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Exercise 1.

Let (B;,t € R,) be a standard Brownian motion. We define M, := B? —t and N, :=
exp (Bt — %) These two processes are martingales (see Exercise 2 Series 3). Provide the
Doob decomposition of M? and N7, then deduce (M); and (N);.

Exercise 2. (Ornstein-Uhlenbeck Process)

t
Let (By,t € R;) be a standard Brownian motion, a € R* fixed and X, := / e~ =9 4B,
0
teR,.

(a) Calculate E(X;) and Cov(Xjs, X3).
(b) Is the process (X;) a martingale ?

(c) Prove that (X;) satisfies the following equation :

t
Xt:—a/ Xst+Bt.
0

Exercise 3.

Let (Bi,t > 0) be a standard Brownian motion. Show that the following processes are
martingales

(a) X, = e sin(B,),

(b) X; = (B, + t)e Bz,

Exercise 4.

Let (By,t > 0) be a standard Brownian motion.

(a) Let p € R. Consider the It6 process X; = B; + ut. What is the distribution of the
1
random variable Z = / sdX,?
0

1
(b) Show that Z = B, + g - / B, ds.
0
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