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Exercise 1.
Let (Bt, t ⩾ 0) be a standard Brownian motion and let t0 = 0 < t1 < · · · < tn. Define
X = (Bt1 ,Bt2 , . . . ,Btn)

t and Y = (Bt1 ,Bt2 − Bt1 , . . . ,Btn − Btn−1)
t. Let A be the n × n

diagonal matrix given by Diag(
√
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√
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√
tn − tn−1) and T the following n × n

matrix
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1 · · · 1 1

ë
.

Define Σ = TA.
(a) Verify that X follows a multivariate normal distribution Nn(⃗0,ΣΣ

t). That is, the
joint density function of X is given by
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, for all x ∈ Rn.

(b) Show that for θ ∈ Rn,

E (exp(iθ · Y )) = exp

(
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n∑
j=1

θ2j (tj − tj−1)

)
and deduce that

E (exp(iθ ·X)) = exp
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Exercise 2.
Let (Xn, n ⩾ 0) be an i.i.d sequence of N (0,1) random variables. For l,p ∈ N with l < p,
define

Tl,p = sup
t∈[0,π]
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Show that
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Exercise 3.
Let p(t,x,·) be the conditional density of Bt given that B0 = x. Show that

∂p

∂t
=

1
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∂2p

∂x2
.
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