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Exercise 1.

Let (B, t > 0) be a standard Brownian motion and let tp = 0 < ¢; < --- < t,,. Define
X = (Bt17Bt27 Ce 7Btn)t and YV = (BtluBtg — Bt17 e 7Btn — Btnfl)t- Let A be the n x n
diagonal matrix given by Diag(v/f1,v/t2 — t1, ... ,3/Tn — tn_1) and T the following n x n
matrix

1 0
11

r=1 . . .
1 11

Define ¥ = T A.

(a) Verify that X follows a multivariate normal distribution A/, (0,2%%). That is, the
joint density function of X is given by

1)z 1 1 -
fx(z) = (%) i ETE) exp {—éa:t (Bx) ! x}, for all z € R™.

(b) Show that for § € R”,

E (exp(i6 - Y)) = exp (—% A tj_1>>

j=1
and deduce that )
E (exp(if - X)) = exp (—5 Gt(EEt)Q) :

Exercise 2.

Let (X,, n > 0) be an i.i.d sequence of N'(0,1) random variables. For I,p € N with [ < p,
define

in(nt
T, — sup nsm(n) .
tel0,7] el
Show that 5
2 p—1 (p—1)>
E((Ti,)") < 5 + 25

Exercise 3.

Let p(t,x,-) be the conditional density of B; given that By = x. Show that
op _10%
ot 20x2
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