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2 Statistics of Extremes slide 47

2.1 Basic Methods for Maxima slide 48

Probability framework for maxima

O Let Xq,...,X, id F' and define the maximum M,, = max(X3,...,X,), giving

P(M, <z) = P(X;<uz,...,X, <z
= PX;<z)x- - xP(X, <z
= F(x)".

[0 F is unknown, so approximate F™ by some limit distribution, but as n — oo,

Fla) {o, F(z) <1,
1, F(z)=1,

so M, L, x*, where z* = sup{x : F(z) < 1} is the upper support point of F'. Not a useful limit.

[0 All the argument below applies equally to minima, because
min(Xy,..., X,) = —max(—Xy,...,—X,).

Our general discussion is for maxima, and we make this transformation without comment when
we model minima.

slide 49

Central limit theorem

O Recall that to get convergence of a sum Z?Zl X in the central limit theorem, we consider the
centred and scaled quantities
n
o Zj:l Xj—bn

Ly =—"",
G
and with the choices b, = nu and a,, = n'/?c, where i and o are the mean and standard

deviation of X, assumed finite, we then obtain
D
Zpn — Z ~N(0,1), n— oo.

[0 This suggests studying the convergence of the centered and scaled quantities

Mn - bn
an

for suitable series {b,} C R and {a,} C R;.

slide 50
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Extremal Types Theorem

Theorem 2 (Extremal types) Let M, = max(Xy,...,X,) be the maximum of a random sample
Xi,...
scaled sample maximum, (M,, — by,)/ay, has a non-degenerate limiting distribution G, then this must
be the generalized extreme-value distribution (GEV),

where a = max(a,0) for any real a, and with &, € R and 7 > 0. Put another way,
(M, —by)/ay, L, Z asn — oo, where Z has distribution function G.

, X If sequences of real numbers {a,} > 0 and {b,} can be chosen so that the centred and

-1/
G(x):{eXp[—{lJré(w—n)/Th CEAO e "

exp [—exp {—(z —n)/7}], §=0,

O The ‘types’, which arise for £ =0, £ > 0 and § < 0, are now usually subsumed into (1), and are
discussed below.

[0 This theorem provides a single distribution for maxima, and is in some ways stronger than the
CLT, since we only assume that linear rescaling can result in a non-degenerate distribution,
without other assumptions on F'.

slide 51

Minima

[0 In general discussion we consider maxima and large values — what about minima and small
values?

00 As

Y =min(Xy,..., X)) = —max(—Xq,...,— X)) ==Y,
say, then .
Gly) =PY <y) =P~ =-y)=1-G(-y),
where G is the GEV approximation for max(—X7,...,—X,,). Hence
G(yv ﬁ? 7-7 g) =1- G(—Zh -, 6)7
where G is estimated from the negative minima.
slide 52
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Examples

Example 3 Find sequences {a,,} and {b,,} such that maxima of independent variables from the (a)
uniform, (b) exponential, and (c) Pareto distributions have non-degenerate limiting distributions.
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Distributions of maxima (left) and renormalized maxima (right) of m =1, 7, 30, 365, 3650 standard
exponential variables (from left to right), with limiting Gumbel distribution (heavy).
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Note | to Example 3

O Note that
P{(M —by)/am <y} =P{M < by, + amy} = F™ (b + amy),

and we need to choose a,, and b,, such that this has a limit as m — oco. We saw from
Theorem 2 that a limit G(y) = exp{—A(y)}, so it is equivalent to identify A.

O (a) In the uniform case, F(x) = x for x € [0, 1]. Provided 0 < b,,, + a;,y < 1, we therefore have
F(bm + amy)™ = (b + amy)m7
so if we set by, =1, ay, = 1/m and —m <y <0, we have (b, + any)™ — €Y. Hence

Y, Yy S 07
Ay) =
0, y > 0,

i.e., A(y) = (—y)+, where a; = max(a,0) for real a. Clearly A is decreasing on (—o0,0). Hence

eV, y <0,

G@%=ﬂM—Mw}={l Y >0

which is the distribution function of =TV, where W ~ exp(1). It is straightforward to check that
this G is (1) withn =1, 7=1and { = —1.

O (b) In the exponential case, F(x) = 1 — exp(—x) for z > 0. Provided b, + a;,y > 0,
F (b + amy)™ = [1 — exp {—(bm + amy) }]™,

so if we set b, =logm and a,, =1, and if y > —logm,

—y m
G(y) = lim F(by + any)™ = lim <1 - %) =exp(—eY), yeR,

m—0o0 m—o0

which is (1) with n =0, 7 =1 and £ = 0. Here A(y) = e~ ¥ with support in R.
O (c) In the Pareto case, F'(x) =1 — 2% for x > 1 and o > 0. Provided b,,, + a,,y > 1, we have

F(bm + amy)m = {1 - (bm + amy)ia}m

so if we set by, = 0 and a,, = m*/*, and if y > m~1/% we have

m—o0 m—o0

G) = Jim Flbn +am)" = T (1-55) e (). y20

which is (1) with n =1, 7 = 1/a and £ = 1/a. In this case

oo, y<0,
sz{_a
y~ ¢ y>0.

[0 Note that we have not shown that the three limits above are the only ones possible, just that we
can choose a,, and b,, to obtain these limits.

note 1 of slide 53
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GEV and ‘three types’

Gumbel, Frechet, Weibull
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[0 £ is a shape parameter determining the rate of tail decay, with:
— £ > 0 giving the heavy-tailed Fréchet (Type Il) density with support (n — 7/&, 00);
— & =0 giving the light-tailed Gumbel (Type 1) density, with support R;
— £ < 0 giving the short-tailed (reverse) Weibull (Type 1) density, with support
(=00, —7/8).
[0 The usual Weibull distribution gives a model for minima.

O n and 7 are location and scale parameters (not so crucial as the shape parameter ).

slide b4

Properties of the GEV

O Support: If £ >0thenY >n—7/¢ and if € <O0thenY <n—171/¢.

O Moments: E(Y") exists only if £ < 1/r, so the mean exists only if £ < 1, the variance only if
€ < 1/2, etc. In applications (particularly in finance) some moments may not exist.

O Quantiles: solve G(y) = p for 0 < p < 1, but usually we use the return levels given by solving
G(yp) =1 — p (next slide) — so y, is the (1 — p) quantile (careful!)

O Maximum likelihood estimation: is regular only if £ > —1/2. Not usually a problem in
applications.

O Max-stability: if Yq,...,Yr id GEV(n,7,&) then max(Yy,...,Yr) ~ GEV(np, 71, &7), €.,

G(y;n, 76" = Gy;nr, 7o, ér)
where

& _
nT:{nJrT(T D& €200 e o e

n+7logT, £=0,
so the distribution type and shape parameter are unchanged by taking maxima.
0 In fact the GEV is the only max-stable class of distributions.

slide b5
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Quantiles and return levels

O Define the return level associated to the return period T'= 1/p (blocks) as

—log(l—p)}=¢—1
yp=77+7{ o8 gp)} , 0<p<1l,

i.e., the solution to G(y,) =1—p=1—-1/T.
O Informally, y, is the level expected to be exceeded once every T' blocks.

0 The plot below compares the quantiles for £ = —0.2 (blue) and £ = 0.2 (red) with the Gumbel
quantiles (black).

GEV quantile

~log(-log(1-p))

slide 56

Statistical approach

[0 Assume background data z1,xz2, ... are |ID realisations from some continuous distribution F' to
which the GEV approximation applies.

O Take maxima y = max(x1, ..., &) of blocks of size m from the background data.

— for environmental time series, typically m = 365 for annual maxima, m = 30 for monthly
maxima, ...

— in finance, typically m = 250 for annual maxima, m = 20 for monthly maxima, ...

[0 Suppose the resulting series of maxima y1,...,y, are IID GEV(n, 7,£).

slide 57
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Exploratory plot for maxima

[0 For GEV with £ # 0,
1 - 1 - T . _ .
FHj/n+ 1)} =G {j/(n+1)} = nt e {~log(j/(n+1)} ¢ =1|, j=1,...,n,
which involves all three parameters (which must therefore be estimated!).
[0 By taking n =0, 7 =1, and the limit as £ — 0, we get the Gumbel plotting positions
—log[—log{j/(n+1)}], j=1,....,n
[ Plot ordered block maxima y(1) < -+ < y,) against Gumbel plotting positions.
[0 After allowing for noise,
— convex shape suggests £ > 0,
— straight line suggests £ ~ 0,
— concave shape suggests & < 0.
O Outliers, heavy rounding or other issues with data should be visible.
[0 Comparison of these plots for different block sizes may also suggest a minimum block size for the
GEV to apply.
slide 58
Estimation
[0 Mostly we use maximum likelihood estimation according to the recipe on slide 24.
[0 This has theoretical and practical advantages:
— it is efficient (has the smallest possible variance) in large samples — in regular situations;
— likelihood ratio tests are generally fairly powerful;
— there's a simple recipe to follow — write down the likelihood and maximise it — which works
in many situations;
— lots of code already exists and can be readily applied. Hooray!
[0 Other methods of estimation are also used:

— method of moments estimation to get initial values for maximising a likelihood,;
— probability-weighted (or L-) moments estimation is widely used in hydrology and some other
domains, because it can beat ML estimation in small samples;

— in more complex problems the likelihood can be awkward, and then other methods must be
used.

slide 59
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Moment estimation

[0 Define moments for random variable X as p,. = E(X") for r = 1,... (if . finite).
O If X depends on p x 1 parameter vector 6, then pl = u!.(0), and we estimate € by solving the

equations

w(0) = n_lzX]’-", r=1,...,p.
J

0 Moment estimators usually simple but inefficient (variance larger than for competing approaches)
O For GEV, ). exists only if {r < 1, so must have £ < 1/3 to estimate all three parameters, and

€ < 1/6 for them to have finite variances. Much too restrictive for use in practice.
[0 Useful for finding starting-values for ML estimation.

slide 60

L-moment estimation
[0 Define probability-weighted moments as y;. ., = E[X"F(X)*{1 — F(X)}'] for

r,s,t =0,1,2,..., or equivalently

1
Mo st = / ayp®(1 —p)'dp, where F(x,) = p;
0

ordinary moments have s =t = 0.
O Use pj 4o for s=0,1,... to fit GEV and pj o, with t = 0,1 to fit GPD.
[0 In practice estimate the L-moments \{, \g, ..., linear combinations of the 1's, by expressions like

~ 1 & ~ 1 (/j-1 n—j
g S (e
1/ j=1 (2) j=1

[0 L-moment estimators of 1, 7 and £ based on Xl, Xg and /):3 are linear in the observations, so are

more robust than the ordinary moment estimators.
[0 Have good small-sample properties, but don't generalise to complex settings.

slide 61
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Abisko daily rainfall data

[0 Daily precipitation in Abisko, in northern Sweden, 1913-2014. The largest value is 61.9 mm, but
many values are zero and most of the positive values are quite small.

60

40

Precipitation (mm)

slide 62

Abisko block maxima

O Gumbel QQplot of maxima for blocks of lengths (from bottom) one month and one, two, five and

ten years.

Ordered maxima (mm)

60

40

0.0 2.5 5.0
Gumbel plotting positions

7.5
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Abisko annual maxima

[0 QQplot suggests stability from one year onwards, with slight convexity, so let's fit the GEV to
annual maxima:

library(evd)
(fit <- fgev(year.max))

Call: fgev(x = year.max)
Deviance: 691.9509

Estimates
loc scale shape
20.40530 5.84596  0.08353

Standard Errors
loc scale shape
0.64854 0.48317 0.07193

Optimization Information
Convergence: successful
Function Evaluations: 27
Gradient Evaluations: 7

slide 64
Abisko annual maxima
[0 Let's check the fit using plot (£fit):
Probability Plot Quantile Plot
27 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Empirical
Density Plot Return Level Plot
=3 /"uu T AT TR = ‘T” . ——————T—
10 20 30 40 50 60 02 05 2.0 5.0 20.0 100.0
Quantile Return Period
slide 65
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Commentary
[0 These (horrible!) plots use the fitted GEV CDF G = G( 7,7,€)
— probability plot showing {(]/(n +1), G(y(j))) =1,.
line of unit gradient if Gisa good fit;
- quantile plot showing {(@*1{3'/(71 + 1D}y d=1,.
line of unit gradient if Gisa good fit;

— return level plot showing (solid line) (— 1/10g(1 —p),GY(1—p)), for0<p< 1, and the
points {(—1/log{j/(n+1)},y¢;)) : 5 = 1,...,n}, which should lie on the line if G is a good
fit;

) and are the
} which should be a straight

, which should be a straight

— density plot showing a kernel density estimate based on y1,...,y, (shown by the rug) and
the fitted GEV density.

[0 Some of the plots have pointwise 95% limits for individual points.

0 They show essentially the same information but on different scales to highlight different aspects
of the fit.

O In this case the fit seems reasonable.

slide 66

2.2 Basic Methods for Exceedances slide 67

Exceedance Theorem

Theorem 4 (Exceedance) Let X be a random variable having distribution function F', and suppose
that a function c¢(u) can be chosen so that the limiting distribution of( —u)/c(u), conditional on
X > u, is non-degenerate as u approaches the upper support value x* = sup{z : F(z) < 1} of X. If
such a limiting distribution exists, it must be of generalized Pareto form, i.e.,

1/¢
Hiz) = {1—1+§x/0) E£0 o )

l—exp(=z/o), £=0,

where £ € R and o > 0. Expression (2) is commonly known as the generalized Pareto distribution
(GPD).

[0 There is a close connection with the ETT, which applies for maxima under the same conditions as
the ET applies for exceedances, and with the same &.

0 The GPD is a natural model for exceedances over high thresholds (and under low ones, using
1 — H(—=x)).

Example 5 Find a limiting distribution for threshold exceedances for Z ~ N(0,1). Recall that
1 —®(2) ~ ¢(z)/z as z — oc.

slide 68
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Note to Example 5
O Here 2* = co and for large z we have 1 — ®(2) ~ ¢(z)/z.

[0 By analogy with renormalising maxima we aim to find a function ¢, > 0 such that

lim P{(Z —u)/cy, >x | Z > u}
U—00
is non-degenerate. The hint gives that for fixed z > 0 and large w,
P(Z > u+ c,x)
P(Z > u)
1—®(u+cyz)
1—®(u)
$(u+ cu)/(u+ cur)
o) /u

U 9 9
- exp{u”/ (u+ cyz)”/2}

1 2 2
= ——exp(—cyuxr —c, /2
1 —{—cux/u p( U u / )7
so if we choose ¢, = 1/u then the ratio tends to unity and the exponent tends to —z, i.e., the
limiting distribution for an appropriately rescaled exceedance is standard exponential.

P{(Z —u)/cy >x | Z > u}

O If we had chosen ¢, = 1/(ou) for any fixed o > 0 we would have an exponential limit, with mean
o, as in (2), so we can think of the parameter o as arising because we don't know the ideal
scaling function.

note 1 of slide 68

Generalized Pareto distribution

08 10
Il Il
4 5
1 1
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PDF
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[0 A flexible distribution whose density can take a variety of shapes.

[0 Left: exponential density (£ = 0, black), heavy-tailed density (£ = 0.5, red) and light-tailed
density (£ = —0.2, blue, with upper terminal shown); all have o = 1.

0.2
1
1

0.0

[0 Right: densities with negative shape parameter and upper terminal at x = 1, with £ = —1
(black), £ = —2 (red), £ = —0.5 (blue) and £ = —0.8 (green).
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Stability and threshold choice

0

This approach relying on exceedances is termed the peaks over threshold (POT) approach. It
is easy to explain and understand but requires the choice of a threshold u.

— wu too low will lead to bias (model inappropriate) and u too high will increase variance (too
few exceedances).

If X ~GPD(0,¢), then X —u | X > u ~ GPD(0 + £u, &), and this implies that

o+ &u

EX—-u|X>u) = e £ <1,
so a mean excess plot (or mean residual life plot) of
2@ —wl(z; > ) .
against  w,

Zj I(.%'] > u)

should be approximately straight with slope /(1 — £) above up;n.

Can also test for equal shape parameters above u (Northrop—Coleman test).

slide 70

Statistical implications of stability

0

If A, = [u,00) and w is sufficiently large that the GP approximation holds, we may write
PXeA, | XeA) = P{X>u+(v—u)| X >u}
= {l+Ew-w/o)i, v
giving the estimate

P(X € A) = P(X € Ay) x {1+ & —u)/o,} ;¢ = % X {1 +E(v —U)/au};1/§>

where n,, is the number of exceedances of u.

These calculations presuppose that the stability relations apply to exceedances of u, i.e., that the
corresponding data are already in the asymptotic regime, which is generally hard to verify due to
a lack of data.

slide 71
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Relation between GPD and GEV

O We have
M, — by, 1— F(by +anx)}]"
an, n
n
where

Ay (z) =n{l = F(b, +anx)}, zeR.

O Since (1 +d,/n)" — e for {d,} iff d,, — d, we see that (M,, — b,)/a,, has a non-degenerate
limiting distribution exp{—A(z)} iff

lim A, (z) = A(z) exists for all z € R,
and A(z) must be decreasing (and must take at least three values).
O If Fis continuous, and we choose b,, such that 1 — F'(b,) = 1/n, then for z > 0,

1 — F(b, + anx)
1—- F(bn)

Ap(z) =n{l — F(b, + anx)} = =P(X > b, +anz | X > by),

so P(X > b, +apx | X > b,) — A(x) is equivalent to convergence of (M,, — by,)/a, to a
non-degenerate limiting random variable.

slide 72

Limit A
Lemma 6 The only possible non-degenerate limit for A, (z) asn — oo is
z—n)~1/¢
Ale) = {(1+§ =), £ 0,
exp (—=1), §=0.

[0 The location and scale parameters 1 and 7 are not needed for the limit result, but are needed for
statistical applications in which F' is unknown.

Later we'll need

A = -5 = {Tl {L+e@—n/mE"" €20,
dz | exp {—(x —n)/7}, £ =0,

which is non-negative because A(x) is decreasing,

slide 73
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Proof of Lemma 6

(1 If the support of f is a finite union of separated intervals, then as t — oo we need only consider
the right-most interval. If the support is an infinite union, then 7/(u) cannot have a limit.

O Fort>1,setby=F 1(1—-1/t)€Tanda; =r(b;) > 0. If x> 0 satisfies by + a;x € Z, then

—logt{l — F(by + ayx)} = —log{l — F(by + arx)} — [—log {1l — F(b)}] (3)
= H(bt + Gt.%') — H(bt) (4.)
= /J: H' (b + agu) du

0

B a/ﬂﬁ du
= o r(b+ agu)”

Taylor's theorem implies that for each u there exists s = s(u) € (0,u) such that
T(bt + atu) = T'(bt) + atur'{bt + ats(u)}, (5)
so, as r(by) = ay,

b b (b
(b + au) _ r(be) + aur’(b + ass) =14 w'(by+ars), 0<u<uz. (6)
at ag

If #'{b; + azs(u)} did not depend on u, then (??) would exactly equal

v du v du 1
_ = log(1
o /0 r(by + aru) /0 1+ ur'(by + ags) ¢ log(1 +&x),

with & = &(z,t) = r'(by + as) depending on ¢ and z, and the integral equalling z if £ = 0.

[0 To show that such a £ exists, we define

z du
I =
(5) /0 14+ ur'(by + ags)’

and note that since r and 7’ are continuous, the function s(u) defined implicitly by (??) is
continuous for u € (0, ). Hence there exist s1,s2 € [0, z] such that

(b + ars1) < r'{by + ars(u)} < r'(bp + ars2), 0<u<u,
and thus that

1 1 1
= = 0<u<
14+ ur'(by + arsa) — 1+ ur'{by +ars(u)} = 14 ur’(by + azsy)’ <u<zx

: (7)

yielding

z du
I(s2) S/O 1w {br + ars(@)} < I(s1).

Now I(s) is continuous, so the intermediate value theorem implies that there exists some
s* = s*(x,t) such that I(s*) equals the integral. Hence

L ay _ x du _ 1
/o m du= /0 1+ ur'(by +ags*)  E(t,x) log {1 +£(t, x)x}, (8)

with &(t,z) = r'{by + ars*(x,t)}, as required. The integral equals z if £(¢t,2) = 0.
[0 The above argument also applies if © < 0 is such that b; + a;x € Z, with z < u < 0, etc.
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Proof of Lemma 6, |l
O To show that & = limy_,00 £(¢, ) = limy o0 7'{by + a;s*(x,t)} does not depend on x, we show
that as ¢t — oo or equivalently by — z*, by + a;x — x*, which implies that b; + a;s*(z,t) — x*.

(1 First suppose that * = oo, and write
bt + atr — bt(l + $6Lt/bt),

so by and by + a;x have the same limit if a;/b; is bounded as ¢t — oo. But for any fixed u < b; and
some u; between u and b,

at _ r(by)  r(u) + (b —u)r'(ug)

by by by

is bounded because r'(u1) — £ as t — oo. Hence as by — o0, by + a;x — oo also.

O When z* < 0o, we must have F(z) — 1 as © — x*, since otherwise there is positive mass on z*
and the limiting distribution will be degenerate, which is not allowed by hypothesis. Hence

T du .
—log{l—F(x)}:/x TU)—M)O, x — ",

and this implies that r(z*) = 0, since if (2*) > 0, the assumptions that r(z) is positive and

continuous in Z would imply that the integral is finite. Hence I'Hopital’s rule gives

r(x*)—r(b) . 0—ay ) ay

= lim /(b)) = lim = = m .
5 by—x* ( ) by—ax* x* — bt by —x* x* — bt by—ax* x* — bt

(9)

Notice that if * < oo, then £ < 0, since the rightmost expression in (??) cannot be positive. Now

atT
b a = (2" —b) (1 -
x ¢ — apr = (v t)< x*—bt>’

where the second term on the right-hand side converges to 1 + £x as by — x*, and hence is
bounded, implying that the entire expression tends to zero.

O Hence if z is such that lim;_,oo 1 + a3z /by = 1 4+ £x > 0, then

. BT / * 13 / —
tlg&{(t,x) = tli)rgor {bt + ass*(x, 1)} = tll)rgor (by) =¢&

does not depend on z, and

(1+¢€x)7%, €40,

t{l — F(bt + atac)} — {exp(_x)’ g _ 0,

for both positive and negative x; here the () gives a formula valid for all x € R.

[0 To see that the limit is unique up to location and scale, note that the value of & depends on the
limit for r/(x) as x — x*. This does not depend on location and scale changes, since replacing
and z* by y = n+ 7x and y* = n + 72* simply puts
r'(x) =r{(y—n)/7} = "{(y* —n)/7} =1’ (x*) (exercise!), and only leads to location and scale
changes in A, yielding

Az) = My —n)/7},

which is the general form given.
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Exceedance theorem

0

Theorem 4 follows directly from Lemma 6. When x > 0, the probability that a rescaled version of
X exceeds x + u, conditional on it exceeding u, i.e.,

P{(X —=by)/an>x+u| (X —by)/an, > u}

may be written as

P{X >b,+tan(z+u)}  n[l—F{b,+an(z+u)}]
P (X > b, + anu) B n{l —F (b, + anu)}
_ Ay (z +u)
Ay (u)
Az +u)
— A n — 0o,

{L+&@+u—n)/r);"0
{14 &(u—n)/r}7"*
_ {(1 +&x/o) S, € £,
exp(—xz/oy,), £=0,

provided that o, = 7 + &(u — ) > 0, so that A(u) > 0. Thus the limiting probability that
(X —by)/an < x+ u, conditional on (X — b,)/a, > u, is given by the GPD.

slide 74

Largest order statistics

O

0

Consider the 7 largest order statistics Y, < --- < Y7 of the rescaled variables
{(X; —by) Jan : j =1,...,n}, and suppose that n — oco.

As Y7 has the limiting distribution of the rescaled maximum (M,, — by,) /an,
Pr(Y1 <wy1) =exp{-A(y1)}, m€eR
and fri (y1) = { A (31) } exp {=A (3)}.

The second-largest variable Y5 is also the largest of an infinite number of these rescaled variables,
so its distribution is also (G, but conditioned on Y5 < Y7. Hence

P(Yo<ys | Y1 =uy1) =exp{A(y1) —A(y2)}, w2 <uw1,

and it follows that the limiting joint density of the r-largest order statistics Y. < --- < Yj is

f(yla . >yr) = eXp{_A(yr)} H{_A(yj)}7 Yp < - < Y1. (10)

j=1
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Abisko threshold analysis
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0 All panels suggest that wmiy = 10 is reasonable.
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Exploratory plot
[0 The natural plot here is of ordered exceedances against exponential plotting positions:
E f"..'
S o -
S o
o 1 2 s & s
Exponential plotting position
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GPD fit

(fit.gpd <- fpot(abisko$precip,threshold=10))
Deviance: 2828.05

Threshold: 10
Number Above: 499
Proportion Above: 0.033

Estimates
scale shape
5.83261 0.07025

Standard Errors
scale shape
0.39483 0.05088

Optimization Information
Convergence: successful
Function Evaluations: 16
Gradient Evaluations: 6
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Abisko POT fit
[0 Let's check the fit using plot (fit.gpd):
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Summary

O The two fits agree fairly well:

- Maxima: ﬁ: 20'40.6491 5'\ = 5.840_483, é\: 0.080.072;
— POT: p, = 0.033, G, = 5.830.304, & = 0.070.051-

[0 The location and scale parameters are estimated quite well, but the shape much less well.

0 The shape parameter estimate is slightly positive, but not significantly so (some hydrologists
claim that rainfall has { ~ 0.1 ...).

[0 The fit appears to be good.

[0 In applications one would need to check that the threshold fits are robust to the choice of u
(above upip).

O It is tempting to fit the model with £ = 0, which will give much smaller standard errors for the
other parameters. But as we do not know that £ = 0, this reduction in uncertainty may be
unrealistic, and it may introduce bias in extrapolation.
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2.3 Targets of Inference slide 81
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Return levels and return periods

In basic analyses, typically aim to estimate risk measures such as
P(X >z)=1-Fx(z), z,=Fx'(1-p),

where X ~ Flx is a background observation and x and x,, are larger than any value yet observed.

We often express risk in terms of blocks of m background observations, often daily
measurements, with the blocks being years; then m = 365.25.

We then call z,, a T-year return level with a return period of 1/p observations or T years (i.e.,
N, = T'm background observations),

— e.g., the law states that nuclear installations should withstand the highest windspeed in
T = 107 years(!), so if X is a daily maximum windspeed, then N, = 365.25 x T and
p =1/(365.25T).

Hence a return level solves the equation
P(X >xp) =1—Fx(zp) =p=1/N, (11)

for some small p.
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Return levels and return periods Il

O If z, > u, so p is less than the probability P(X > u) = p,, that a background observation exceeds
threshold u, then solving 1 — Fx(x;,) = p in the POT model gives

wt E{ufp) =1}, €£0,
u + oy log(pu/p), £=0.

(12)

.Ip:

[0 The GEV applies to maxima of blocks of m background observations, so we approximate the
upper tail of Fx by G1/™, giving

1—p=GY"™(z,), (13)
which yields
T -
n+Z [{—mlog(l -} - 1] , £#0,
Zp = 3 (14)
1 —7log {—mlog(l—p)}, §=0.
0 In both cases
- —log(l —p) =p=1/N, for large N, giving simpler expressions,
— point estimates are obtained by replacing the unknown parameters by their estimates,
— uncertainty is best assessed using the profile log likelihood for z),.
slide 83

Note on computation of return levels

O For the POT model in which the GPD is fitted to exceedances of u, and provided x;,, > u, we have
P(X>z,) = P(X>uz,| X >uP(X >u)
= PX—-u>zp,—ul|X >uP(X >u)

= {1+ & —uw) o} X pu,
and we seek z;, such that

1-p=P(X <zp) =1—-p, {1 +&(zp — u)/Uu}Il/gv

which leads to the stated expression for x,,.
[0 If the GEV model is fitted to the maxima of blocks of m background observations then we have

L=p=GY" (@) = exp [~ {1+ €y — )/} Jm]

which gives the stated expression for ).

note 1 of slide 83
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Profile log-likelihood

0 Here ¢ = x,, is the 100-year return level for daily precipitation at Abisko based on the GEV fit.

[0 The strong asymmetry means that symmetric confidence intervals could be very misleading.

0

e

Profile log-likelihood
|
I

60 90 120
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Other measures of risk

[0 In environmental applications it may be important to estimate amounts of rain falling into an
entire catchment area, or the length and impact of a heatwave, or ...

O The Basel Accords regulate measures of risk to be used by financial institutions:
— the Value at Risk VaR, is another name for a quantile/return level z);

— the Expected Shortfall is defined as the expected loss conditional on VaR,, being exceeded,
E(X —VaR, | X > VaR,),

where in both cases X represents a potential loss.

— More sophisticated measures such as expectiles are also used.
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Comments

[0 The T-year return level is often called ‘the level exceeded once on average every T years’, and is
easily misinterpreted:

— ‘on average' does not mean that disasters arise at regular T-year intervals!

— selection is often discounted — if M independent time series are monitored, then we expect
M /T T-year events each year;

— the assumption of stationarity is rarely true, so large events may cluster together in periods of
elevated risk.
[0 Preferable to refer to quantiles — but probably impossible to change a cultural icon!

[0 Return levels and return periods are parameters of distributions, but future events are as-yet
unobserved random variables, and it may be useful to consider their distributions. The distribution
of the largest value X7 to be observed over T blocks of future background observations is G7 (y),
and it may be better to use this for risk analysis, in a Bayesian approach (later, probably).
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