
Regression Methods: Problems MATH-408 - Week 3 - Autumn 2025
Myrto Limnios, Marco Piccininni

Problem 1 If T ∼ tn−p, find the distribution of T 2.

Problem 2 If X1, X2 are independent with density λ exp(−λx) for x > 0 and λ > 0, use moment-
generating functions to show that ε = X1 − X2 has density (λ/2) exp(−λ|ε|) for ε ∈ R, and find
the moments of ε. Hence say what value of λ ensures that var(ε) = σ2. Under what circumstances
do you think this might be a useful density for the errors in a regression model?

Problem 3 The straight-line regression model has uncorrelated observations yj ∼ (β0 + β1xj, σ2),
where j = 1, . . . , n and the xj are real scalars.

(a) What problem arises if x1, . . . , xn are all equal? If this is not the case, show that

β̂1 =
∑(xj − x)yj∑(xj − x)2 , β̂0 = y − β̂1x, hjj = 1

n
+ (xj − x)2∑

i(xi − x)2 , j = 1, . . . , n,

where x = n−1 ∑
xj and y = n−1 ∑

yj.

(b) If the design points are equally-spaced, i.e., xj = cj for some non-zero c, show that x =
c(n + 1)/2 and ∑(xj − x)2 = c2n(n + 1)(n − 1)/12, and deduce that

max
j

hjj = hnn = 1
n

+ 3(n − 1)
n(n + 1) .

(c) If xj = c2j for some non-zero c, show that

x = c2(2n − 1)/n,
∑

(xj − x)2 = c2
{

4
3(4n − 1) − 4n+1 + 4 − 2n+3

n

}
,

and deduce that maxj hjj = hnn → 3/4 as n → ∞.

(d) Sketch the designs in (b) and (c), and discuss the limiting distribution of β̂ in each case.


