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Centralities

Non-parametric Network Statistics

As an alternative Boldi and Vigna have proposed to study the
harmonic centrality instead defined as

Definition

Harmonic centrality We define the harmonic centrality of vertex i in a
graph G with n nodes as

C
(H)
i =

X

j 6=i

1

distG (i , j)
.

This is integrally related to the average e�ciency of the network
defined by Latorra

Definition

Average e�ciency We define the average e�ciency of a graph G with n
nodes as

E (G ) =
1

n(n � 1)

X

i 6=j

1

distG (i , j)
.
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Centralities

Non-parametric Network Statistics

Latorra defined a local version thereof:

Definition

local e�ciency We define the local e�ciency of a node i in graph G with n
nodes with Gi as the neighbours of i , i.e. those which have edges in
common with i as

E =
1

n

X

i2v(G)

E (Gi ).

The e�ciency E is often normalised further.

This measure naturally takes account of the fact that some nodes are
in di↵erent connected components.
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Centralities

Unfortunately there are more than two measures of centrality.
Betweenness centrality was introduced by Anthonisse and Freeman:

Definition

Betweenness centrality We define the betweenness centrality of vertex i in

a graph G with n nodes, with nijk as the number of shortest paths from j
to k that pass through i , and with njk as the number of shortest paths
between j and k as

Bi =
∑

1≤j<k≤n

nijk
njk

.
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Centralities

The Eigenvector centrality (also called eigencentrality) can also be
used to measure the importance of a node i .

Definition

Eigenvector centrality. Let u be the eigenvector with eigenvalue λ of the
largest eigenvalue (with positive entries due to the Perron–Frobenius
theorem) of the adjacency matrix. We define the eigenvector centrality of
vertex i in a graph G with n nodes, as

Ci =
1

λ

∑

ij∈E(G)

uj .
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Centralities
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Nonparametric Summaries Cont’d

Non-parametric Network Statistics

Additionally for the whole network we are interested in its degree of
clustering. For a graph on the nodes {1, . . . , n} we let the number of
paths with 3 nodes be

XP3(G ) =
1

2

X

1i ,j ,kn

I(ij , jk 2 E ).

Definition

Clustering coe�cient We define the clustering coe�cient of a graph G
with n nodes as

CCG =
XC3(G )

XP3(G )
.

For a sequence of graphs {Gn} we can define a property of the
sequence, namely to be highly clustered if

lim
n!1

infCCGn > 0.
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The Stochastic Blockmodel
Non-parametric Network Statistics

With those non-parametric graph properties out of the way we may
return to parametric properties of graphs.

We already looked at estimating the growing–length parameter of the
degree–based model.

Let us return to the stochastic blockmodel of {zi} and {✓ab} (The
planted partition model).

How can we estimate {zi} and {✓ab}?

The most common methods are spectral clustering and an assessment
via network modularity (the latter due to Newman).
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The Stochastic Blockmodel

Recall that simple common network characteristics are clustering and
blocking/grouping of nodes.

By grouping nodes, and assuming the model is specified by the
groups alone, we have gone from nodal permutations to group
permutations. For each node i we define a random variable zi that
takes the value {1, . . . , k}, where this variable is indicating the group
membership of node i . We additionally define a connection
probability matrix Θ which has entries θab for 1 ≤ a < b ≤ k . Then

Aij |zi , zj = Bernoulli(θzizj ), 1 ≤ j < i ≤ n. (1)

where each realization is independent. Furthermore Aii = 0 for
1 ≤ i ≤ n, and we complete the matrix by Aji = Aij for
1 ≤ j < i ≤ n. This is known as the stochastic block model.

Block models are normally split up into types. The first is assortative
stochastic blocks, that is the probability of connections within
communities is higher than in between communities, e.g θaa ≥ θab for
a, b ∈ {1, . . . , k}, and this shows edges inside groups. This captures
“birds of a feather flock together”.
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The Stochastic Blockmodel

Disassortative stochastic blocks, that is the probability of connections
between communities is higher than within communities, e.g θaa ≤ θab
for a, b ∈ {1, . . . , k}. People connect as they have different functions.

Ordered stochastic blocks show hierarchical structure, and

Core–periphery structure have a dense corse, but a sparse periphery.

Note the distinction between a notional idea and a mathematical
model can be loose.

the stochastic block model

assortative
edges within groups

disassortative
edges between groups

ordered
linear group hierarchy

core-periphery
dense core, sparse periphery

the stochastic block model

assortative
edges within groups

disassortative
edges between groups

ordered
linear group hierarchy

core-periphery
dense core, sparse periphery

the stochastic block model

assortative
edges within groups

disassortative
edges between groups

ordered
linear group hierarchy

core-periphery
dense core, sparse periphery

the stochastic block model

assortative
edges within groups

disassortative
edges between groups

ordered
linear group hierarchy

core-periphery
dense core, sparse periphery

Plots taken from Aaron Clauset.
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The Stochastic Blockmodel

MICHAEL T. SCHAUB, JIAZE LI, AND LETO PEEL PHYSICAL REVIEW E 107, 054305 (2023)

(a) (b) (c)

FIG. 1. A hierarchical model does not guarantee hierarchical
community structure. (a) An adjacency matrix of a network with 64
groups of fully connected nodes (cliques), each containing ten nodes
each. This network contains an unambiguously “flat” partition that
contains no hierarchy. (b) The dendrogram representing the hierarchy
found by detecting communities using a hierarchical model. (c) An
adjacency matrix containing hierarchically structured block densities
that is consistent with the dendrogram structure in (b).

a hierarchy that has greater complexity than the data can
support.

To demonstrate this point, Fig. 1 illustrates a network
containing 64 cliques that each contain ten nodes. It is rela-
tively uncontroversial to suggest that the desired output of a
community detection algorithm for this network would be to
recover those sixty-four cliques as communities. Furthermore,
because the cliques are structurally identical, any hierarchical
grouping is compatible—any clique can be swapped with any
other, all putative hierarchical configurations are effectively
equivalent and there exists no preferred hierarchical grouping.
Naïvely applying a hierarchical community detection method
may produce a hierarchical clustering, as shown in Fig. 1(b).
We can consider this detection of superfluous hierarchical
levels as analogous to identifying spurious communities in an
Erdős-Rényi random graph.

These issues typically arise when we simply optimize
an objective function, e.g., maximizing modularity, likeli-
hood or posterior probability. For instance, the maximum
a posteriori solution may contain multiple hierarchical levels
that provide a more compact description within the chosen
model class, i.e., a “simpler” description of the data, and is
therefore optimal with respect to chosen objective. However,
this notion of simplicity conflicts with the intuition that there
is no further structure beyond partitioning the network into
sixty-four groups. Note that this is not to say that the maxi-
mum a-posteriori solution is bad, as it does present a plausible
model that is compatible with the observed data, but rather
that it presents an unintuitive interpretation of the hierarchical
structure in the data. Some solutions to this problem exist in
the realm of Bayesian inference, where we can take an average
or form a consensus according to a distribution over solutions.
Such solutions have been successfully demonstrated for both
the regular [34,35] and hierarchical [2,36] variants of the
community detection problem. However, these methods of
statistical inference can be computationally demanding. Pre-
vious approaches either employ Markov chain Monte Carlo
methods [2,4], for which convergence can be slow and diffi-
cult to diagnose, or rely on approximate heuristics that scale
quadratically with the number of nodes in the network [3]
and are thus limited to relatively small networks. Recently,

however, fast spectral methods based on the nonbacktracking
[37] and Bethe Hessian [38] operators have been developed
that can efficiently detect communities right down to the the-
oretical limit of detectability [37].

Spectral algorithms have also been studied in the context
of hierarchical communities. [5,39–41]. For instance, White
and Smyth [31] and Newman [32] present spectral algorithms
based on the modularity matrix that recursively bipartition a
network. These algorithms output a hierarchy in the form of
a binary dendrogram, but with the goal of simply recovering
a single partition of the network. Lyzinski [5] analyze the
performance of spectral algorithms under a hierarchical gen-
erative model based on a random dot product graph model.
Local spectral algorithms have also been shown to provide
good solutions when optimizing conductance based scores
[42–44], which are of particular interest for very large graphs
in case we do not need to partition the graph as a whole.

In this work, we propose a number of important theoret-
ical advances for the detection of hierarchical communities.
We first provide a definition of hierarchical communities by
introducing the concept of stochastic externally equitable par-
titions and drawing a connection to the popular stochastic
block model and various node equivalence classes (Sec. II).
Second, we discuss specific challenges that pertain to the
detection of hierarchical communities with a specific fo-
cus on identifiability issues, which demonstrate that even
well-defined hierarchies do not have a unique representation
(Sec. III). Then we turn our attention to the spectral proper-
ties of networks with planted hierarchical structures. Using
these spectral properties, we develop an efficient method for
detecting if a hierarchy of communities exists and identify-
ing a hierarchy when it is present (Sec. IV). We conduct
numerical experiments that demonstrate the efficacy of our
approach on synthetic networks (Sec. V) and real-world net-
works (Sec. VI). Finally we conclude with a discussion of
possible extensions of our work, including theoretical consid-
eration and extensions to other type of network models.

II. HIERARCHICAL STRUCTURE IN NETWORKS

Before we can detect hierarchies, it is necessary to define
precisely what we mean by a hierarchical structure. Any hier-
archy can be represented as a rooted tree, sometimes referred
to as a dendrogram. The root of this tree represents the group
of all nodes in the network. Starting from the root, at each
branch of the dendrogram each parent group is partitioned into
child subgroups (see Fig. 2 for a schematic example).

In hierarchical community detection, as considered here,
we aim to identify groups of similar nodes in a network, such
that with each further subdivision of the nodes, the resulting
groups should contain increasingly similar nodes. Each sub-
group should therefore also have inherited certain similarities
from its parent group. A relevant way to define similarity is in
terms of stochastically equivalent nodes, i.e., groups of nodes
r and s such that any node in group r has the same probability
!rs of linking to any node in group s. In this setting one can
represent the community structure of a network with n nodes
using the stochastic block model (SBM) [45,46]. The SBM
defines the probability of a link existing between two nodes
depending on their community assignment. We represent this
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But how do we recover the latent structure? Picture from Peel et al.

sofia.olhede@epfl.ch (EPFL) Statistical analysis of network data October 8, 2025 12 / 19



The Stochastic Blockmodel

MICHAEL T. SCHAUB, JIAZE LI, AND LETO PEEL PHYSICAL REVIEW E 107, 054305 (2023)
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FIG. 3. The block structure of configurations of hierarchical communities. (a) A simple assortative hierarchy of communities in which the
refinement of the block structure between levels of the hierarchy occurs along the block diagonal and the off-diagonal blocks have homogeneous
density. This type of hierarchy is the most frequently considered in the literature. Although we refer to this structure as an assortative hierarchy,
the communities may be disassortative if the off-diagonal blocks are higher density than the diagonal blocks. (b) A disassortative hierarchy
of communities in which the refinement of the block structure between levels of the hierarchy occurs in the off-diagonal blocks. Note that for
the disassortative hierarchy to be an externally equitable partition, it must satisfy the stricter constraint that the sum of densities of the refined
off-diagonal blocks should be equal along the rows and along the columns, i.e., mad + mae = mbc + mbe and mad = mbc = mae + mbe. (c) A
generalized hierarchy in which the refinement occurs in both the diagonal and off-diagonal blocks.

precisely E[A]). Put differently, groups of nodes in a network
that share the exact same set of connections are structurally
equivalent. When groups of nodes share the exact same set of
connections in expectation then they are stochastically equiv-
alent. In this way, we can consider stochastic equivalence as
a probabilistic relaxation of structural equivalence [Fig. 4(a)
top row].

When we partition an adjacency matrix A such that every
node in a group r has simply the same number of links to
nodes in group s, then we call such a partition of a graph an
equitable partition [49]. Equitable partitions are a generaliza-
tion of structural equivalence in which each node in the same
group has the same sum of weights connecting it to every
other group. (Note that here we will use the convention that
the number of links, or degree, of a node refers to the sum of
edge weights when the graph is weighted.) However, it is not
necessary that nodes in the same group have exactly the same
connections. Equitable partitions are closely related, but not
identical to, graph automorphism groups [49,50], and regular
equivalence [51,52]. Regular equivalence, for instance, does
not require equivalent nodes to have the same number of links
to equivalent nodes, whereas equitable partitions do have this
requirement.

We can extend the concept of equitable partitions to ran-
dom graph models by introducing a probabilistic relaxation,
which we will call a stochastic equitable partition [Fig. 4(a)
middle row]. Partitioning the expected adjacency matrix E[A]
according to H creates a stochastic equitable partition such
that every node in group r has the same expected number of
links to nodes in group s.

We can define equitable partitions algebraically using an
aggregated graph with adjacency matrix Ag ∈ Rk×k in which
each node represents a group and the weighted links indicate
the sum of link weights between groups in a graph A:

Ag = H⊤AH. (3)

However, since groups may be of different sizes it is of-
ten more practical to use the quotient graph with weighted
adjacency matrix Aπ in which the aggregated graph Ag is

normalized by the size of the groups:

Aπ = N−1H⊤AH = H†AH, (4)

where N := H⊤H is a diagonal matrix in which Nrr is
the number of nodes in group r and H† := N−1H⊤ is the
Moore-Penrose pseudoinverse of H . Then each element of the
adjacency matrix of the quotient graph Aπ

rs tells us the mean
number of edges connecting a node in group r to nodes in
group s. When H represents an equitable partition of A the
value Aπ

rs is the actual number of links that every node in
group r has with nodes of group s, i.e., we have the following
algebraic relation:

AH = HAπ for all H ∈ HA
EP, (5)

where HA
EP is the set of equitable partitions of A.

When we consider partitions that are equitable only be-
tween different groups r ̸= s, then the partition is called an
externally equitable partition (EEP). We can characterize
EEPs algebraically by following Eqs. (3)–(5) and substituting
the combinatorial graph Laplacian L = D − A in place of
the adjacency matrix [53], where D = diag(A1) is a diagonal
matrix of degrees. This substitution gives

LH = HLπ , H ∈ HA
EEP, (6)

where HA
EEP is the set of external equitable partitions of A, Lπ

is the Laplacian of the quotient graph,

Lπ = N−1H⊤(D − A)H (7)

= Dπ − Aπ , (8)

and Dπ = diag(Aπ1) is the diagonal matrix of node degrees
by group. Substituting the Laplacian for the adjacency ma-
trix enables us to ignore the internal connectivity and only
constrain the external connections to be equitable. The reason
that the quotient Laplacian ignores the internal connectivity
is its invariance under the addition of edges in the diagonal
blocks of the adjacency matrix A, as the following proposition
illustrates.

Proposition 1. Let H be the indicator matrix of an EEP
and A′ = A + "A be an adjacency matrix with additional
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The Stochastic Blockmodel
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But how do we recover the latent blocks?
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The Stochastic Blockmodel

Remember..... With the right ordering everything looks easy... But we DO
NOT have it.
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The Stochastic Blockmodel

At the basic level the simplest stochastic block model are
(n
2

)

independent Bernoulli trials. We can formulate the likelihood
dependent on link parameters {θab} and a group label zi ∈ {1, . . . , k}
for i = 1, . . . , n when there are k groups. We then find

Pr{A} =
∏

i<j

θ
Aij
zizj{1− θzizj}1−Aij , (2)

The log-likelihood takes the form of

ℓ(θ, z) =
∑

i<j

Aij log(θzizj ) + (1− Aij) log(1− θzizj ),

and that ∑

i

I(zi = b) = hb,

so that with hab =
∑

i<j I(zi = a)I(zj = b), hab = hahb for a ̸= b

ℓ(θ, z) =
∑

a≤b

{habĀab(z) log θab+(hab−habĀab(z)) log(1−θab)}, (3)

with Āab(z) = h−1
ab

∑
i<j Aij I(zi = a)I(zj = b).
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The Stochastic Blockmodel

As a first step for any fixed choice of z we can maximize the
likelihood; we find that

∂ℓ(θ, z)

∂θab
= hab

Āab(z)

θab
− hab

1− Āab(z)

1− θab

θ̂ab = Āab(z), 1 ≤ a ≤ b ≤ k

∂2ℓ(θ, z)

∂θ2ab
= −hab

Āab(z)

θ2ab
− hab

1− Āab(z)

{1− θab}2
< 0.

The profile likelihood (Cox & Reid and Bickel and Chen)then becomes

ℓ(z) =
∑

i<j

{Aij log(θ̂zizj ) + (1− Aij) log(1− θ̂zizj )}.

We can maximize this in z to obtain an estimate of the label vector z .
This is unfortunately not computationally feasible.
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Other block model estimators

We first define

E =
1

2

∑

i ,j

Aij =
1

2

∑

l

dl .

Then we define the network modularity for label–vector z by

Q̂G (z) =
∑

i<j

{
Aij −

didj∑
l dl

}
δzizj .

We maximise this quantity to arrive at a division of the nodes.

Often this is done hierarchically; but it comes with no statistical
guarantees.

We have to decide when to stop; we stop when no further
improvement in the modularity result.

This treats the stochastic blockmodel parametrically; k is assumed to
be known. There are other ways to cluster nodes; using the graph
Laplacian is one of them.
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Other block model estimators

We now need a method to cluster the points (Ai ·)i in Rk .

Clustering means dividing up a set of n points into k ≤ n groups. For
each k we define a vector Ck of those group labels.

This is not a well defined problem, see for example, C. Hennig, ’What
are the true clusters?’, Pattern Recognition Letters. 64 (2015), 53-62.

To cluster we need a measure of similarity and a distance d(x , y).
These are obviously reciprocal concepts. Similarity measures how
similar two vectors are like a covariance measure. Distance measures
how far apart two points are or how dissimilar they are.

What is a cluster?

1. items that have very similar or the same properties;
2. items whose distance is small, or their dissimilarity is small;
3. have ”contacts” with other items in the same cluster;
4. are clearly different from the items in other clusters.
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