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Exercise 9.1 (Wasserstein and Lp-distances are not comparable). Let p ∈ [1,∞). Give an example

of two sequences of compactly supported nonnegative functions fn, gn ∈ Lp(Rd) with
∫
fn =

∫
gn = 1

for which, calling µn = fnL d, νn = gnL d we have (give an example for each of the two scenarios):

i) Wp(µn, νn) → 0 and ∥fn − gn∥Lp ≥ ϵ > 0.

ii) Wp(µn, νn) ≥ ϵ > 0 and ∥fn − gn∥Lp → 0.

Solution: We work in dimension d = 1 for simplicity. Let us treat the two cases i) and ii)

separately.

i) For every n ≥ 1 define

fn = 2
n−1∑
j=0

1[ 2j
2n

, 2j+1
2n

), gn = 2
n−1∑
j=0

1[ 2j+1
2n

, 2j+2
2n

).

Then clearly
∫
R fn =

∫
R gn = 1 and ∥fn − gn∥Lp = 2. However, if T : R → R is a map

sending monotonically [ 2j2n ,
2j+1
2n ) to [2j+1

2n , 2j+2
2n ) for every j ∈ {0, n− 1}, then:

Wp(fnL 1, gnL 1)p ≤
∫
R
fn|T (x)− x|pdx ≤

(
1

2n

)p
n→∞−→ 0.

ii) For every n ≥ 1 define

fn =
n+ 1

2n
1[−n−1,−n] +

n− 1

2n
1[n,n+1],

n− 1

2n
1[−n−1,−n] +

n+ 1

2n
1[n,n+1].

Notice that
∫
R fn =

∫
R gn = 1 and∫

R
|fn − gn|pdx =

2

np

n→∞−→ 0.

Take any transport map T from fnL 1 to gnL 1. Define Z := {x ∈ [−n− 1,−n]∪ [n, n+1] :

|T (x)−x| ≥ 2n}. By definition of fn and gn we see immediately that L 1(Z) ≥ 2/n. Hence,

for n ≥ 2: ∫
R
|T (x)− x|pfndx ≥ n− 1

2n
(2n)pL 1(Z) ≥ (2n)p−12(n− 1)

n
≥ 1.

Therefore, we have Wp(fnL 1, gnL 1) ≥ 1.
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Exercise 9.2 (Convergence of p-Wasserstein distance as p ↓ 1). Let µ, ν ∈ P(Rd) be a pair of

probability measures. Show that if µ and ν are supported on a compact set, then

lim
p↓1

Wp(µ, ν) = W1(µ, ν) .

Show a counterexample to the previous statement if we drop the assumption that µ and ν are supported

on a compact set.

Hint: For the counterexample, set µ = δ0 and find a measure ν such that Wp(µ, ν) = ∞ if p > 1 and

W1(µ, ν) is finite.

Solution: If µ, ν are compactly supported, then without loss of generality we can take Ω to

be compact. Observe that, on the one hand, using Hölder’s inequality we have that for any

γ ∈ Γ(µ, ν), q ≥ p ≥ 1,

(∫
|x− y|pdγ(x, y)

) 1
p

≤
(∫

|x− y|qdγ(x, y)
) 1

q

from where we deduce

Wp(µ, ν) ≤ Wq(µ, ν).

On the other hand, since |x− y|p ≤ |x− y|diam(Ω)p−1, we have

W p
p (µ, ν) ≤ diam(Ω)p−1W1(µ, ν).

By the first inequality, Wp(µ, ν) is bounded and monotone increasing in p ≥ 1. In particular,

the limit as p ↓ 1 exists, and by the second inequality it is equal to W1(µ, ν).

For the second part of the question suppose that µ = δ0 and ν =
∞∑
n=1

C2−n 1
n2 δ2n . We take C

such that
∞∑
n=1

C2−n 1
n2 = 1. As a result, for every 1 < p = 1 + ϵ

Wp(µ, ν) =

∞∑
n=1

C2nϵ
1

n2
= ∞

but

W1(µ, ν) =

∞∑
n=1

C
1

n2
< ∞.

Exercise 9.3 (Convergence of p-Wasserstein distance as p ↑ ∞). Let µ, ν ∈ P(Rd) be two compactly

supported probability measures. The ∞-Wasserstein distance between µ and ν is defined as

W∞(µ, ν) := inf
{
∥x− y∥L∞(Rd×Rd,γ) : γ ∈ Γ(µ, ν)

}
.

i) Prove that Wp(µ, ν) ↑ W∞(µ, ν) as p ↑ ∞. Deduce that W∞ defines a distance on P∞(Rd) :={
µ ∈ P(Rd) : µ has compact support

}
.
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ii) Give an example of µn, µ ∈ P(Rd) compactly supported in a common compact set for whichWp(µn, µ) → 0 for every p ∈ [1,∞),

W∞(µn, µ) ≥ ϵ > 0 for every n.

Solution:

i) As already noticed in the solution of the previous exercise, p-Wasserstein distances are

monotonically nondecreasing as p ↑ ∞. Therefore, given µ, ν ∈ P∞(Rd), it only remains

to show that lim infj→∞Wpj (µ, ν) ≥ W∞(µ, ν) for some sequence pj → ∞. For this, take

optimal plans γj ∈ Γ(µ, ν) for the |x−y|pj -cost. By weak compactness of Γ(µ, ν), there exist

some γ ∈ Γ(µ, ν) such that, up to extracting a subsequence, γj ⇀ γ narrowly. Call

ℓ := ∥x− y∥L∞(Rd×Rd,γ) = sup{|x− y| : (x, y) ∈ suppγ}.

Notice that ℓ ≥ W∞(µ, ν).

Since µ and ν are compactly supported, ℓ < ∞, and, being suppγ compact, there exists

(x0, y0) ∈ suppγ such that |x− y| = ℓ.

Fix ϵ > 0 and consider the open set

A := {(x, y) ∈ Rd × Rd : |(x, y)− (x0, y0)| < ϵ}.

Owing to the fact that (x0, y0) is in the support of γ and the weak convergence of γj to γ,

we get that

lim inf
j→∞

γj(A) ≥ γ(A) =: δ > 0.

In particular,

lim inf
j→∞

Wpj (µ, ν) ≥ lim inf
j→∞

(∫
A
|y − x|pjdγj

)1/pj

≥ lim inf
j→∞

γj(A)1/pj (ℓ− ϵ) = (ℓ− ϵ).

The conclusion comes from the arbitrariness of ϵ.

ii) It is enough to take two distinct points x, y ∈ Rd and then choose µ = δx and, for every

n ≥ 1,

µn =
n− 1

n
δx +

1

n
δy.

Exercise 9.4 (,). For every p ∈ [1,∞), show that (Pp(Rd),Wp) is a Polish space (separable and

complete metric space).

Hints: You can solve the exercise via the following steps:

i) For the separability, approximate each µ ∈ Pp(Rd) with finite sums of dirac deltas in rational

points and with rational coefficients.
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ii) To prove completeness, take a Cauchy sequence {µn}n≥1 ⊂ Pp(Rd) and argue as follows:

– For every k ≥ 1 take an optimal γk ∈ Γ(µk, µk+1). Use the disintegration Theorem to build

a sequence of measures πn ∈ P((Rd)n) with the following properties:p1,...,n−1
# πn = πn−1 for every n ≥ 2,

pk,k+1
# πn = γk for every 1 ≤ k < n.

Here pi,...,j denotes the projection on the variables from i to j.

– Use Kolmogorov’s extension Theorem to find π∞ ∈ P((Rd)N) such that

p1,...,n# π∞ = πn for every n ≥ 1.

– Observe that the Lp-space

X := Lp((Rd)N, π∞)

is complete. Assuming without loss of generality that
∑

nWp(µn, µn+1) < ∞, prove that

the coordinate functions pn : (Rd)N → R form a Cauchy sequence in X , and deduce that

pn → p̄ in X .

– Conclude that µn → µ̄ in (Pp(Rd),Wp), where µ̄ := p̄#π∞.
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