Regression Methods: Problems MATH-408 - Autumn 2025
Myrto Limnios

Solution 1
(a) Writing fi — p = Hyy — p = Hx(y — p) + (Hx — I)p gives
(A=) (—p) = (y— )" HyH\(y — p) +2(y — p) " HY (Hx — Dp+ p" (Hy — I)"(Hx — ).

The expected value of the second term is zero, because E(y — p) = 0, and the final term is
the constant ||(I — Hy)ul|3, while the first term has expectation

E[tr{(y — p)"HyHily — w)}] = tr [E{(y — 1)y — ) HYE)}] = tr (0* [ HY Hy)
which gives the result.
(b) As E(yy™) = var(y) + E(y)E(y)" we have
Elly—n)"(y—n)] = Ely"(I = H\)"(I — Hy)y]
=Etr {( — H\)"(I = H)\)yy"}]
=tr {(I = H\)"(I - H\)(up" + 0°1,) }
= ("I = Hy)"(I = Hy)p+ 0*(n — 201 + 1)
= [|(1 = H)pll3 +o*(n — 201 + 1),

so 0% is biased upwards unless ||(I — Hy)pll2 = 0, i.e., unless u lies in the kernel of I — H,.

In a standard setting H) is a projection matrix, so Hy H)y = Hy\H) = H,, and thus v; = 1» =
rank(H,), so 63 becomes the usual unbiased variance estimator for a linear model.

Solution 2
(a) We have X"X = I, and hence § = (X"X) ' X"y = X"y. The sum of squares is
(y— XB)"(y— XB) = y"y — 24" XB+ B"X"XB = y"y — 2878 + 575,

so the function to be minimised is
L=1(y'y—28"8+5"8)+ AZ 15,1 = S(54/2 = B+ NBD).
r=1

This is a sum of p separate functions, each of which is a sum of the two convex functions of
the forms 22 — ax and b|x| for b > 0, so each is convex. Each of the p individual summands
can be minimised individually.

(b) The function L is differentiable in 3, except at 3, = 0, and the minimum is either at 3, =0
or elsewhere. Now

aL/aﬁr = Br - Br + Asigﬂ(ﬁr);

SO

lim OL/8B, = X — f,, Jim OL/OB. = —\ — B,

7“>+



« For a minimum at 5, = 0 we must have A — BT > (0 and —\ — BT < 0, or equivalently
|B-] < A. In this case 5, = 0.

« For a minimum not at (3, = 0, setting OL/Jf, = 0 gives
By = B, — Asign(B,),
so if 3, > 0, then f, = BT — \, whereas if 3, < 0, then 3, = B+ A.
Putting these two cases together gives
By = sign(B,) (15| = MI(|B:] > V),

as required.



