Regression Methods: Problems MATH-408 - Week 1 - Autumn 2025
Myrto Limnios, Marco Piccininni

Solution 1
a) The assumptions imply that A is injective. If v € R? \ {0} then
v Bv = vl ATQAv = (Av)TQ(Av) > 0

since Av # 0 and () is positive definite. Thus B is positive definite and in particular invertible.
The special case € = I,, shows that AT A is strictly positive definite.
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Remark. If ) has one positive and one negative eigenvalues, we can always find an injective
A such that ATQA = 0.

b) Choose A = (1,1)7 and

then ATQA = 0.

Solution 2 We shall use the following fact. If X; and X, are indepndent, and Y; and X, are
independent, and X; and Y] have the same distribution, the for any (measurable) function g,
(X1, X3) and ¢(Y7, X3) have the same distribution.

(i) Take ¢ = (1,0)

(ii) Take ¢’ = (0,1) and use (i). And take ¢’ = (—1,0), to get —X ~ X, so that E[—X] =
E[X], and then EX = 0.

(iii) Take ¢ = (1,1)/v/2. Then

X ~ (X+Y)/\/§N (X1+X2)/\/§.

(iv) We know that this is true for n = 1,2. Suppose that this is true for n and write

(Xi 4+ Xo)/Vn+ 1= /n/(n+ DXy + - + Xa) /o] +/1/(n + 1) X1
This has the same distribution as \/n/(n + 1) X+4/1/(n 4+ 1)Y by the induction hypothesis.
Now choose ¢! = (v/n,1)/v/n +1

(v) Since X has zero mean and finite variance o2, by the central limit theorem

(X1 + -+ X,)/v/n % N(0,0?).
By (v) this gives X ~ N(0,0?%), and by (ii) Y ~ N(0,0?).

(vi) Let U ~ UJ0,1] and
(X,Y) = (cos(2nU),sin(27U)),

then by symmetry ¢’ (X,Y") has the same distribution for all ¢ € S* but X and Y are not
Gaussian. This is the uniform distribution on the unit circle.



Solution 3
(a) (i), response is y and X, 3 has rows (1,1/z,1/2?).
(b) (ii), response is y and X,,«; has rows 1/(1 + Six), with (; fixed.
(c) (iii), response is 1/y and X, xo has rows (1, z).
(d) (ii), response is y and X, has rows (1,2%), with 3, fixed.

(e) Can’t be done.



