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Exercice 1.
Let (Bt)t⩾0 be a standard Brownian motion.

(a) For all n ⩾ 1, define τn = inf

ß
t > 0 :

∫ t
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s ds ⩾ n

™
. Show that for all t > 0,

P{τn ⩽ t} > 0.

(b) Explain how to determine a random variable
∫ t

0
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s dBs from simple predictable

process.

Exercice 2.

(a) Show that if F is a sigma-algebra and if (Xn)n∈N is a sequence of random variables
such that Xn −→

n→∞
X a.s. and |Xn| ⩽ Y ∈ L1, then

E(Xn | F) −→
n→∞

E(X | F), in L1 and a.s.

(b) Let (Xt, t ∈ R+) be a continuous local martingale and T > 0 such that
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< +∞. Show that (Xt, t ∈ [0, T ]) is a martingale.

Exercice 3.
Let M = (Mt, t ∈ R+) be a bounded continuous martingale. Define
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= 0. Show that

lim
n→∞
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t = ⟨M⟩t, in L2(Ω,F ,P).
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