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Lab 12 of Thursday 4th December 2025

Exercice 1.

At every iteration of the general Metropolis-Hastings algorithm, a new candidate state Y,, ¢
is proposed by sampling Y,, . ; ~ ¢(X,,, "), given the current state X,,. Here, ¢(x,y) is the so-called
proposal density. Consider now the case where the proposal does not depend on the current state,
that is ¢(x,y) = q(y), so that the proposed candidate is Y,,; ~ ¢. This particular Markov Chain
Monte Carlo (MCMC) variant is sometimes called independent Metropolis—Hastings algorithm
with fixed proposal (or simply independence sampler). Let’s denote the target density by f. As
such, this MCMC variant appears very similar to the Accept—Reject method for sampling from f
(cf. Lab 02).

1) Suppose there exists a positive constant C such that f(x) < Cq(z) for any z € supp(f) =
{z € R?: f(z) > 0}. Show that the expected acceptance probability of the independent

Metropolis—Hastings algorithm is at least % whenever the chain is stationary. How does
this compare to the expected acceptance probability of an Accept—Reject method?

2) Let us compare the independent Metropolis—Hastings algorithm and the Accept—Reject
method in some more detail by an example. Specifically, the goal is to sample from a Gamma
distribution with shape parameter « and scale parameter 3, denoted by Gamma(ca, 5), so
that the target PDF reads f(z) = f(z;a, 8) = 8%z e 77 /T ()l {,50y, where I'(-) denotes
the Gamma function.

a) Implement the Accept—Reject method to sample from Gamma(a, 1) for o > 1, using
the PDF of the Gamma(a, b) distribution with a = [«] as auxiliary density (here [a]
denotes the integer part of a).! Show that b = [a]/« is the optimal choice for b.

b) Use your Accept—Reject method to generate m random numbers X,..., X, with
each X, ~ Gamma(q, 1), when using n = 5000 random variables Y7, ...,Y,, from the
auxiliary Gamma([a], [a]/«) distribution. Notice that m is a random variable, which
is smaller than n due to rejections. Perform the simulations for o = 4.85.

¢) Implement the independent Metropolis-Hastings algorithm using as proposal ¢ the
PDF of the Gamma([a], [a]/«) distribution.

d) Use the same sample Y7, ..., Y, used within the Accept—Reject method, now in the
corresponding Metropolis—Hastings algorithm to generate n = 5000 realizations of the
target distribution Gamma(ca, 1) with o = 4.85.

e) Compare both methods with respect to:

i. their acceptance rates,
ii. their estimates for the mean of the Gamma(4.85, 1) distribution, which is 4.85,

1 Hint: Recall that 25:1 &, ~ Gamma(K, 8) for K € N, if &, et Gamma(1, 8) = Exp(8).



iii. the correctness of the target distribution,

Discuss your results.

Exercice 2.

Consider the Random Walk Metropolis—Hastings (RWMH) algorithm with proposal density
q(r,y) = g,(y — x) and target density f: R — R*. Let g, denote the density of the N (0,0?)
distribution and suppose that

fly) = %eXp [—(%y‘* — %zﬁ + i)] ,

where Z is such that fis a PDF on X' = R. Suppose we wish to estimate u = E(¢) for a
suitable function ¢: R — R. Let aMH be the estimator for p based on the Markov chain of
length n generated by the RWMH algorithm. Derive asymptotic confidence intervals for p
at probability level a using the CLT for Metropolis—Hastings Markov Chains. Within your
simulations, estimate? this confidence interval and stop the Markov chain once the half-length
of the interval is smaller than a given tolerance 7 > 0. Implement the following heuristics to
estimate the required time average variance constant and compare their performance for different
functions ¢; namely ¢(z) = zP,p € N. The time average variance constant is the asymptotic
variance introduced in Theorem 8.10 of the lecture notes.

1) Initial positive sequence estimator:
K
52 A Gos = —Cn(0) + 2D (6,(2k) + 6,(2k + 1)) ,
k=1

where K is the largest integer such that ¢, (2k) + ¢,(2k + 1) > 0 for all k =1,..., K. Here,

n—

6ui) = = 3 (6% — AN (9(X,.) — W)
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—

is an appropriate covariance estimator in this context.

2) Initial monotone sequence estimator:

1<k

K
52~ GFonn = —C,(0) + 2 min {6,(2) + 2,(2j + 1)},
k=1

where K and ¢, are as for the initial positive sequence estimator above.

3) Batch means estimator: Suppose the Markov chain is Xy,..., X,, at iteration n. Divide
these n values into N, € N batches, each of length N, = n/N,. A typical decomposition is
N, =n'"% and N, = n® for a € [0, 1], for example a = 0.5, modulo integer rounding. Let

1 iN,
fi=~ Y, (X)), i=1,..,N,
£ =(i=1)Ny+1

2The estimation has to be carried out on-the-fly, that is while the Markov chain evolves.



be the sample mean of the i-th batch. For N, sufficiently large, one can consider the
batch means jiy, jly, ..., fly, to be approximately mutually independent. Consequently, one
can estimate the time average variance constant o2 by the sample variance estimator for
independent realizations:

N,
) _n 1 ~  ~MH\?2
g NUBM,TL'_ NbNbillz:;(’uz M, ) .

In addition, instead of using all of the points in the Markov chain, one can as well discard a
burn-in time B and replace >, | with >, . in the above estimators. Experiment with the
effects of burn-in time on the above asymptotic variance estimators.

Exercice 3.

Consider a Markov chain {X,,} ~ Markov(r, P) on a discrete state space X at equilibrium,
with P irreducible, and 7 the unique invariant probability measure of P. Let [2 be the Hilbert

space Iz = {f : X' = R: 3., f(i)*m; < oo} with inner product (f,g);z = >_,_, f(i)g(i)m;, and
2o=1{f €z E[f] =0}

1) Show that if (P,7) are in detailed balance, then (Pf,g);z = (f, Pg);2 for any f,g € 2

2) Show that E[f(X,,)f(X,,)] = (P™"f, f)z for any f € 2 and m > n.

3) Consider now the estimator

)
)
| X
HUN = N;f(XrJ
of = E,[f] under the assumption that f € I2. Show that E_[fix] = p, and
Varljin) = 5 S alPF, )
ar\un| = N C fa 125
with f = f —E.[f] € 2, and
1, 1=0 a1
ANT 211y, 1>0 (3:1)
N
4) Conclude that the asymptotic variance V(f,p) := limpy_,oo NVar,(fiy) satisfies V(f,p) =
(I =P)y ' =D)f, i if
(Pg,9)i2
sup ————=

=p<1 (3.2)
g€l H9||12,

5) Consider now the two irreducible transition matrices P; and P,, both in detailed balance
with 7 and satisfying (3.2) for some (31, 5. Show that if (P;);; > (P»);;Vi # j, then

V(f7pl) QV(f,PQ), (33)
for any f € I2.

Hint: Take P(\) = (1 — A\)P, + APy, A € [0,1] and show that %V(f, P()\) = 0.
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