MATH-414 — Stochastic simulation

Lecture 6: Variance Reduction Techniques Il

Prof. Fabio Nobile
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Importance sampling

Importance sampling for stochastic processes

EPFL @



Importance sampling

» X random vector in RY with (joint) pdf f : R? — R,
> 7 =(X) € R output quantity
» Goal: compute u = E[Z] = E[¢(X)]

Consider an auxiliary pdf g s.t. g(x) =0 = 9(x)f(x) =0. Then

Importance sampling Monte Carlo estimator:
> generate N iid replicas X() ~ g

()
> compute fijs = ZN Mf(;()
Nomenclature
> g: importance sampling distribution (or dominating distribution)

> w(x)= (—; likelihood ratio
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Importance sampling — algorithm

Algorithm: Importance sampling

1 Generate N iid replicas X, ... . X(M) ~ g
- ()
2 Compute fis = 4 Sl ¢(ROW(XD),  w(X0) = 1)

< . 2
3 Estimate 6% = gy >, (XD w(XD) — fus)
4 Output fiis and a (asymptotic) 1 — « confidence interval

~
4 |

lon = |fus — Cl_ajp——= B s+ 22— >
a,N — —« \/Na l-« \/N
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Example — option pricing

» S;: value of an asset at time t, modeled by

dSt = rSt dt"‘ O'St th, t e (O, T]

> call option: payoff ¢)(S1) = (ST — K)4:

> Goal: estimate (discounted) option price = E [e™"T¢(S7)]

> If K> 5y only few samples will
fall above the strike price ~~
CMC estimator is inefficient /

pdf S7

P(St)

» Idea: increase interest rate r to
enhance the probability of St
being above the strike




Example — option pricing

» original random variable: St = SpeX™, with
Xt ~ N((r—02/2)T,0%T)
» option price: u=E [&(XT)} with P(X7) = e T (SoeX™ — K),.
> r;nodified random variable: S = Soe)?T, with
X7 ~ N((F—0%/2)T,0%T)
> likelihood ratio: w(x) = Pl exp{(ﬁr)((HF‘Tz)T*zx)}

f)—(T (x) 202

» Importance sampling
p=E [D(Xr)w(X7)]

with X7 following the modified GBM.

EPFL @



Choice of importance sampling distribution

Consider the importance sampling Monte Carlo estimator

N ~ . ~ 3
L L u(XD)F(XD) S (i) iid
s = N ; g~7 X\~ g

(X0)

» [is is unbiased.
» Variance of [is:

a1 pfy _ 1 P (x)f*(x) 2
Var [/’“S] = NV&I‘g (g) = N < o Tg(x) dx — 1%
1 f
— (g 2l 2
v (el =)
Can we choose optimally g to minimize the variance of the extimator?
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Choice of importance sampling distribution
Constrained minimization problem

i 7¢2(x)f2(x) Ix s X)dx =
mgm/ 203 dx s.t. /g( Ydx =1, g>0

Lagrangian multiplier approach: £(g, A) = [; % dx+A([rg—1)
taking variations:

oL B ,f2 B
@((ig) = _/r (1/1 2 — )\) dgdx =0, Vég
2 w2f2

A

— g

f
optimal pdf: g* = J!T)JPV

> Not practical: Normalizing constant [ [¢|fdx not know (and as
difficult to compute as Ex~.r[¢(X)])
» Gives guidelines on how to construct good importance
sampling distributions EPFL @



Optimal distribution over a parametric family
Variance minimization
> Let F = {f(-,0), 0 € ©} be a paramtric family of distributions (e.g.
exponenatial family)
» Assume that the initial distribution f is in F, i.e. f(-) = f(-,6o)

Idea: look for optimal g within F:

g()=1~(,07), with 6% = argmin Eg, [
[4SIS)

¢2f('790):|
f('ve) ‘

Algorithm: Importance sampling with variance minimization

1 Generate N iid replicas YV, ... Yy o (-, 60)
2 Solve the minimization problem

N F(YD, 6)

A 1 .
B, = argmin = 3 " g2(y ()L %)
v N Ew ) v, e)

3 Generate N iid replicas X, ..., XM ~ f(-,8%)
, iy FXO, :
4 Compute jus =  S21%; (X)) F55 323 =PFL @




Adaptive importance sampling
The previous algorithm can be made adaptive:
> suppose that at the (k — 1)-th iteration we have estimated the
parameter §(k—1)
> Then, at iteration k we generate from f(-,0(~1)) and we have to
minimize the variance

R (- 00)] $?F2(-, 0o)
o ‘argam'”E%{ f-0) |~ R ay( o)

Algorithm: Adaptive importance sampling with variance minimization

Given: tol, a, 6o, N>1vy>1
1 Set N=N,0=10y 6 =

2 while 29272 < 1o/ do
VN )
3 Generate N iid replicas Y Y(N ~ f(-,0)

y()
4 Compute  fus = Z, 1w( f(y 00))

P i 2(y\",0
5 Optimize  Opew = argmingeo 7 Zi:l V(Y y ! )) f(ym(’g)f(y‘(’/.))’é)
6 Set 0 = fpew and N = yN

7 end EPFL @
Output fus
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Optimal distribution over a parametric family

Cross entropy minimization

Definition. The Kullbach-Leibler divergence Dk (g|f) between a
target pdf g and a candidate pdf f is defined as

Dra(g1f) = Esllog £] = [ () logglx)c — [ glx)log F(x)ox
Dki(g|f) > 0 and Dk (g|f) =0 if and only if g = f a.e.

Idea: find the pdf f € F that minimizes the KL divergence to the

optimal importance sampling distribution g* = f‘ijflf

6" = argmin Dki(g”|f(-,0)) = argmin Eg-[log g*] — Eg«[log (-, 0)]
0

/ [(x)|f(x,00) log f(x, 0)dx

-
= argmax/\w(x)|f(x790)log f(x,0)dx
0
_ Ny FGo00) .
= argmaxEy | [U()] 7.5) log £( 79)1 =PFL @




Adaptive cross-entropy importance sampling

Algorithm: Adaptive importance sampling with cross entropy mini-
mization
Given: to_/, a, 0o, N> 1, v>1
1Set N=N,0=0y 6=
6'C1,Q/2
VN
3 Generate N iid replicas Y1), ... Y(M) ~ f(-,OA)

X ; 0,
a Compute  fijs = % ZIN:]. w(y( ))%

5 | Optimize (pe, = argmax, +|w(Y()| ’;((\;((’,.))’%J)) log (Y, 0)
6 Set § = énew and N =~N

end

Output [is

while > tol do

N

o ~N
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Weighted importance sampling

In certain cases, the pdf f and/or the dominating pdf g, are known only
up to a normalizing constant.

Let f = c¢f and g = &, with s = ([ F) "L and ¢, = ([ &)*

Self-normalized importance sampling estimator

N (i) (i) f .
AIVV _ Ei:l P(X )W.(X ), with  w(x) = f(x) x ','ffg

S, w(X(™)

The estimator ﬁ,"sv is asymptotically consistent. Indeed by SLLN
N ~

f(x) c
X() / ~ x)dx = £
2o 2050
N f c

Zw(x“ x0) 22 [y Zgd— %y
Pt g c

It is however, biased, in general, although the bias is usually small. EPFL @



Importance sampling for stochastic processes

Discrete time Markov Chains
Consider a discrete time Markov chain {X,, n € No} ~ Markov (po, P)
in R, with transition density function p : RY x RY — Ry : e

PUx.A) =B (Xps € Al X, =x) = [ ply)dy. Ac BES),
A

Goal: compute = E[Z] = E [¢)(Xo:m)]

where Xo.;m = (Xo, ..., Xm) corresponds to the path up to step m.
Question: how to do importance sampling in this case?

Take dominating densities

do > po (i.e. qo(y
X

=0 = po(y) =0, Vy)
q(Xv') > p(X,~), Vx (i'e' q( ) =

)
y)=0 p(x,y) =0, Vy)
Shorthand notation:

{Xn} ~ po, P if {X,} ~ Markov{po, P}

{Xn} ~ q0, Q if {X,} ~ Markov{qo, Q}
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Importance sampling for stochastic processes

Discrete time Markov Chains

n= IEXg;,,,~po,P["/J()<O:m)] = /w(xm cee aXm)pXo;m(X07 s axm)dXO - dXp

/ZZJ X0s - - s Xm)Po(X0)P(X0, X1) * - - P(Xm—1, Xm)dXo - - - dXm

= X Xi—1. X )dXg * + + dXmm
Bo00) 117, Q(Xifl-,Xi)qO( o)gq( 1, %) dxo

= Exy,.~q0, [0 (Xo:m) W (Xo:m)]

:/¢(xo,... xm)pO(XO)H;L p(xi—1,X;) m

m

with likelihood ratio w(Xo.m) = H

l:l

XI I;X
l 1 )

The previous formula generalizes to the case of a stopped process. Let 7
be a stopping time (e.g. 7 =min{n > 0: X, € A}) and aim to compute
w=E [ (Xo.r ) 1r<o0] with {X,} ~ Markov(pg, P). Then

t=Eixymgo.0[0r (Xoir ) s <coow(Xor )] with w(Xo.7) as aboveEPFL
as long as 7 < oo under P = 7 < 0o under Q. @



Importance sampling for stochastic processes

Discrete time Markov Chains

Algorithm: Importance sampling for Markov processes.
1 Generate N iid paths Xé )(, (X(gi), .. ,XT(;?)), i=1,...,N, each one
up to the stopping time 7(), of the Markov chain with transition
probability g : R? x R? — R, and initial probability qo:RY = R,

, X x® ,X(i)
2 Compute likelihood ratio W(Xél ) = ol Ol )1 H pl 12)1 ())
qO(Xo ) izt a(X 2y X7)

3 Compute fijs = % vazl ¢T(f)(Xé:i7),( % (X() )

4 Output fijs and a confidence interval based on &s.
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Importance sampling for stochastic processes

Discretized stochastic differential equations
Consider a stochastic differential equation in R

dX: = b(Xe, t)dt + o (X, t)dW,, t>0, with Xp given, (1)

» W,;: d-dimensional Brownian motion

> b:RY xR, — R?: drift

» o:RY xR, — RI*9: diffusion matrix
Goal: compute p =E[Z] = E [¢({X¢}o<e<T)]
(eg Z=[] Xoads, Z=|Xr|

, etc. )

Discretization by Euler Maruyama:
Xnt1 = Xn + b(Xn, ta) At + 0(Xn, tn)én,  &n ~ N(O, lgxaAt).

Discretized output

pae =E[pac(Xo,- ., Xm)] = Eey, e [0(C05 - 6mm1)]  =pEL )



Importance sampling for stochastic processes

Discretized stochastic differential equations

How to do importance sampling in this case? |dea: change the drift of
the SDE to b(X,, t,).

This corresponds to changing the mean of the Gaussian increments:

En ~ N(A(Xn, ta) AL, lyscaDt),  ¢( X, tn) = 0 (X, tn)(B(Xa, tn)—b(Xn, tn))

Indeed, writing 5,, = ¢(Xn, tn) At + 1y, with 1, ~ N(0, lyxgAt) we have

Xn+1 =X, + b(Xna tn)At + U(Xm tn)gn
= X, + b(X,, tn) At 4 (X, ta)1n

We then have

e = gy, [(om-1)] = Be,,, [(Eom-1)w(Eom-1)|
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Importance sampling for stochastic processes

Discretized stochastic differential equations

Denoting z + p(z; 1, X) the joint pdf of a Gaussian vector with mean
and covariance matrix X, the likelihood ratio reads

rﬁl p(€i; 0, lyxgAt)
o P& (X, ti)At, lyxaAt)

m—1
- H exp

W(go;mq) =

1 ~
12 i Xi iA 2
S VG2 + 5l — 60, 1)

*P\ 2

S
<At

(X )P = 6(X, n)Tfi-)

m—1
(;Zm||¢x,,t||2 Z¢X,,t )

1
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Importance sampling for stochastic processes

Discretized stochastic differential equations

Algorithm: Importance sampling for SDEs.
1 Generate N iid paths X\ i =1,..., N with modified drift

0:m?

XD, = XO4b(XD, ) At+o (XD, £,)ED, ED v N(@(Xn, ta)At, Ly aAt)
(2)

2 Compute likelihood ratio

W&, 1) —exp< ZArw X, ta)|I? ~ Zasxmr TE )

n=0

3 Compute fis = & S, H(EGD 1) w(Elh—1)
4 Output /s and a confidence interval based on &ys.
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Importance sampling for stochastic processes

Discretized stochastic differential equations

In ~the limit At — 0 we can define a drifted Brownian motion
dW, = ¢(X;, t;)dt + dW; (with W; a standard BM) and

w({Wibosier) = exp (; | o0 oipae = [ ok dv“vt>

This represents the ratio between the (joint) densities of W; and W,

dP . ,
7= (Girsanov's theorem)
W

Then we can write (at least formally)

1=Ew[v({Xcto<e<T)] = P({Xeo<e<T) o
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Importance sampling for stochastic processes
Continuous time discrete space Markov processes
Consider a continuous time Markov process taking values in the discrete

space X = {y1,¥2,...}

{X: € X, t > 0} ~ Markov(}, Q)
(Q - stable and conservative generator matrix; \ initial distribution)
Goal: compute p =E[Z] = E[¢({X¢}o<e<T)]
Importance sampling by changing (), Q) into (X, Q). Then

1= Exo({Xeto<e<7)] = Ex p[({Xebo<e<)w({ Xt bo<e<7)]

Denote
> {Jp}: jump times
» {S,}: holding times
> {Y,}: jump process, Y, = X, (sequence of visited states)
> = % probability of jumping from y; to y; when a jum occurs

(here @, = —Qi = 3, Qir)

> = EPFL @



Importance sampling for stochastic processes

Continuous time discrete space Markov processes

Likelihood ratio:

w({ X o<e<T)

Ao iy Qv ep{=5Qy, )

i=1

N(T
Ao ﬁ) TY;_1Y; QYj—l eXp{_SJQYj—1} exp{—(T - JN(T))QYN(T)}
exp{—(T — JN(T))QYN(T)}

Ax QYi—IYi eXp{—Sjéyj_l}

i=1

N(T) T
)‘Xo QXJi—lXJi { / ~ }
=2 | I " - Qx, — Qx,)d!
Axo ( . QXJI,_IXJI.> &P 0 (O x:)ds

i=1

Mo (] Quean o2l=5@0 1)) @0l (T~ hir) Q)
exp{—(T = In(n) Qvyery }
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