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Exercise Series 13 12/12/2025

Exercise 1. (Extension of the Feynman-Kac Formula)

Let ¢, f,0 : R — R be bounded Borel functions. Assume that the equation

ou 1, O%u ou
E(tvw) - 50- ($)w(t7x) + M(I’)%(t,l‘) + q(ZE)U(t,l‘), te R—H r €R,

with the initial condition «(0,z) = f(z), € R, admits a unique bounded solution, such
that % is bounded.

Assume that g : R — R is a Lipschitz function and therefore there exists a constant
C € R, such that for all z € R,

()] < C(1 4+ [z]).

Show that t
ut,z) = (f (X)) exp ( /0 ¢ (x7) ds)) ’

where (Xt(gc)) is the unique solution of the stochastic differential equation

dXt = ,LL(Xt) dt‘l‘O’(Xt) dBt, XO = T.

Exercise 2.

Let T'> 0. Let (B;) be a standard Brownian motion. For each of the random variables X
below, find a process H € Hr(B) such that

X = E(X) + /O " H,dB, (+)
(a) X = DBr
(b) X:/OTBsds
(¢) X = B2

(d) X = B,
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