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Reminder: Moment-generating function
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Definition 1

The moment-generating function (MGF) of a random vector Ypnx1 is

My (t) = B(e!"Y) = E(eXi=14Y7), teT ={teR": My(t) < oo},

and the cumulant-generating function of Y is Ky (t) = log My (t), t € T.

Then

>
>

0€T,so My(0)=1and Ky (0) =0;
if 7 contains an open set, then

8I(Y(t) (92Ky(t)
=E(Y) = K{(0) = Q= Y)= ———= ;
H (Y) v (0) ot t:(), var(Y') 9totT t:07

if A, B are disjoint subsets of {1,...,n} and Y4 denotes the sub-vector of Y’
containing {Y; : j € A}, etc., then Y4 1L Y3 if and only if

My (t) = E(e"AYAHBYE) — My (t4) My, (t5), t€T;

the MGF of Y4 equals My (t) evaluated with ¢g = 0;

if we recognise an MGF, then we know the probability distribution that gave
it.
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A random variable Y, x1 with real components has the multivariate normal
distribution, Y ~ N, (1, Q), if aTY ~ N(aTp,aTQa) for every constant vector
anx1, and then

1. (a) Q is symmetric semi-positive definite with real components and
E(Y) = pinx1, var(Y) = Qnxn, My (t)=exp(tTu+ %tTQt)7 t € R™,
where we call p the mean vector and Q the (co)variance matrix of X
2. (b) for any constants @y x1 and Bpmxn, a + BY ~ N, (a + Bu, BQBT);

3. (¢) f YT = (Y{7,YS"), where Y1 is m x 1, and p and € are partitioned
correspondingly, then the marginal and conditional distributions of Y7 are
also multivariate normal:

Y1 ~ N (p1, Q1)
Yi|Ya=y2~Nn {#1 + Q1295 (y2 — p2), Q1 — 91292_21921}
4. (d) Y1 L Y5 iff Q12 =0, and a + BY 1 ¢+ DY iff BQDT = 0;
5. () if Yi,...,Yn " N(u,02), then Yx1 ~ Npp(pln,o2I,); and finally,

6. (f) Y has a density on R™ iff 2 is positive definite (i.e., has rank n), and then

Fi9) = g o0 (b - w0 - w), veR ()
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Multivariate normal distribution

(a) Let e; denote the n-vector with 1 in the jth place and zeros everywhere else.
> Then Y; = e;-FY ~ N(pj,w;j;), giving the mean and variance of Yj.
> Now var(Y; + Yy) = var(Y;) + var(Ys) + 2cov(Yj, Yy), and
Y+ Vi = (ej +ex)"Y ~ N(pj + p, wjj + wik + 2w;ik),

which implies that cov(Yj,Ys) = wjr = wy;. This gives the mean and
covariance matrix of Y.

> Since uTY ~ N (uT p, uTQu), its MGF is
M7y (t) = E(e"Y) = exp(tu®u + 1t2u™Qu). The MGF of Y is

My (u) = E(e“TY) = M,r1y (1) = exp(uTp + %’LLTQ’U,), for any u € R?,
as stated.

(b) The MGF of a + BY equals
E [exp{t"(a+ BY)}] = E[exp{tTa+ (BTt)TY)}]
= et My (BTY)
= exp{tTa+ (BT)"n+ L(BT)TQ(BTt)}
= exp{tT(a+ Bp)+ 3t (BQB")t},
which is the MGF of the Ny, (a + Bu, BQB™T) distribution. Hence linear

combinations of normal variables are themselves normal.
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(c) Write YT
My (t) = exp {t] 1 +t3 p2 + 1 (7 Qu1t1 + 26T Quata + 5 Qoata) }
and by setting t2 = 0 and then t; = 0 we have
My, (t1) = exp (t] p1 + 2t7Qu1t1), My, (t2) = exp (£3 p2 + 515 Qa2ta) .
Hence the marginal distribution of Y7 is N (p1,Q211).

For the conditional distribution, note that W =Y — 9129521 Y> is a linear
combination of Y and

E(W) = p1—Q12Q55 po,  var(W) = Q11 —Q12Q5, Qa1,  cov(W, Ya) = Q12—Q1205,

(Y{",Y5") and partition p and © conformally. Then

Hence W L Ys. AsY1 =W + 9129521 Y2 and conditioning on Y2 does not
change the distribution of W,

E(Y1 | Yo = yg) = E(W) + 91292_21y2
var(Yy | Yo = y2) = var(W + 9129;21y2) = var(W).
Putting the pieces together gives the stated conditional distribution.

(d) The joint MGF My (t) given in (c) factorises iff the variables are
independent, and

My(t) = Myl (t1)My2 (tQ) for all t € R™ < Q10 = 0.

The variance matrix of
a B
(5)+ ()

BOQBT BQDT
DQBT DQDT )
EPFL soa+ BY 1L c+ DY iff BQDT =0.

is

slide 5



EPFL

(e)

()

Each Y; has mean p and variance o2, and since they are independent,
cov(Y;,Yy) =0 for j # k. If u € R™, then «"Y is a linear combination of
normal variables, with mean Z?zl ujp = uTply, and variance

Z? 1 u20'2 =uTo?Iu,s0Y ~ Nn(uln,a'2ln), as required.

Since Q is symmetric and positive semi-definite, the spectral theorem tells us
that we may write Q = ADAT, where D = diag(ds,...,dn) contains the
(real) eigenvalues of Q, with d; > --- > d, >0, and A is a n X n orthogonal
matrix, i.e., ATA = AAT = [,, and |A| = 1. The columns Ay,..., A, of A
are the eigenvectors corresponding to the respective eigenvalues,

Q= ADAT = "dja;aj,

with |Q| = |[ADAT| = |A| x |D| x |AT| = |D| and Q! = AD~1AT if the
inverse exists.

Now let Z = (Z1,...,Zn)T be a vector of independent standard normal
variables, set u € R™, and consider

n
uT(u+ ADY2Z) = uTp+ Y ZjuTa;d)?,
j=1
This is a linear combination of normal variables, so it has a normal
distribution, with mean ™y and variance

n n n
var [ u®p + Z ZjuTajdjl./2 Zdﬂ uTaj)?var(Z;) = u” Zdjaja;r u
i=1 j=1



so X 2 w4+ ADY2Z ~ Ny (1, Q).
» If Q has rank n, then dy, > 0. The change of variables z — = u + AD/22
has Jacobian

ox

0z

Moreover z = D™1/2AT (z — 1), and therefore 2Tz = (z — p)TQ " (z — p).
Hence using the joint density of Z, fz(z) = (2m)~"/2 exp(— i z]2-/2),

= |[ADY?| = |A||D|*/* =1 x |D|'/? = |Q['/? > 0.

0z
fX(m) = fZ(Z)‘z:D*I/QAT(zfu) %
T
_ (271‘)_”/2 exp (,ﬁ) |Q|—1/2’
2 2=D~1/2AT (¢—p)

which reduces to (1). If d,, = 0, then the Jacobian is zero, so the
transformation z — z is singular and X does not have a density on R™.

» Now suppose that dpy, > dm+1 = 0, so just m eigenvalues of 2 are positive.
Then

m
1/2
X=p+ ZZ]-ajdj/ € 8 =up+span(ai,...,am),

=1
where S is a hyperplane of dimension m passing through p and generated by
the vectors ap,...,anm. In this case the previous argument shows that X has
an m-dimensional Gaussian density on S, but places no probability
elsewhere.
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x? distribution

Definition 2
Ify; ind N(pj,0?), then W = Y2 + -+ + Y;2 has the non-central chi-square
distribution with v degrees of freedom (df) and non-centrality

parameter 62 = (4 + -+ p2)/0%; we write W ~ 02x2(62). Then

to262

My (t) = _
w(t) exp(png

) (1—20%)""/2, t<1/(202).

If 62 = 0 and 02 = 1 then W has the (central) chi-square distribution with v
df, we write W ~ x2, its MGF is My (t) = (1 — 2t)*”/2, and its p-quantile is
v (p)-
Chi-square variables satisfy

> E(W) = o?(v + 62), var(W) = 204 (v + 262);

> if Wi ~ Xil 1L Wa ~ ng then W1 4+ Wa ~ X:2/1+u2?

> W ~ x2 implies that W has the gamma density

o, a—1
Bw e—Bw

fw) = Sy,

w>0, af>0,

with a =v/2 and g =1/2.
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X2 densities
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Figure: Left: central densities with v = 1,2,4,6 (solid, large dashes, small
dashes, dot-dash). Right: non-central densities with v = 4 and
6 =0,2,4,10 (solid, large dashes, small dashes, dot-dash).
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Student t distribution

Definition 3

If Z ~N(0,1) L W ~ x2, then T = Z/(W/v)'/? has the Student t
distribution with v df, T ~ t,, and we write t, (p) for the corresponding
p-quantile. The density function of T is

'{(v+1)/2} 1

fT(t) = \/EF(U/Q) (1 + t2/y)(u+l)/2 ’

—o<t<oo, v=1,2,....

Properties:

» the mean and variance exist only for v > 2 and v > 3 respectively, and then

E(T) =0, var(T)=——;
v—2
» with v = 1 we have the Cauchy density,
L <t<
T o —0 0,
m(1+ t2)

and then T has no moments;

» as v — oo, the limiting distribution of T" is A/(0,1); usually the
approximation is ‘good enough’ for v > 25 (say).
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Student t densities

Student t density functions with v = 1,5, 10,20 (black, v = 20), and
the standard normal density (red):

Student t density, nu=20

Density
0.3 0.4 0.5
l

0.2

0.1

0.0
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F' distribution

Definition 4
ind
If W, Wa %2, x2,, then

Fo Wi /v1
Wa /v
has the F' distribution with v1 and vy df: we write F' ~ Fy; o,
The density function is

1
1 1 v1/2 va/2 Svp—1
1"(51/1 +§u2) 2 7 w2

fF(U) - F(%Vl)F(%VQ) (1/2<|>1/1u)(u1-"_u2)/27

u>0, v, =1,2,...,

and the p-quantile is written Fy, vy ().
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Computation

> Quantiles of the N'(u,02), x2, tu, Fy, ., distributions can be found in
tables, or in environments such as R (see http://www.r-project.org/),
where they can also be simulated.

» Examples:

R : Copyright 2005, The R Foundation for Statistical Computing
Version 2.2.1 (2005—12—20 r36812)

> gnorm (0.025) # this is a comment; access normal quantiles
[1] —1.959964 # the [1] means this is the first element
of a vector

> ?gnorm # help on use of function gnorm ()

> qchisq (0.025,df=3) # chi—squared quantiles, nu=3
[1] 0.2157953

> qt(0.025,df=3) # t quantiles , nu=3

[1] —3.182446

> qf(0.025,df1=3,df2=4) # F quantiles, nul=3, nu2=4
[1] 0.06622087
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Statistical models

» Least squares fitting gives a deterministic description of the variation in
some numbers y in terms of other numbers X.

> A statistical model is a description of data y in terms of a collection of
probability distributions on the sample space for y.

» We distinguish

» primary aspects of a model, which specify what questions we aim to
answer, from

» secondary aspects, which complete the model, indicate what analysis
might be suitable, and determine the precision of conclusions.

» Often the primary aspects are embodied in one or more parameters of the
model.

> (Almost) all models are tentative, and we must check that they are
reasonable.
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