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Motivation

The integration is one of the biggest problem that we need to solve in
analysis. Indeed, we often use integrals whose calculation by analytical
method is difficult or even impossible, because there do not exists analytical
expression of the integral. Here are some examples:

1 /2 1
/ e dx, / V' 1+ cos? x dx, / cos x? dx.
0 0 0

In these cases, we can apply numerical methods to estimate the value of the
given integral.
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Example

Example 1. We consider a population of a very large number M of
individuals and we have the height of each individual. The distribution N(s)
of their height (such that AN represents the number of individuals whose
height is between s and s + As (written also N(s)As)) can be represented
by a “bell” function characterized by the mean value 5 of the height and the

standard deviation o
M (s —35)?
N(s) = — .
e
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Example (contd)

400
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3001

150+

100+

o
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Distribution N (s) [individuals/meters]

o

1.5 17 18 19 2 25

.

Height s [meters]

An instance is provided in the above figure (M = 100 individuals, h = 1.7 meters,
o = 0.1 meters). The area of the red region gives the number of individuals whose
height is between 1.8 and 1.9 meters.
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Simple integration formulas

Let f : [a, b] — R be a continuous function on an interval [a, b] C R. We
need to calculate the following quantity by numerical methods

= We approximate f(x) in [a, b] with f(x) which is easy to integrate in
[a, b], and obtain

b
(F) = I(F) = / F(x)dx.

= Typically for simple formulas, f(x) is a polynomial of degree n
interpolating f(x) in n+ 1 nodes in [a, b]
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Composite integration formulas

We consider M subintervals Iy = [xk—1, x|, k =1,..., M, where
Xk =a+ kH and H = (b — a)/M. Then we have

M
I(f) = Z I f(x)dx,

We can approximate the exact integral of f on each subinterval I by the
integral of a polynomial approximating f on Iy, i.e.:

M b
I(f) approximated by Z/ I'I,,f(x)dX:/ NH£(x)dx.
k=1"1k

a
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Degree of exactness

Definition
A quadrature rule I,(f) on the interval [a, b] is exact for a function f if

It is exact of degree r if it is exact for all polynomials of degree less or
equal to r, i.e.

b
/q(p)=/ p(x)dx Vp e Py,

but not for all those of degree r + 1. r is called a degree of exactness of the
quadrature rule. (In other words, the degree of exactness of the quadrature
rule is the largest integer r > 0 for which the approximate value of the
integral of any polynomial of degree less or equal to r (obtained by the
quadrature rule) is equal to the exact value).
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Simple and composite integration formulas

We consider the following integration formula (called simple):
= Mid-point formula

= Trapezoidal formula

= Simpson formula

and their composite formulations.
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Mid-point formula

Consider f € C%[a, b]),

Imp(F) = 1(Tef) = (b — a)f (a;b) ,

where Mof(x) is the polynomial of degree 0 interpolating f(x) at the

‘dnoine % — atb
midpoing X = #3=.

(a
2
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Composite mid-point quadrature formula

This formula is obtained by replacing, on each subinterval Iy, the function f
with a constant polynomial Myf that is equal to the value of f in the middle
of Iy (look at following figure) : We obtain the composite midpoint
quadrature formula.

M
15,(F) = 1(NE'F) = H>  F(X4), (2)
k=1
where
Xk—1 + Xk

Xk =

2 )
and M} f(x) is the piecewise polynomial of degree 0 interpolating f(x) at the
mid-points {xx}M ,
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Composite mid-point quadrature formula

g’ f
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Integration error: mid-point quadrature

= Mid-point quadrature formula. If f € C?([a, b]), then
)3
emp(f) == I(f) — Imp(f) = %f”(@, for some & € [a, b]

= Composite mid-point quadrature formula. If £ € C2([a, b]), then

emp(F) == 1(F) =I5 ,(f) = [32_43H2f”(§)7 for some & € [a, b]

Definition
We define the order of an integration formula by the order of the error with
respect to H.
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Proof of error for simple midpoint formula

We will use the second mean value theorem of integration:
If f,g € C%[a, b]) and g(x) >0 or g(x) < 0 for all x € ([a, b]), then

/ f(x)g(x)dx = f({)/ g(x)dx for some & € [a, b]
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Proof for simple midpoint formula

; : % with x — 2£b
Consider Taylor expansion of f(x) around X, with x = 52,

Fx) = F(x) + F/(X)(x =) + %f”(n(X))(X - %)?

for some n(x) € [a, b]. Compute the integral of the expansion:

b b
1) = Ina(F) + £/5) [ (x =Ry 377(6) [ (xR o

for some & € [a, b], using the second mean value theorem. Since

b b _ )3
/ (x —x)dx=0 and / (x —X)?dx = (b 123) , then
a a

emp(f) == I(f) — Imp(f) = %f”(f), for some ¢ € [a, b]
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Proof of error for composite midpoint formula

Use Taylor expansion on the interval Iy = [xx_1, X¢] in the point
X = (Xk,1 + Xk)/2. We have

. [f(x) — f(x¢)] dx = /Ik (%) (x — X )dx + % //k F(€(x))(x — Xk )?dx,
where £(x) € Ix. Furthermore, we have
// (X )(x — X¢)dx = 0,
k
and thanks to mean value theorem for integration we have 3¢, € Iy :

3
[ #7600 6= ok = £ [ (x = RPak = T 76

Ik Ik

- H? 7
[f(x) — f(X)] dx = ﬂf (6k)-

Ik
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Trapezoidal formula

Consider f € C%[a, b]),

I(F) == 1(Nyf) = (b—a)

f(a)+ f(b)

2

(3)

where [;f(x) is the polynomial of degree 1 interpolating f(x) at the nodes

a and b.
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Composite trapezoidal formula

If, on each subinterval I, we replace f with the interpolating polynomial
M1f(x) of degree 1 at the nodes xx_1 and xk, then we obtain the composite
trapezoidal formula:

M—-1

M
IE(F) == 1(NFF) 22 (i) + F(x-1)] = [f( +H) flx
k=1

\ T

(4)
where M f(x) is the piecewise polynomial of degree 1 interpolating f(x) and
the nodes {xx} M., of the interval [a, b].
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Composite trapezoidal formula

= | [nty

To=a v =b
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Integration error: trapezoidal formula

= Trapezoidal formula. If f € C?([a, b]), then

(b—a)°

edlf) i= () — h(F) = =7

f"'(&), for some £ € [a, b]

= Composite trapezoidal formula. If f € C?([a, b]), then

(F) = 1) — () = ~ 22 HPF"(€), for some ¢ € [a, b]
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Degree of exactness for mid-point quadrature

Remark The mid-point quadrature formulas have degree of exactness 1
mlffePy, f’'(x)=0forall xR

® The errors emp(f) and eqmp(f) are identically zero for all polynomials of
degree less than or equal to 1.
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Integration error: simple formulas

= Mid-point quadrature formula. If f € C?(]a, b]), then

(b — 3)3 "
emp(f) = I(f) — Imp(f) = Tf (&), for some & € [a, b]
= Trapezoidal formula. If f € C?([a, b]), then

(b—a)

3
e(f) = 1(f) — I(F) = — B (&), for some & € [a, b]
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Integration error: composite formulas

= Composite mid-point quadrature formula. If f € C?([a, b]), then

emp(f) == 1(F) = I5,(f) = 132_43H2f”(§)7 for some & € [a, b]

= Composite trapezoidal formula. If f € C?(][a, b]), then

eS(f) i= I(f) — IS(F) = _%H%”(g), for some ¢ € [a, b]
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Example

We consider /(f) = fol f(x)dx where f(x) = cos(x?): the following figure
shows the error of integration |/5,,(f) — I(f)| (composite midpoint
quadrature formula) and |I£(f) — I(f)| (composite trapezoidal formula) with

respect to the number of subintervals M.

Erreur
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Simpson formula

Consider f € C%[a, b]),

L(F) = I(M,f) = bga [f(a)+4f (""2") +f(b)] (5)

where Myf(x) is the polynomial of degree 2 interpolating f(x) at the nodes
a, b, and %‘5.
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Composite Simpson quadrature formula

The Simpson formula can be obtained by replacing f by composite
interpolating polynomial MY f(x) of degree 2. In particular, M5 f(x) is a
composite continuous function which on each subinterval I is obtained as
the interpolating polynomial of f with nodes

Xk—1, Xk = Xk%w and x, (see the following figure).

Then we obtain the composite Simpson quadrature formula:

M
D [F (k) + 47 () + £ (x)] (6)

k=1

IS(F) := I(NYF) =

s

@\I
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Composite Simpson quadrature formula

g8 8
<

nfy

3 8 8 & 8 8
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Integration error: simple formulas

= Mid-point quadrature formula. If f € C?(]a, b]), then

_ap
emp(f) = I(f) — Imp(f) = (b 54 ) f"'(€), for some & € [a, b]

= Trapezoidal formula. If f € C?([a, b]), then

—3)3
e(f) = I(f) — I.(f) = —%f”(ﬁ), for some & € [a, b]

= Simpson quadrature formula. If f € C*([a, b]), then

es(f) = I(f) — I(f) = — (11;;_?6 F9)(¢), for some € € [a, b]
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Integration error: composite formulas

= Composite mid-point quadrature formula. If f € C?([a, b]), then

b —

e5,(F) 1= 1(F) — I5p() = 2o

aH2f’/(§), for some & € [a, b]

= Composite trapezoidal formula. If f € C?([a, b]), then

(F) = 1)~ () = ~ 22 HPF7(€), for some € € [a, b]

= Composite Simpson quadrature formula. If f € C*([a, b]), then

() == () — I5(F) = 10 S HFO(E), for some ¢ €[5, b]

Definition
We define the order of an integration formula by the order of the error with
respect to H.
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Degree of exactness

Let us take into account the simple midpoint formula, the trapezoidal and
the Simpson. We can link a degree of exactness to the formulas.

In particular, we can show that /,;, and /; has degree of exactness equal to
1; the Simpson formula has degree of exactness equal to 3.

Composite formula | Dg. of exact. | Ord. with respect to H
Midpoint (2) 1 2
Trapezoidal (4) 1 2
Simpson (6) 3 4
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Midpoint formula

foncon de degre O, integration oxacte foncion do degre 1, integation exacte foncion de degre 2, integraton pas sxacte
4 +
o

Trapezoidal formula

foncton do dogre o, integraon oxacte foncion do dogr 1, ntgraton exacte foncion do degre 2, ntegraton pas exacte
J +
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Simpson formula

foncion do degre 0, integration oxacte

foncton do dogr 1, nograton oxacte

foncion de dagro 2, intograton exacte

fonctiondo degre 3, ifegration ex
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Example

Example 1. We consider a population of a very large number M of
individuals and we have the height of each individual. The distribution N(s)
of their height (such that AN represents the number of individuals whose
height is between s and s + As (written also N(s)As)) can be represented
by a “bell” function characterized by the mean value 5 of the height and the
standard deviation o
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Example (contd)

400

3501

3001

150+

100+

o
=]

Distribution N (s) [individuals/meters]

o

1.5 17 18 19 2 25

.

Height s [meters]

An instance is provided in the above figure (M = 100 individuals, h = 1.7 meters,
o = 0.1 meters). The area of the red region gives the number of individuals whose
height is between 1.8 and 1.9 meters.

37 of 55 1



Example 1 (contd). Let us consider the example of computing the height
of individuals. To compute the number of individuals whose height is
between 1.8 and 1.9 meters we use the composite Simpson formula with 100
subintervals (simpsonc command):

>>N = @(h,M,hbar,sigma) M/(sigma*sqrt(2*pi))*exp(-(h-hbar). 2./(2:
>> M = 100; hbar = 1.7; sigma = 0.1;
>> int = simpsonc(1.8, 1.9, 100, N, M, hbar, sigma)
ans =
13.5905

We therefore estimate that the number of individuals in this range of height
is 13.6 % of the population.
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Interpolatory quadrature formulas

Goal: Provide a generalization of the previous simple formulas.

Definition (Definition 5.6)
Let us consider a function f(x) € C°([a, b]). Then a (simple) interpolatory
quadrature formula is defined as:

1(F) = 1(F) =3 asf (),
j=0

where (x) is a function interpolating f(x) at the n 4 1 quadrature nodes
{yitf—o C [a, b], and {c;}7_, are the corresponding quadrature weights, with
n>0.
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Interpolatory quadrature formulas

Goal: Provide a generalization of the previous simple formulas.
Definition (Definition 5.6)

Let us consider a function f(x) € C°([a, b]). Then a (simple) interpolatory
quadrature formula is defined as:

1(F) = 1(F) =3 asf (),
j=0

where (x) is a function interpolating f(x) at the n 4 1 quadrature nodes
{yitf—o C [a, b], and {c;}7_, are the corresponding quadrature weights, with
n>0.

Different choices possible for f(x), which should be easy to integrate.
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Using Lagrange interpolating polynomials

In general, if we choose f(x) = I,f(x)

I(F) = /b N,f(x)dx,

where I1,f is the Lagrange interpolating polynomial (of degree n > 0) of the
function f at the nodes xg, ..., X

I(F) = / Maf(x)dx —/ Zf Xk )pr(x)dx = z": [/b gpk(x)dx] f(xk)
a a k=0 /2
—_—

Qg

@kepn:sﬁk(xi):(sika k7i:03"'7n

is the k-th characteristic La-
grange polynomial.
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Using Lagrange interpolating polynomials

We have the general formula:

n

I(F) = 1(F) = Y _ ayf (), (7)

j=0

where x; are the quadrature nodes and «; are the quadrature weights (look
at the following table).

Formula H Xk o
Midpoint (1) X0 = %(a—i— b) ag=b—a
Trapezoidal (3) X=ax=b ap =1 = %(b —a)
Simpson (5) Xo=a, x1 = %(a—i— b), ay=ar = %(b —a),
xp=>b a; = =(b—a)
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Error with Lagrange interpolating polynomials

The integration error is given by:

[1(F) = 1()|

/ab F(x)dx — /abl"l,,f(x)dx

b
/ (F — M) (x)dx

< max_|f(x) = M,f(x)|(b— a)
x€[a,b]

interpolation error

Increasing n is not a good strategy to reduce the integration error

[1(F) = 1(F)].
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Integrating constant functions

Minimum objective: exactly integrate constant functions f(x) = C for any
n>0.
Since I(f) = 1(C) = C(b— a), we set

n

d_af(y) =) aC=C(b-a),

Jj=0 Jj=0

for which we obtain the following condition on the quadrature weights:

n
> aj=b-a foralln>0,
Jj=0

regardless of the position of the quadrature nodes.

440755 1



Reference interval

Provide general quadrature formulas that can be applied to functions f(x) in
any interval [a, b] by using a reference interval:
= Specify quadrature nodes {¥;}7_, and weights {&;}]_, in the reference
interval [—1,1]
m Recover quadrature nodes and weights for the general interval [a, b] as:
a+b b—a_

yi= > +Tyj forj=0,...,n,

and b
aj:%a&j forj=0,...,n,

respectively.
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Gauss—Legendre quadrature formulas

Proposition
For m > 0, the quadrature formula 37, a;f(y;) has degree of exactness
m + n iff it is of interpolatory type and wyy1(x) = [[/_o(x — ¥i) satisfies:

1
/ w1 (X)p(x)dx =0, forall p € Pp_q
—1
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Gauss—Legendre quadrature formulas

Proposition
For m > 0, the quadrature formula 37, a;f(y;) has degree of exactness
m + n iff it is of interpolatory type and wyy1(x) = [[/_o(x — ¥i) satisfies:

1
/ w1 (X)p(x)dx =0, forall p € Pp_q
—1

Corollary

The maximum degree of exactness is r = 2n + 1.
This is given by taking wpy1(x) proportional to the Legendre polynomial
Lny1(x) of degree n+ 1.
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Gauss—Legendre quadrature formulas

® Family of interpolatory quadrature formulas that approximate f(x) using
Legendre polynomials

47 of 55 1



Gauss—Legendre quadrature formulas

® Family of interpolatory quadrature formulas that approximate f(x) using
Legendre polynomials

u Legendre polynomials {Lk(x) Zié in the interval [—1, 1] are recursively

defined as:

Lo(X) = 1,
Li(x) = x,
2k+1 k
Lis1(x) P xLi(x) — k+1Lk_1(X) fork=1,...,n
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Gauss—Legendre quadrature formulas

® Family of interpolatory quadrature formulas that approximate f(x) using
Legendre polynomials

u Legendre polynomials {Lk(x) Zié in the interval [—1, 1] are recursively

defined as:

Lo(X) = 1,
Li(x) = x,
2k+1 k
Lis1(x) P xLi(x) — k+1Lk_1(X) fork=1,...,n

B |egendre polynomials are orthogonal:

1
/ Lopyi(x)Lk(x)dx =0 forall k=0,...,n.
-1
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Exemple of Legendre polynomials

Consider Legendre polynomials for n =3 in [-1,1]:

R
Ly - 1 05
L(x) = x
L(x) = ngl(x)—%Lo(X), -0
Ls(x) = %XLQ(X)_ %Ll(x)’ 05t
Li(x) = %ng(x) - %Lz(x)-

gk
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Gauss—Legendre quadrature formulas

Definition (5.7)
Let us consider a function f(x) € C°([a, b]). Then the Gauss—Legendre
quadrature formula for n > 0 over the reference interval [—1,1] is:

n
loLn =Y s f (7)),
j=0

where:

)7J-GL := zeros of L,y1(x) forall j=0,...,n,

2
aft .= 2forallj:O,...,n.

SRR
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Formulas and degree of exactness

= Degree of exactness of the Gauss—Legendre quadrature formula is

r=2n+1 for all n>0.

= Quadrature nodes and weights of the Gauss—Legendre quadrature
formulas over [—1,1] for n =0,1,2:

n | Nodes {)'/J-GL}J’-’:O Weights {af"}7_, r

0 2 1 (mid-point formula)
11
3 3 8

2 {—ﬁ,o,ﬁ} 58,3 5
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Gauss—Legendre-Lobatto quadrature

Extend the concept of maximizing the degree of exactness by including the
boundaries of the interval as quadrature nodes.

Definition ( 5.8)

Let us consider a function f(x) € C%([a, b]). Then the

Gauss—Legendre—Lobatto quadrature formula for n > 1 over the reference
interval [-1,1] is:

n
/GLL,n = ZO_ZJGLLf (}_GGLL) ’

j=0
where:
yett .= —1, =41, and )7J-GLL := zeros of L) (x) forall j=1,...,n—1.
2 1
aftt .= forall j=0,...,n.

7" n(n+1) (Ln ()—/J_GLL)>2
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Formulas and degree of exactness

= Degree of exactness of Gauss—Legendre-Lobatto quadrature is r =2n — 1
for all n > 1.

= Quadrature nodes and weights of Gauss—Legendre-Lobatto quadrature
over [-1,1] for n=1,2,3:

n| Nodes {yP™"}7, [ Weights {af™"}7_, r

1 {-1,41} {1,1} 1 (trapezoidal formula)

2 {-1,0,+1} {3.3.3} 3 (Simpson's formula)
11 155 1

3 —1>—ﬁa+ﬁa+1} {6¢85 5
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Numerical Integration in Multiple Dimensions

® Integration of continuous functions  : Q — R, with Q C R for d > 2,
based on generalization of quadrature formulas

® The formula will be:
I(f):/f(x)dx
Q

= Simple formulas defined in reference domains, as e.g. trapezoids and
triangles for d = 2 or tetrahedrons for d = 3

= Composite formulas used for complex domains
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Example of numerical quadrature in 2D

simple composite

_—

A/_\A \@

mid-point trapezoidal Gausx Legendre
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