MATH-414 — Stochastic simulation

Lecture 10: Some theory of Markov Chains

Prof. Fabio Nobile
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Convergence of discrete-state Markov Chains
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Recall MCMC setting

> X state space

» 7 target probability measure on X, possibly known only up to a
multiplicative constant (i.e. # = C# and only 7 is accessible).

Goals:
» sample from 7
» Given ¢ : X — R with finite first moment wrt 7, compute
p=E[¢]
Markov Chain Monte Carlo:

» Construct an ergodic Markov Chain {X,, n € Ng} ~ Markov (A, P)
on X that has 7 as invariant distribution

> Approximate p = E,[¢)] by ergodic estimator
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Recall MCMC setting

In MCMC, the Markov chain {X,}, is designed to have the prescribed
invariant probability measure 7

Relevant questions:
» |s the invariant probability measure unique?

» Does the ergodic estimator converge almost surely?

=2

Z Xitb) —>E [¢] a.s.

» Considering the n-th step distribution 7"*(A) = Py (X, € A), does
7™ converge to 7 in some norm (or distance between probability
measures)?

» In the theory of Markov Chains, another important question is the
existence of an invariant probability measure. In MCMC this
question is less relevant since an invariant probability meausre exists

by construction.
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Three key concepts: irreducibility, recurrence, aperiodicity



Notations

Consider a homogeneous Markov chain {X,}, ~ Markov (A, P) on a
discrete state space X = {y1,y»,...}

> X\ = (A1, A2, ...) is the initial measure, \; =P (Xo = yi)

» P is the transition matrix, Pj = P (Xpt1 =y | Xo = i)

» P is the n-step transition matrix, P,-(jn) =PXnsn=Yj | Xm =)
and P(") = pn

> 7mA = (7}, 73>, ...) (row vector) is the probability mass function
of X,, 7' = Py(X, = y;) and 7™* = 77~ 1AP = \P"

» 7 is an invariant measure is T = TP

Let us define the following stopping times for a given set A C X
> hitting time of A: 74 =inf{n>0: X, € A},
> return time to A: 04 =inf{n > 0: X, € A} (assuming Xp € A)
> successive return times to A: ng) =inf{n > a&kil) : Xy € A}, for
k>1
with the convention that 74 = +oo if X, ¢ A for any n, o0 = 0,
05\1) = 04 and ng) =400 if X, ¢ A for any n > U/(L‘kfl). =PFL @



Irreducibility

We say that y; communicates with y; if 3n: P,-(jn) >0
(equivalently, P;(X, = y; for some n) > 0)

Definition. [Irreducibility] A Markov chain Markov (), P) is irreducible
if every state communicates with every other state (i.e. for all i, j, there

exists n > 0 such that P,-(j") >0)
We say that y; is accessible if Pj(oj < 00) >0 Vi

Definition. [Irreducibility — equivalent definition] A Markov chain
Markov (A, P) is irreducible if every state is accessible

2 2 4
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Recurrence and transience
Let Vi =" 11x,=y) be the number of visits to x;.

We say that
» y; is recurrent if P;(V; = o0) =1
» y; is transient if P;(V; = 00) =0

Interesting facts: a state y; is either recurrent or transient. Moreover
P(Vi=o0)=1 <= DPifoi<ox)=1 <= EJ[V]=o
Pi(Vi=ox)=0 <<= Ploi<x)<l <<= EJ[V]<o

Proof.

Pi(V;i > r+1) = Pi(o! ™ < c0)
= ]P’,(a(r) < o0, oM — (r) < +00)
= P,(a,(r (r) <ol o ) < 00)P;(o Er) < 00)
= P,(O"(l 00)P;i(o; ) < oo) (by the strong Markov property)
=P;(0; < 00) ™ 5 {0,1}
Pi(V; = 00) = lim,0o Pi(V; > r) € {0,1} EPEL @

Ei[Vi]=> . Pi(V;>r)e{C, o0}



Recurrence and transience

Lemma
Let {X,} ~ Markov (A, P) be irreducible. Then either all states are

transient or recurrent.

Proof.
Suppose y; is transient and take y; # y;. Since P is irreducible, there

exist n,m > 0: P,-(jn) > 0 and Pj(,-m) > 0. Then for all r >0,

n+m-+r
P( m+r) Z P["") Pl(<é ") > P("") P( )P’(")
On the other hand, being y; transient, we have E;[V;] < oo and

= EJ[Z 11{x,:y,}] =D _Pi(X =)
r=0 r=0
YR S AT s L i) <o
r=0 'Dji Pij r=0 'Dji Pij

hence y; is also transient. EPﬁL @



Recurrence and transience

Definition. An irreducible Markov chain {X,} ~ Markov (A, P) is
recurrent if it has at least one recurrent state (equivalently if every state
is recurrent)

Exercise
» Show that the 1D random walk on Z:
PXpj1=i+1| Xo=i)=p, PXpp1=i—-1]| Xp=i)=qg=1-p.
is recurrent if p =1 and transient if p # 3
> Show that the symmetric 2D random walk on Z? (with p = 1)

P (X1 = (1 15) | X = (1) =P Oea = (15 £1) | X, = (i) =

is recurrent

> Show that the symmetric random walk on Z* (p = %) is transient.
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Existence result

Theorem

Let {X,}n ~ Markov (A, P) be irreducible and recurrent. Then {X,}n
has a unique invariant measure (not necessarily finite) up to a
multiplicative constant.

Constructive proof of existence: fix yx € X and define

(expected number of visits to y; between two consecutive visits to yi)

#* is an invariant measure and is
unique up to a multiplicative factor.
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Sketch of the proof (existence only)
Take i # k
or—1 Ok or—1
%'k = B« [Z Lix,=yy | = Ex [Z Lix,=yy | = Ex [Z ]1{Xn+1—y:'}‘|
n=0 n=1 n=0
k

i.e. 7 is invariant by a +1 right shift of the chain

n=0 n=0

o0 o0
= lz H{Xn+1—Yf,Uk>n}] = Pu(Xnt1 = yi, 0k > 1)

ZZ Xnt1=Yi | Xo =yj06 > n) Pu(Xy = yj,0 > n)
j n=0

—Pj, since {o,>n} depends only on Xp,...,X,

=SB Y B— s > ) = Py
J n=0 J

U
[N
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Positive recurrence

k

The measure 7* is not necessarily finite. Normalizing constant:

Zﬁ,k = ZZHDk(Xn =Y, 0k > n) = Z]P’k(ak > n) = Ey[ok]
i n=0 n=0

i

Definition. An irreducible Markov chain {X,} ~ Markov (A, P) is
positive recurrent (or simply positive) if E;[oj] < oo for at least one state
yi € X and null recurrent otherwise.

Theorem

Let {X,}, ~ Markov (A, P) be irreducible, then {X,}, has an invariant
probability measure w if and only if it is positive recurrent. Moreover, in
this case, 7 is unique and is given by

Fik 1

T Edlod  Eio]

(The last equality follows by simply taking k = i.)

By design, in MCMC the Markov chain has an invariant probability
measure. Hence if it is irreducible, it is also positive recurrent and thEPFL @
invariant measure is unique.



Ergodicity
Theorem (Ergodic theorem)

Let {X,} ~ Markov (A, P) be irreducible and positive recurrent, with
invariant distribution w. Then, for any m-integrable function i) : X — R

P <H|LTOHZ¢(X)_E [1/1]) =1  VYAe My(X)

Idea of the proof.
e
Set Y, = Zj:kaﬁ””ﬂ

Let Vi(n) = Z}:ll T{x—y, be the number of visits to yx before n. Then

¥(Xj). By strong Markov property, {Y,},>> are iid!

Vi(n)

VT VOV EYand EDG= 3000 = Sl

n

Vi (n)
1 Yi V (n) -1 1 1 as.
;Zw(xj): e vk(n)_lz“; > (X)) 2 mELY].
j=1 ~—~ N—— =2

k()

r .
i j=o +1
=0 REC e ‘ EPFL @
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Central Limit Theorem

Exploiting the iid property of the random variables {Y;}, one can also
prove a CLT

Theorem (CLT for Markov Chains)

Let {X,} ~ Markov (XA, P) be irreducible, positive recurrent and with
invariant distribution w. Let ¢ : X — R be w-square integrable. Then

va (1 > 0(x) —Eﬂ[w]> -5 N(0, C())

with C(v) related to Var[Y,].
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Convergence in distribution

nA

We turn now to the question whether ™% — 7 in some topology.

Example. Consider the (irreducible) transition matrix P = ((1) (1))

having invariant distribution 7 = (3, 3).

Take A = (1,0). Then

= AP =(0,1)
2 = AP = (1,0)

The sequence {7}, does not converge!

Yet the chain is irreducible and positive recurrent (since it has an
invariant probability measure) and the ergodic theorem still applies!
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Aperiodicity

Definition. Given a transition matrix P, we say that a state y; is
aperiodic if P,.(,-") > 0 for all sufficiently large n, or equivalently if the set
{n>0: P >0} has no common divisor other than 1.

It P is irreducible and has an aperiodic state y;, then all other states y;
are also aperiodic.

Indeed, if y; is aperiodic, 3ng : P,-(,.") >0Vn> ng.
Take j # i. Since P is irreducible, 3n1, no : Pj,-"l) >0, P,S"Z) > 0.

Hence, for any m > my = ng + ny + ny we have

)

e e AT,
l,s
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Total variation
Let (X, B), be a measurable space and p a (signed) measure on (X, )

Total Variation norm:

lullr = sup u(A) — inf u(A) = sup / £(x) u(dx)
AeB AeB X

f: X —R meas.
[Iflloo <1

If p, v are two probability measures on (X, B) then, it easy to see that

I = vy = 2 sup [u(A) = v(A)]
AeB

For a discrete state space X = {y1, ¥»,...} and a signed measure
w = (p1, 2, --.), the TV norm reduces to the ¢*-norm

lillrv = > il = laller-

yieX
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Convergence in Total Variation

Theorem

Let {X,}n ~ Markov (\, P) be irreducible, aperiodic and positive
recurrent with invariant distribution 7. Let X\ be any distribution on X .
Then, for 7" = Py(X, = y;) it holds

lim ||7™* — 7|7y = lim g | — | = 0.
n—o0 n—o0 T
1
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Geometric / uniform ergodicity
Definition. An irreducible, positive recurrent, aperiodic Markov chain
{Xn}n with transition matrix P and invariant distribution T is
» geometrically ergodic if there exist h: X — R, with E,[h] < 400
and r € (0,1):

|[7™% — 7|1y < h(x;)r"  for all x; € X,
» uniformly ergodic if there exist C > 0 and r € (0,1):

[x™% — 7|l7v < Cr" forall x; € X.

Special case: finite state space, irreducible transition matric P
» {X,}n is always recurrent and positive recurrent
» P has an eigenvalue A; = 1 simple (Perrou-Frobenius theorem) and
all other eigenvalues satisfy |\;| <1, i=2,...,d.
» {X,}, is always uniformly ergodic and

% = 7|lrv < ClAa|"
with [Aa] = max|y, <1 |Ai| if P is diagonalizable.

(If P is not diagonalizable, then ||7"% — ||ty < C(€)(|X2| + €)"
€ > 0 arbitrary small) E&#L @



How the theory applies to Metropolis-Hastings

Algorithm: Metropolis-Hastings

Given: A (initial distribution), Q (proposal), 7 (target distribution)
1 Generate Xp ~ A
2 forn=0,1,..., do
3 Generate candidate new state )~<,,+1 ~ Qx,.:
4 Generate U ~ U([0,1])

5 | if U< Xy, Xpy1) then

6 set Xp41 = )N(,,+1 // X, accepted with prob. a(Xn, Xs1)
7 else

8 ‘ set Xpo1 =X, // X, rejected with prob. 1 —a(X,,,)?,,H)
9 end

10 end

Let af =3 _; (i, j)Qy. Transition matrix of the chain:

Py = a(i,j) Qs + (1 — a})dy. EPFL @



How the theory applies to Metropolis-Hastings

» Irreducibility of P is implied by the irreducibility of Q. Hence we
should always consider proposals @ that are irreducible.

> Positive recurrence is verified since P admits an inveriant probability
measure by construction (remember that P has an invariant
probability measure if and only if it is positive recurrent)

» Aperiodicity is satisfied automatically if o} < 1 for some i (positive
probability of staying in state i in the next iteration — this brakes any
periodicity).

Only if af =1 for all i (e.g. in Gibb's sampler) we need to check
that the chain is aperiodic
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