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Problem 1. (342 points)

Let G be the group of automorphisms of the Riemann sphere generated by the maps
1
R z—=1-—z.
z

(a) Show that the quotient is isomorphic to a Riemann surface of genus 0. Find branch-
ing points, ramification points and their multiplicities of the natural projection
CP! — CP!/G.

(b) By the Uniformization Theorem every compact connected Riemann surface of genus
0 is biholomorphic to a Riemann sphere. Show that CP* /G is biholomorphic to CP!
by constructing an explicit biholomorphism.

Problem 2. (5+ 3 + 3 points)

Let ép be the normalized projective curve associated to the homogenous polynomial
P(X,Y,2)= XY +Y3Z + Z3X.

(a) Compute the genus of Cp.
(b) Show that the group Z/7Z acts biholomorphically on Cp.
(c¢) Show that the group Z/3Z acts biholomorphically on Cp.

Remark: In fact, the group PSLy(Z/7Z) acts biholomorphically on Cp. The cyclic
subroups generated by the elements (1) and (7 §), respectively, have orders 7 and 3,

respectively.

Problem 3. (2+2+2+242 points)

Check whether the 1-form f is harmonic, holomorphic, exact, closed.
(a) f= %ﬁﬁdy on C\ 0

(b) f =y3dz + 3zy?dy on C\ 0

(¢) f=2In(|z])dz on C\ 0

(d) f=1dzon C\0

(e) f

— o sin(y)dx + e* cos(y)dy on C.
Problem 4. (4 points)

Find all numbers b € C such that the Riemann surfaces X = C\ {0,1,2} and Y =
C\ {0,1,b} are biholomorphic.

Hint: Show that a biholomorphism f : X — Y can be extended to a holomorphic map
f:CP! — CP.

Problem 5. (242+3+4 points)
Consider the function

fz)= > (1 z€C\ (Z+iZ).

z+m+in)t’
m,ne”L

(a) Show that f defines a meromorphic function on the torus C/(Z + iZ).



(b) Find poles of f.
(¢c) Compute the degree of f: C/(Z +iZ) — CPL.
(d) Compute the ramification points of f : C/(Z + iZ) — CPL.

Problem 6. (4 points)
Define an equivalence relation ~ on C* by z1 ~ 29 iff 21 = 2% 25 for some s € Z. Find a

lattice A C C such that the quotient spaces C*/ ~ and C/A are isomorphic as Riemann
surfaces.



