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Question 1

Graded exercise for group 3

Let f ∈ C0([0, 1]) and let u ∈ C4([0, 1]) be such that

−u′′(x) = f(x), 0 < x < 1, (1)

u(0) = 0, u′(1) = 0. (2)

Let N > 0, h = 1
N+1 and xi = ih, i = 0, 1, ..., N + 1. Let ui be the approximated value of u(xi), i = 1, . . . , N + 1. The

�nite di�erence method leads to the linear system Au⃗ = f⃗ , where f⃗ ∈ RN+1, A ∈ R(N+1)×(N+1) are de�ned by
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Extend the convergence proof of the lecture to this particular case.

Hint : Use the fact that w⃗ ∈ RN de�ned by wi =
xi(4−xi)

2 satis�es Aw⃗ ⩾ 1 and Question 2, and prove that AU⃗ = f⃗ + r⃗,

where U⃗ ∈ RN+1 has components u(xi) and

r⃗ =
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Question 2

Let

A =
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with αi > 0, i = 1, ..., N and βi > 0, γi ⩾ 0, i = 1, ..., N − 1 and αi ⩾ βi−1 + γi, i = 2, ..., N − 1.
Also α1 > γ1 and αN ⩾ βN−1.
Prove that Az ⩾ 0 ⇒ z ⩾ 0.



Question 3

Consider the problem, given f : [0, 1] → R, �nd u : [0, 1] → R{
−u′′(x) = f(x) 0 < x < 1,

u(0) = 0 u(1) = 0.
(3)

Let N be a postive integer, h = 1
N+1 , xi = ih, i = 0, 1, ..., N + 1, and the schema (Numerov 1924){

−ui−1+2ui−ui+1

h2 = f(xi−1)+10f(xi)+f(xi+1)
12 i = 1, ..., N,

u0 = 0 uN+1 = 0.
(4)

Prove that ∀f ∈ C4[0, 1], ∃C > 0, ∀0 < h ⩽ 1,

max
1⩽i⩽N

|u(xi)− ui| ⩽ Ch4. (5)


