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THEOREM 4.10. [The class number formula] As X — 400 we have

o B 2m (27T)T2h(OK)I'eg(OK) 1-1/n
Z ri(m) = Z L= wic|disc(Og ) [1/2 X + O (X171,

m<X aCOxk
Nr(a)<X

In this formula h(Og) = |Cl(Ok)| € Nsg is the class number, reg(Ok) > 0 is the regulator,
disc(Ok) € Z is the discriminant and wg = |uk| is the size of the group of roots of unity in K.
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DEFINITION 4.9. Let ¢ : X — Y be a map between metric spaces. The map o is Lipschitz if
there exists ¢ > 0 such that

Vo, ' € X, d(e(x), o(x')) < cd(z,z’).
DEFINITION 4.10. A compact domain €2 C R™ has Lipschitz boundary if its boundary OS2 is the
union of the images of a finite set of Lipschitz maps
¢ :[0,1]"1 —= 9.

THEOREM 4.11 (Lipschitz principle). Let A be a lattice and Q2 compact with Lipschitz boundary.
We have ast — oo

vol(2)
Nq(t,A) =
n vol(A)

[/\ntﬂl

t" + OA,Q(tn_l).
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COROLLARY 4.2. Notations and assumptions being as above, we have ast — 0o
Noo(t,A) = [{A € A, A€ d(Q)} = 0" Y).
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ProrosiTiON 4.13. We have

vol(Fg1) =2"7"2(2m)?reg(Ok)

Pf'o : SQL Cow\.s:. Nofw.
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PROPOSITION 4.14. Let s be a complex number with s > 1 the series

1
Ck(s) == Z Nr(a)®

aCOgk

converges absolutely and defines an holomorphic function in the half-plane Rs > 1.
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PROPOSITION 4.15 (Euler product formula). For Rs > 1 we have the identity of holomorphic
functions
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THEOREM 4.12. The Dedekind ( function admits meromorphic continuation to the half-plane
{s, Rs > 1—1/n} with a simple pole at s =1. We have
2" (2m)"2h(Ok )reg(Ok)

w |disc(Og )| /2

ress=1(x (s) =

where wg = |pk|. In particular (x(s) # 0 for Rs > 1.
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THEOREM 4.14 (Mertens Theorem). As X — oo we have

3 10% = log(X) + O(1).

p<X

and much more involved in the

THEOREM 4.15 (Prime num ber theorem).

0 v 1 Kk
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THEOREM 4.16 (Mertens Theorem over K). As X — oo we have

Z lolii;()m =log(X) + O(1).
Nr(p)<X

and much harder is the Prime Number Theorem for number fields.

THEOREM 4.17 (Prime number theorem over K). As X — oo we have

Z logNr(p) = X + o(X).
Nr(p)<X

and

D, 1=
Nrp)&X logX logX
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THEOREM 4.17 (a la Dirichlet). For any class [a], one has

. logNr(p) , .. logNr(p)

In particular there are infinitely many prime ideals in a given ideal class.

THEOREM 4.18 (a la Mertens). For any class [a], one has

log Nr(p) 1
> = log X + O(1)
wex ) h(Ok)

p€la]

THEOREM 4.19 (a la Hadamard de la Vallee-Poussin). For any class [a], one has

1
Z log Nr(p) = @ >X+0(X)
Nr(p) <X K
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THEORE M 4.13. If x is not trivial L(x,s) admits analytic continuation to s > 1 — 1/n (with

no poles in this domain).
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