Exercise Sheet 6
Algebraic Number Theory

November 13, 2025

Exercise 1. Let K be a field. Fix K an algebraic closure of K and let a € K be separable and
consider the field extension K(«)/K in K. Also, let P € K[X] be the minimal polynomial of o and
n = deg(P)

1. Show that for any x € K () it holds that
Ni(ay/x () = 11 o(x)
oc€Homg (K (a),K)

and
TI‘K(a)/K(-r) = Z O'(.’L‘)

oc€Homg (K (a),K)
Hint: Give a look at the Appendix A.4.1
2. Enumerate Homg (K (), K) = {01,...,0,}. Show that
discg (a)/x (1, ;. .. ;o) = H (oi(a) —aj(a))?t

1<i<j<n

Hint: Give a look at the Appendix A.4.1
3. Show that

n(n—1)

disce(ay/ (1, 0., 0™ 1) = (=1)" 7 Ng(a)x(P'(2),
where P’ € K[X] is the formal derivative of P.

Exercise 2 (Localisation). Let A be a commutative ring and S C A be non-empty a multiplicative
subset? containing 1. We define a the equivalence (check it) relation on A x S, ~ by

(a,8) ~ (b,t) <= Fue S :ulat—bs)=0.

We call A x S/ ~ the localization of A by S and denote it by S~*A. The equivalence class of (a, s)
in S7'A is often denoted 2.

The set S™'A with the binary operations % 4 92 = 915245182 apd 91, 02 _ 0162 g 5 commutative
. S1 S2 5182 S1 S2 5182
ring.

1. Show that S™'A = {0} if and only if 0 € S. Also show that if A is an integral domain and
S = A~ {0}, then S~1A = Frac(A).
From now on we assume that 0 ¢ S.
2. Show that the map
g A— STLA; a&—>%

is a ring homomorphism. If A is an integral domain and 0 ¢ S, show that it is injective.?

ITypo in the exercise sheet. Missing the power of 2.
2If 51,82 € 5, then s1 - s3 € S.
3In the Exercise Sheet the 0 ¢ S assumption was missing.



3. Prove the universal property of localisation: given a morphism of rings
¢:A— B
s.t. ¢(S) C B* there is a unique morphism of rings
¢:STA— B
s.t. _
¢=¢os.
We can also localise modules: Let M be an A-module. We define a relation on M x S, ~ by
(m,s) ~ (n,t) <= FJueS:ultm—sn)=0.

This is also an equivalence relation. We call M x S/ ~ the localization of M by S and denote it by
S~=1M. The equivalence class of (m,s) in S™1M is often denoted . The set S™1M has a natural
S~ A-module structure which extends the A-module structure on M.

4. Prove that for given A-modules N C M we have S~(M/N) ~ (S~1M)/(S7IN).

5. Prove that any submodule N’ C S~'M is of the form S~!'N for some submodule N C M.
Conclude that all ideals of S~ A are of the form S—!I for some ideal I C A.

6. Show that for an integral domain A the map
{Pc S™'A| P prime ideal} — {Q C A | Q prime ideal, QNS = @}; P s 15" (P)
is a bijection.

7. Let p C A be a maximal ideal. For the multiplicative subset S = A \ p we denote S~'A4 by A,,
called the localisation of A at p. Show that A, is a local ring with maximal ideal pA, and

Ap/pAp = (A/p),

i.e., the fraction field of A at p.

Exercise 3. In class we have shown that if A is a Dedekind ring, then for any prime ideal p C A the
localization A, is a PID. Show the converse, in particular show that if A is a noetherian domain and
A, is a PID for every prime ideal p C A, then A is a Dedekind domain.

Exercise 4. Let K/Q be a finite extension. We know that K is monogeneous, that is K = Q(«) for
some a € K. Fix such an a and suppose that o € Ok.

1. Show that discx/q(1,a,...,a" 1) € Z.

2. Show that if discx/q(1, ..., a"~1) is square-free in Z, then Oy = Z[a].

Exercise 5. Fix Q an algebraic closure of Q

1. Let f = X2 +bX + ¢ € Q[X] be an irreducible polynomial. Let a € Q be a root of f. Show that

disc(1,a) = b* — 4c.

2. Let a € Q be a root of X* + X +1 € Z[X]. Compute discq(a)/q(l, @, ) and deduce that
OQ(Q) = Z[Oz]

3. Compute discq(q)/q(1, @), where a € Q is a root of X2 — b, and b € Z not a cube.

4. Compute discq(qa)/o(1, @, a?), where a € Q is a root of X —3X + 1.



