z- ¢! € H already and we set r = 0.

3. Skipped.

4. Since p # 2 we have a well defined ring homomorphism
a b c
H—-He;-+-i+ 2
Pig T3ty

that projects each coefficient to its congruence class mod p.

j+ gk — a27! (mod p) + b2~ (mod p)i + 27! (mod p)j + d2~* (mod p)k

The fact that it is a ring homorphism is a computation that we skip.

First, we show that the map is surjective. Let z € Hf,. Let a,b,c,d € Z be so that x =
a2~ (mod p) + b2~ (mod p)i + 27! (mod p)j +d2~! (mod p)k. After substituting a (resp. b,¢c,d)
with a@ + p (which has opposite parity of a) we may assume that a,b, ¢, d have same parity. This
shows that the map is surjective.

The ker of this map is the subset (of H) of elements whose coefficients are all divisible by p, that
is (p)H. Hence the desired isomorphism.

Since HE, is not a division ring, we see that pH is not a right maximal ideal. In fact, there exists
y € Hr, ~ {0} that does not have an inverse?. Let 0 # z - pH € H/pH be the inverse image
of y. Then we have that « ¢ pH and (z,p)H # H. That is (p) is not maximal. Since H is a

(non-commutative) PID and (p) is non maximal, there exists ¢1,¢g2 € H ~ H* so that ¢1g2 = p.
Then N(q1q2) = N(p) = p?. Hence N(q1) = p.

5. Let p # 2. Let = a+ bi + ¢j + dk € H so that N(z) = p, then
dp = a® + b + 2 + d°.
We use the Hint and see that

= (0P (G0 (0 (5P,
).

and each a +b,a — b,c+d,c—d = 0(mod2). For p=2 we have 4p = 23 = 22 + 22 and 2p = 2%.

6. By previous point we have
2p = a® +b* + 2 + &2,
for some a,b,c,d € Z. Suppose first p # 2. Then 2p =2 mod 4 and so we claim that {a,b, ¢, d}
must contain exactly 2 even numbers and 2 odd numbers. Suppose that {a,b, c,d} contains no
even number. Then a®> +b?> +c?+d*=1+1+1+1=0(mod4). If a,b,c,d are all even, then
a? +b% + % +d? = 0(mod4). Suppose that {a,b,c,d} contains 1 (resp. 3 even numbers), then
a? +b? +c® + d*> = 3(mod4) (resp. = 1(mod4)). Hence the claim.

Without loss of generality we can say that a,b are both even and that ¢, d are both odd. Then,
using the Hint of the previous subexercise, we have

p= (P 30+ (5

is a sum of four squared integers.

For p = 2 we have 2 = 12 + 12.

Now consider n € N any positive integer. Write n = plll -plm . Write p, = ai + b% + ci +d2 =
N(qp), for gn, = ap +bpi+ cnj + drk € Hy (see definition at the beginning of solutions). Then by

multiplicativity of the norm we have n = N(¢)--- N(¢kr) = N(x) for some = € Hy. That is, n
is a sum of four squares.

2Here I am vague with left and right inverse. But you can show that given any associative operation with double
sided neutral element, then to have a left inverse is equivalent to have a right inverse, hence generically an inverse.
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