Regression Methods

Myrto Limnios

Autumn 2025 - Week 4



Recap on Nested Models/ANOVA



Comparing nested models

Consider the model:
y = Bo + B1z1 + Baz2 + B3xs + Pazs + €.
This will always have higher R? than the sub-model:
y =P+ piz1 te.

» Why? (think of geometry...)
» The question is: is the first model significantly better than the second one?

< i.e. does the first model explain the variation adequately enough, or
should we incorporate extra explanatory variables? Need a quantitative
answer.
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Gaussian linear model

Model is y = X8 + ¢ with & ~ N3, (0,021). Estimator:
B=(XTx)"1xTy.

Interpretation: y = XB = Hy is the projection of y into the column space of X,
M(X). This subspace has dimension p, when X is of full column rank p.
Now for ¢ < p write X in block notation as

X=(X1 X2 )
nXxq nx(p—q)

Interpretation: X is built by the first ¢ columns of X and X2 by the rest.
Similarly write 8 = (81 f2)" so that:

y=Xpf+e= (X1 Xz)(?é) +e=X181+ Xof2 + €.

Our question can now be stated as:
> Is B2 =07
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Residual Sums of Squares

Let H1 = X1(X{ X1)7'X{, and 41 = Hiy, e1 =y — §1.
Pythagoras tells us that:

~ 12 ~12 =52

lly — 71l = |yl + 17— 7l

\—A P \H/\/—/ N \WT/
RSS(B1)=lle1? RSS(B)=|le|? RSS(B1)—RSS(B)=l|le—e1]?

Notice that RSS(B1) > RSS(B) always (think why!)

So the simple idea that we developed week 3 is that : to see if it is worthwhile to
include B2 we will compare how much larger RSS(81) is to RSS(8).

> Equivalently, we can look at a ratio like {RSS(B1) — RSS(B)}/RSS(B)
» This is in fact the likelihood ratio test statistic for our hypothesis.

» To construct a test based on this quantity, we need its sampling distributions
- cf slides 22-23 week 3.
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Figure: Geometry Revisited
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The Linear Model - Model Building



Goals

» What to do faced with a set of data?
» Two main aims:

» understand (science) — maybe have prior idea/hypotheses on how
response depends on explanatory variables. Interpretation is key.

»> predict/control (technology) — don’t really care how y depends on
X. Interpretation not critical (though this describes only prediction in
the narrowest of senses).

» There is no reason that a single model will do both, or even that there must
be a single ‘best’ model:

» maybe two models with different interpretations both fit about equally
well, and then future work might aim to choose between them;

» prediction with a mixture of models might be better than using a single
model.
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Meta-algorithm

Collect data intended to answer question of interest;
examine data (graphs, look for outliers, problems with sampling scheme);

choose/construct response variable (transformations? independence?);

vV VvyVvYyy

consider what models are coherent with context of problem (limiting
properties, units, similar problems/datasets, covariates that must be
included, ...);

> iterate:

> fit models, compare quality of fits;

» check interpretations of 8,52 and

» check fit (diagnostics, outliers, ...)
until satisfied; finally

> give conclusions—careful interpretation of best model(s) in terms of
original problem, consider deficiencies, and explain what extra data might
overcome them.
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Initial examination of data

» Plot y against covariates, look for outliers, non-constant variance,
nonlinearity, etc.

» Plot covariates against each other, look for dependence.

v

Try to understand covariates (e.g., dimensions), are transformations needed?

» May need to reduce dimension of X by regularisation — many ways to do
this (later).

EPFL
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The Linear Model - Variable Selection



Automatic variable selection

EPFL

vV vyYyywy

Assume linear model E(y) = X
2P possible subsets of columns of X, plus transformations, ...
Example: p = 17 gives 131072 possible subsets of variables

Fast algorithms (e.g., branch and bound, leaps in R) exist visit them all or
just subsets (e.g., stepwise), but we need criteria for comparing models.

Many proposals for model comparison

1. cross-validation,

2. information criteria (AIC, AIC., BIC, NIC, TIC, ...)
3. Mallow’s Cp,

4. ...

Most involve minimising estimated prediction error for future data like those
observed!
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Prediction error

> True model y ~ (u,02I,), we assume (perhaps incorrectly) that u = X2, fit
Xnxp and obtain fitted value

/ﬁ < XB=Hy~ (Hu,o2H).
&4 ) —
» Terminology

» the true model hasl,u = Xﬁ‘and all 8, # 0;
» a correct model has p = X but some 5, = 0;
» a wrong model has p & span(X);

so (In — H)p = 0 if the model is true or correct, and (I, — H)p # 0 if it is
wrong.

» The prediction error for an independent dataset y4+ with mean vector p is
n~1u™(I — H)p+ (1+p/n)o?, wrong,
A=n""E{(g+ - XB)"(y+ - XB)} = { (1 + a/n)o?, frue,
(1+p/n)a?, ’l'ﬂyn\"l 3“’"‘ $e  correct,
“rune oy
where E(-) is over both y4+ and y and p > g = #{Br : B # 0} when ?——"1
1 € span(X).
> In principle we should write A = A(X).
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Computation of A

Let y ~ (u,02I) and fit X3, obtaining fitted value
XB = Hy~ (Hy,oH),

where Hy = p, ie., (I — H)p = 0 if p € span(X), but otherwise (I — H)u # 0.
We have a new data set y4 ~ (u,02T), and we compute the average error in
predicting y+ using X, i.e.,

> T

_ ~2 - 2
[a=n""E{lys — 312} = n B {les 7}
Note that as the trace of a scalar: it is a scalar, and trace is a linear operator,

B(eTer) = B{tr(eTes)} = Bitr(esel)} = tr{Bleq )} = tr{var(es ) +E(eq )B(es) T} |

Now as y4 and y are independent and var(X B) = 02H, we have

~ XB~ (u—Hu, 0l +0*H
y+ = XB~ (p— Hp,o"I + 07 H),

i
Wl
s e
S,

. . g
so the computation above gives 1
~ ¢
qE {lly+ = XBI?} = tr{o®(+ H)+ (I = H)pu™ (I = H)} = 0> (n-+p) + 1™ (I - H)p,

because tr(I + H) =n+ p and I — H is symmetric and idempotent, giving

X

A
- — n~uT™(I — H)p+ (1 +p/n)o?, wrong model,
‘ A =1 (1+g/n)o?, |) -1 true model,
o (1+p/n)a?, ~ correct model.
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Bias/variance trade-off

» Minimising A involves balancing the

> bias n~1uT(I — H)u, which is reduced by including useful terms in X,
and
» variance (1 + p/n)o?, which is increased by including useless terms in

» We would like to minimise A, but it depends on the unknown u and o.

» The cross-validation estimator of A splits the data into X’,y’ and X*,y*,
then

(X\,\b) J 8\:\” d;hk

l
r7/,,(u

% l (Xl‘“o'j :) . U,f"“%-
’V.b-“() * ,«%1&“' o

Sl cef.c
EPFL 3 N/ L
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Cross-validation with MSE

» for each possible subset S of columns of X*:
> compute 8% by regressing y* on Xg;
> use 83 to estimate the prediction error for S by AJ* = 44 !

As =)'y — X6BH)" (v — X5B3);
» finally choose the set of columns S for which 35 is minimised.]

This estimator depends on the split, and since X’ # X* in general, 35 does not
estimate Ag, so it would be preferable to use the entire dataset ...
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Leave-one-out cross-validation

» Simplest way to use entire dataset is leave-one-out cross-validation
(CV), minimising ()

“le\p.~—§||
~ " ~ ey
;___\f—*)
nAcy =CV = Z(yj - z;ﬁ,j)Q, W
j=1
where ij is estimate computed without (z;,y;).

» This seems to require n fits, but the lemma below implies that with one fit

we have N
(y] - xTB
cv=S 2L - P kom
Z 17 ]J) M" ¥!> L eﬂ’""‘b
%ﬁ
Lemma 9 {
For a fit y = Hy where H has jth diagonal element h;; and %)@zs the fitted
value for y; obtained when (x;,y;) is dropped,
i (3, v5) R Z)H‘ dion
~ Y — Y
Yi —Y5,—5 = )
1 —hyj

and therefore

n B n (y__z//\_)z
P e

j=1 j=1
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Proof Lemma 9

» Consider any linear fit § = Hy, and note that g; = > 7" | hj;y;.

> Now suppose we leave out (z;,y;) and compute the corresponding
lized timat
(penalized) estimate cV\‘*K‘o

Bj=argming > (yi — 27 B)? - Ap(B)

and fitted value( yj = ¥j,—j = «F B_j| corresponding to x;.

Y
> Inserting (z;,y j back into the dataset used to compute ,B,j changes

nothing, because (y; — x]TfJ’\_]-)Q = ( and p(B) does not depend on the data.
For this new dataset, —

5= hjiyi+hjyl = ' Z hjiyi + hij (y] @ hjs (Y
2 i=1

L—J * g% - N Y

v Yi — v =y — Ui+ hii(y; —v5), @%Q@ngzﬁa
leading to — R )

=y =y =y = Y

5 i j j,—3 1— hy, B

and thus to the given formula.

EPFL
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Generalized cross-validation

EPFL

Leave-one-out CV can be unstable if some of the h;; are large.

Generalised cross-validation (GCV) replaces all the hj; by their
average tr(H)/n = p/n, giving

(y; — 27B)?
GOV = Z jip/nz,

and hence
E(GOV) = u™(I — H)u/(1 — p/n)? + no?/(1 — p/n) ~ nA
(why? Exercise)

Often choose the model (i.e. variables) that minimises GCV or CV.

Note that these only require the second-order assumptions.
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Akaike information criterion

1. The above arguments apply only to least squares estimators. More generally,
we could aim to minimise the Kullback—Leibler discrepancy

Y Y () ,
@%(M)J-:I(“aw))sfn\% e Dlfo.g) = /1 g{f(y; 9)}9@) =0 E ! f(y,o)ﬂ

between candidate model fy = f(y;60) and true model g, based on
Vi, Yy &g

2. Suppose that 8, minimises D(fg, g) within the family of candidate models,
and is estimated by the MLE 6, with log likelihood £.

3. We suppose there is an independent sample Yl+, R i g and aim to
estimate
n +
9(Y;")
Eg | ES | log { — =nEy {D(f7,9)}; (1)
. j=1 f(Y;"; 6)

the outer expectation is over the distribution of é\, which is independent of
y+.

4. After tedious expansions we end up trying to minimise the Akaike
information criterion

AIC = —20+ 2p (= nlog RSS + 2p in linear model).

EPFL
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Reminder on MLE

Because of (2), 6, depends on g, and differentiating gives the score equation
0= / - log f(y;04) 9(y) dy,

with @ determined by the finite-sample version of this,
n
s}
:% E 6710gf y]79) (2)

Taylor series expansion shows that log f(y; 0) approximately equals

02 log f(y; 6,)

~ dlog f(y; 0 ~ ~
log (y305) + (0 0,7 BLW00) 1 g, 2O NETWD) g )
yielding
n -1 n
o= %Zaeaeﬁ log f(y;364g) %Zailogf Y53 0q)
So

6 ~ N{0g, Io(05) K (09)I5(09) "}
‘We recognize

K(0y) = n/ alogafe(y;e) alog(_ﬁy;e) g(y) dy, empirical information sandwich variance

2 .
I4(04) = —n/ %J;(Ty’m g(y)dy, empirical Fisher information
EPFL
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Derivation of AIC

» Now, consider an independent sample Y1+, AR Y,f" iid g over which we take
the expectation over Tayler expanwon (= "‘“éﬁtw )

v
nD(f3.9) = n [ log {fg(;y)g)} 90 dy = nD(fo,, )+ b1 { @~ 0,00~ 0,)71,0,)}

where we have used the fact that the trace of a scalar is itself.

» Using the reminder, the expectation over the distribution of 0 gives its
variance matrix, Iq(84) "1 K (04)I4(0g) ™", and hence

EE;}W"; nEgy {D(fé\,g)} i"D(fegag) +%tr{lg(99)71K(99)}7 (3)

where the second term penalizes the dimension p of 6.

The first term here is O(n) but the second is O(p).

> If the model is correct, fo, = g, Ig(8g) = K(8g) so tr {I,(04)1K(64)} = p.

Of course I, K are unknown in practice ...
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Derivation of AIC

EPFL

> To build an estimator, note that [ logg(y) g(y) dy is constant and can be

ignored. Now £(8) = £(6,) + {£(8) — €(64)}, so
EQ {—Z(@)} = _Eg {6(99) + %W(eg)}
= nD(fa,.9) ~ 3o {1,(6) " K(6)} ~ n [ logg(v) 9(w) dy,

where we have used the fact that under the wrong model, the Taylor series
approximation of the likelihood ratio statistic W (6y) gives -
a3

2{(8) — £(89)} = n(0 — 05) " I3(64)(8 - by), 2o o7

and the normal distribution of implies that the likelihood ratio statistic has
a distribution proportional to X%, but with mean 0>

of 8
ﬂr{fg(egrlmog)}. e e

Hence —€(8) tends to underestimate nD(fo,,9) —n [logg(y) g(y) dy. On

\—~
reflection this is obvious, because £(8) > £(64) by definition of 8. As p
increases, so will the extent of overestimation.
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Derivation of AIC

EPFL

> An estimator is —¢(6) + ¢, where ¢ estimatesitr {I(Gg)_lK(Gg)}l Two

possible choices of ¢ are (I-'K), andThese Tead to

AIC = 2{—¢(

The model is chosen to minimise AIC, say, with the factor 2 putting
differences of AIC on the same scale as likelihood ratio statistics. Such
criteria are used far beyond random samples, and even in cases where the
theory above doesn’t work.

In particular, the maximised log-likelihood for a normal-theory linear model
with residual sum of squares RSS can be shown to be

—g log(27o) — g = —g log RSS + constants,

which leads to the following formula.
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Other model selection criteria

» ‘Corrected’ AIC for (normal-theory) regression problems:

AIC. = nlogg? +n_ - TP/™
1-(p+2)/n
» Bayes’ information criterion RIC. 2p
BIC = 72?@
> Mallows Cp:
Cp = % +2p —n,

where SS), is RSS for fitted model and s? estimates o2.

» When the true model is a candidate and n — oo,

» AIC is inconsistent — it will not choose the true model with
probability one, but tends to pick a more complex model;

» AIC. is also inconsistent but gives better results in finite samples;

» BIC is consistent — it chooses the true model with probability — 1.

These results suppose that the models are fixed, but in practice we also have
p — oo when n — oo, because we fit ever more complex models when we
have more data.

EPFL slide 25



Simulation experiment

EPFL

Number of times models were selected using various model selection criteria in 50
repetitions using simulated normal data for each of 20 design matrices. The true

model has p = 3.

n Number of covariates
1 2 3 4 5 6 7

10 Cp 131 504 91 63 83 128
BIC 72 373 97 83 109 266
AIC 52 329 97 91 125 306
AIC. 15 398 565 18 4

20 Cp 4 673 121 88 61 53
BIC 6 781 104 52 30 27
AIC 2 577 144 104 76 97
AIC, 8 859 94 30 8 1

40 Cp 712 107 73 66 42
BIC 904 56 20 15 5
AIC 673 114 90 69 54
AIC. 786 105 52 41 16
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Stepwise methods

>

EPFL

In principle we might wish to fit all 2P possible choices of covariates, but in
practice this is possible only for ‘modest’ p, using leaps (exhaustive search)
or similar methods (or approximations).

When p is too large for exhaustive searches, we instead consider subsets of
the models, using the methods below (or variants).

Forward selection: starting from the model with a constant only,

1. add each remaining term separately to the current model;
2. if none of these terms improves the fit, stop; otherwise
3. update the current model to include the most useful new term; go to 1

Backward elimination: starting from the model with all terms,

1. if all terms are ‘useful’, stop; otherwise
2. update current model by dropping the ‘least useful’ term; go to 1

Stepwise: starting from an arbitrary model,

1. consider three options—add a term, delete a term, swap a term in the
model for one not in the model;
2. if model unchanged, stop; otherwise go to 1

‘Useful’ means ‘reduces the AIC’ (but in the past meant ‘is significant using
an F test’).
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Stepwise methods: Comments

> Original formulation of stepwise used F tests (or even arbitrary numbers!) to
assess significance, but this finds spurious models.

> Systematic search minimising AIC or similar over all possible models is
preferable, but is often infeasible.

» Compare AICs for different models at each step—i.e., use AIC (or AIC.) as
objective function.

» Important not to fixate on a specific model, or assume that there is a single
‘best’ model, but to consider any models whose AIC is within (say) 2 of the
minimum — especially if the interpretations of competing models differ.
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The Linear Model - Robustness and Estimating
Functions
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M-estimation

>

>

EPFL

The least squares estimates are linear in y and therefore very sensitive to
outliers.

When y; — y; +c,

- Z(XTX)_lmj@v—) ST(XTX) iy H(XTX) e = E«((XTX)_Imic,’
j=1 j=1 y 5 L\

which could be arbitrarily far from E . e&ﬂ‘"‘

Try and fix this by replacing
n
mﬁinZ(w —ziB)? by mmZp{(yg —ajB)/o},
=1

j=1 _ ( ;- xlE) ,' f(“‘”—“’\t
for function p(-) that will give a more robust
M (aximum likelihood-like)-estimator, or equivalently solving the p x 1
system of estimating equations

1 n
. > e {(y; —afB) o} =XTp' =0
i=1
say, where p}, ; has jth element dp(u)/du for u = (y; — 27 8)/0.

slide 30



Choice of p

» Choose p(u) to have desirable properties, e.g., to downweight outliers:

p(u) = u2/2 (normal errors),
p(u) = |u| (Laplace errors),
plu) = wvlog(l+u?/v)/2 (t, errors),
2/2
p(u) = ut/2, lul < c,. (Huber function).
c(2|lu] —¢)/2, otherwise,

» The function p’(u) is also called the influence function of the estimator, as
its value determines what influence an observation at u has on the estimator:
> Huber p’(u) is bounded,

» ¢, function is bounded and redescending, as limy—+o0 p'(u) = 0;
» Tukey’s biweight

P (u) = u{l - (w/e)?} I(ju] < o),

which gives p/(u) = 0 when |u| > ¢, is also redescending, giving no
weight to observations outside +c.

EPFL
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p and p

Functions p and p’ for least squares (black), t5 (red), Laplace (blue), Huber
(green) and biweight (cyan) estimators.

EPFL
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Estimation

» We need to solve
XTp' =0

)

where p’ has jth element

p'{(y; —x;B)/o}

7 e} x =0k

say, so we write the estimating equation as
XTW(y - Xp) =0,
with W = diag{wl(ﬁ,a), B w"(ﬁ?"’)}

> We use iterative weighted least squares: choose some initial /5’ and o,
then iterate to convergence the steps

» compute W using the current 3,
» compute the weighted least squares estimate,

B=XTWX) I XTWy.

> Estimate o using median absolute deviation of residuals y; — xJT B at each
iteration, or similar robust scale estimate.

EPFL
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M-estimator variance

» Estimator § is solution to p X 1 system of equations
9(y; 8) = X"p' =0.
» Can show that if the estimating function g is unbiased, i.e.
E{g(Y;B)} =0, for any 3,
then under mild regularity conditions
-1 -1
BN, <ﬁ, B {20 vy p{ - 2000 ) -
This is another sandwich variance matrix, with

E {7%} = XTW1X, var{g(YiB)} = X"W:X,

so if W1 = A(0)In, Wa = 62B(0)I,, then
var(8) = o2(XTX)™! x B(0)/A(0)2.

EPFL
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Proof of sandwich matrix

» The p X 1 estimating function is
n T
yj —x;f
By = wip (J ) ,
i=1 7

and unbiasedness implies that if the individual densities are

oL f{(y; — 278)/c}, then

_ N~y [ (B E8 e LA
O_E{g(yyﬂ)}_;xj/p < o > f< e > dy]_X Anx1,

say, where a; is the jth integral above, and setting u = (y; — J:;F,B)/U shows
that all the a; equal

/ o (u) F(u) du = 0; ()

this is true by symmetry if the error distribution and p’ are symmetric
around the origin. Now

9g(y; B) :_l . . pr// yjix}?ﬂ
0BT o I I ’

Jj=1
whose expectation is (using the same transformation)

dg(y; B 1 & " ” Y; —ztp
B 56} - ‘UZ%’E{” <]a>}

EPFL Zmﬂ%/ u) f(u) U=*§XTXA(U), say.
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» The components of these sums are independent, so

n Y, — T n Y. _ T
oo () il ()
j=1 o j=1 ag

where the substitution u = (y; — x;rﬁ)/cr and (5) show that the variance
term can be written as

var{p' (W)} = /p'(u)2f(u) du = B(0).

» The sandwich variance formula is therefore

1

{ -~ XTXA(0) }
o

The variance of the LSE is var(Y;)(XTX) ™!, so the asymptotic relative

efficiency of the M-estimator based on p and the LSE is

var(Y;)  A(o)?
02] * B((a) ’

o2 B(0)
A(0)?

' XTXB(o) {—%XTXA(J)}71 =(XTX)"!x

EPFL
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> As a check on this, note that for the normal distribution p’(u) = u,

flu) = (271')7167”2/2, so A(o) = B(o) = 1, which gives ARE of 1.
If we take p’(u) = sign(u) with the normal density, we have B(c) = 1,
A(o) = —2/(27)1/2, so the sandwich variance formula gives o2(XTX) 17 /2.

So using the p-function corresponding to the Laplace distribution when the
data are in fact normally distributed leads to an estimator which is

7/2 / 1.57 times more variable than would be the case if the appropriate
p-function were used.

If we take the p-function p’(u) = u corresponding to the normal density, and
the errors are in fact Laplace, g(u) = (1/2)e~!%l, we have

A(a):/(fl)f(u)duzl, B(a):/uzf(u)du:2

and the asymptotic relative efficiency is 1/2.
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Efficiency

EPFL

Efficiency of M-estimators of 3 relative to LSEs of 8 is

var(Y;) _ A(o)?
023 x B(o)’

for example, the Huber estimator is 95% efficient if ¢ = 1.345.

In practice need to balance robustness and efficiency, increasing the latter by
increasing c.

High numbers of outliers can wreck M-estimators.

Highly robust least trimmed squares estimators obtained by minimising

Z(yﬂ J)’

where ¢ = [n/2] + [(p+1)/2].
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Quantile regression

» The Laplace distribution has
plu) = [ul = ul(u > 0) — ul(u < 0),

and for continuous Y, the solution to E{p/(Y — 0)} = 0 is the median of Y.
Hence

n
argmin » _ p(y; — =} B)
=1

estimates the median of y as a linear function of X 3.

»> Quantile regression takes 7 € (0,1) and uses the check function
pr(u) = 1ul(u > 0) — (1 — 7)ul(u < 0);
then
n
Br = argmin > pr(y; — 1)
=1

estimates the 7 quantile of y as a linear function of Xj.

» For numerical purposes it may be better to round the boundaries of p.

> Note that p/(u) = 0, so it’s better to bootstrap to find var(3;).

EPFL
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Expectile regression

» Quantile regression can be used to estimate value-at-risk in finance settings,
but it has the drawback of just counting how many residuals are
above/below the quantile.

> Expectile regression extends the LSE in the same way, taking

pr(y—0)=n:(y—0)—n-(y), nr(u)=|I(u<0)—r7?

so 7 = 1/2 gives the LSE, while taking 7 > 1/2 leads to a more general form
of LSE, with good properties for risk estimation in finance applications
(coherent elicitable risk measure).
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