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Exercise 10 21/11/2025

Exercice 1.
Let (Bt, t ⩾ 0) be a standard Brownian motion.

(a) Let (Ht, t ∈ [0, T ]) and (Kt, t ∈ [0, T ]) be two processes in HT (B). Define Xt =∫ t

0

Hs dBs and Yt =

∫ t

0

Ks dBs. Show that for all t ∈ [0, T ],

XtYt =

∫ t

0

(HsYs +KsXs) dBs +

∫ t

0

HsKs ds.

(b) Is (Xt = t2Bt − 2

∫ t

0

sBs ds, t ⩾ 0) a martingale ?

(c) Show that (Nt = B3
t − 3tBt, t ⩾ 0) is a martingale.

Exercice 2. (Black-Scholes equation)
Let µ ∈ R, σ > 0 and x0 > 0. We consider following stochastic differential equation :

dXt = µXt dt+ σXt dBt

with the initial condition X0 = x0. Show that

Xt = x0 exp

{
σBt +

(
µ− 1

2
σ2

)
t

}
is the solution.

Exercice 3. (Langevin equation and Vasicek model)
Let a, b, x0 ∈ R and σ > 0. Consider following stochastic differential equation :

dXt = a (b−Xt) dt+ σ dBt

with the initial condition X0 = x0. Show that

Xt = (x0 − b)e−at + b+ σ

∫ t

0

e−a(t−s) dBs

is the solution.
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Exercice 4. (Brownian motion on the circle)
We consider the differential system

dXt = −1
2
Xt dt− Yt dBt,

dYt = −1
2
Yt dt+Xt dBt.

X0 = 1, Y0 = 0

a) Using Itô’s formula, show that X2
t + Y 2

t = 1 a.s., for all t ∈ R+.

b) Show that Xt = cos(Bt), Yt = sin(Bt) is the solution to this system.
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